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Selected List of Symbols 


Certain symbols used only locally within a section, or whose meaning is clear from 
the context, are not included in this list. 


Symbol Description Section 
C; Depletion region capacitance 

per unit area 2.6 
Cre Body-drain intrinsic 

capacitance 8.3.2 
Crs Body-source intrinsic 

capacitance 8.3.2 
Ce Gate-body intrinsic 

capacitance 8.3.2 
Co Gate-body capacitance per 

unit area 2.6 
Cod Gate-drain intrinsic 

capacitance 8.3.2 
Cos Gate-source intrinsic 

capacitance 8.3.2 
C; Inversion layer capacitance 

per unit area 2.6 
Ci Interface traps capacitance 

per unit area 2.6 
C; pn junction capacitance 1.5 
Cj pn junction capacitance per 

unit area 1.5 
Cr Difference between C,, 

and C,, 9.2.1 
Cin Difference between Cz, 

and C,, 9.2.1 
Cum Difference between C;,, 

and C,, 9.2.1 
Cox Total oxide intrinsic 

capacitance 8.3.2 
C3x Oxide capacitance per 

unit area 2.2 
dp Depletion region depth 2.5 
é Electric field 
&, “Critical” field in velocity 

saturation formulation 6.5 
, Longitudinal electric field 6.5 
%, Transverse electric field 4.10 
Sha Body-drain small-signal 

conductance 8.2.3 
Bin Gate small-signal 

transconductance 8.2.2 
Emb Body smail-signal 

transconductance 8.2.2 
&o Output small-signal 

conductance 8.2.2 
Sed Source-drain small-signal 

conductance 8.2.2 
Rss Source smail-signa] 

conductance 8.2.2 
ly Body current 4.1, 7.2 


Symboi Description Section 
Ty Drain current 1.6, 6.6, 
7.2 
pp Drain-to-body current 6.6 
Ens Drain-to-source current 
(channel current) 4,3, 6.6 
Ips Value of /p, at the onset of 
saturation 4.5.1 
tosn Nonsaturation Ips 4.5.1 
Inst Component of Jp, due to drift 4.3 
Ins Component of Jp, due to 
diffusion 43 
Ig Gate current 4.1, 7.2 
lug Value of /,,, at upper limit 
of weak inversion 8.3.2 
yg Value of Ips at upper limit of 
weak inversion, normalized 
to (W/L) 4.6 
qs Source current 7.2 
I; Transport current 7.2 
fp Characteristic current in 
moderate inversion 8.2.7 
ina Charging component of 
drain current 7.3 
isa Charging component of 
source current 7.3 
k Boltzmann’s constant 1.2 
L Effective channel} length 1.6 
b Length of pinchoff region 6.2 
N, Acceptor concentration 1.2 
Nop Donor concentration 1.2 
n 1, Free electron concentration 1.2 
2. The quantity (dy,,/dVg,)! 2.5 
n; Intrinsic carrier concentration 1.2 
p Hole concentration 1.2 
Os Depletion region charge 7.2 
On Depletion region charge 
per unit area 2.5 
On Effective depletion region 
charge 6.3 
0; Inversion layer charge 2.5, 7.2 
QO; Inversion layer charge 
per unit area 2.5 
On Value of Q; at drain end of 
channel 4.3 
OFo Value of Q; at source end of 
channel 4.3 
Og Gate charge 2.5, 7.2 
0¢ Gate charge per unit area 2.5 
2; Effective interface charge 2.2 
q Magnitude of electronic charge 1.2 
ap Drain-associated inversion 


layer charge 


Symbol 
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Description 


Source-associated inversion 
layer charge 

Absolute temperature 

Oxide thickness 

Characteristic voltage in first- 
order channel length 
modulation formula 

Body voltage 

Channel-body voltage 

Drain voltage 

Drain-source voitage 

Value of Vp, at onset of 
saturation 

Flat band voltage 

Gate voltage 

Gate-source voltage 

Value of Vc, or of Vig, at 
onset of strong inversion 

Value of V¢, at onset of 
strong inversion 

Value of Vz, for two- 
terminal structure 

Value of Voc, or of Vas, at 
onset of weak inversion 

Value of Vg at onset of weak 
inversion 

Value of V,, for two-terminal 
structure 

Value of Voc, or of Vg, at 
onset of moderate version 

Value of Vaz at onset of 
moderate inversion 

Value of Vi,_ for two-terminal 
structure 

Pinchoff voltage 


Value of channel-body voltage 


at the boundary between 
strong and moderate 
inversion, for a given Veg 

Source voltage 

Source-body voltage 

Extrapolated threshold voltage 
in terms of V,,,- or Veg 

Effective V; 

Extrapolated threshold voltage 
in terms of Veg 

Value of V7, for two-terminal 
structure 


Value of channel-body voltage 


at the boundary between 
weak inversion and 
depletion, for a given Vep 
Drift velocity 
Distance along the channel 
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Symbol 


ay 


ew 


Description 


Distance in direction 


perpendicular to the surface 


Gate transadmittance 
Body transadmittance 
Effective channel width 
Coefficient of first-order term 
in expansion for -Q3/C%, 
Value of a for expansion 
around the source potential 
Body effect coefficient 
Symbol! denoting a change in 
the quantity following it 
Difference between the actual 
strong-inversion surface 
potential and its classical 
value of 2¢, 
Permiitivity of free space 
Permittivity of SiO, 
Permittivity of silicon 
Degree of nonsaturation 
Effective surface mobility 


Bulk mobility 

Transit time 

Built-in potential pn junction 

Fermi potential 

Contact potential of body 
material to gate material 
(“work function difference” 
potential) 

Thermal voltage, &T/q 

Moderate inversion region 
width in terms of surface 
potential 

Moderate inversion region 
width in terms of surface 
potential for two-terminal 
MOS structure 

Surface potennal of two- 
terminal MOS structure in 
strong inversion 

Oxide potential 

Surface potential 

Surface potential in the 
absence of inversion layer, 
for a given Vez 

Value of surface potential] 
at drain end of channel 

Value of surface potential 
at source end of channel 

Characteristic angular 
frequency 

Intrinsic transition angular 
frequency 


Section 


2.5 

9.3 

9.3 

1.6 

4.3.2, 
4.5.3 

4.3.2, 
4.5.3 

2.5, 3.3 


1.2 


3.4 


2.5 


2.5 
2.2 
2.2 


2.5, 3.2, 
4.6 


43 
4.3 
8.3.2 


8.3.2 


Values for some useful quantities 


Magnitude of electronic charge, ¢ 1.602 x 10°19 C 
Thermal voltage, ¢, = kT/q, at 300 K 0.0259 V 
Permittivity of silicon, ¢, 1.04 x 1072 Fiem 
Permittivity of silicon dioxide, Ex 3.45 x 10-13 Fiem 
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PREFACE 


This book provides a unified treatment of the many phenomena encountered in the op- 
eration of modern MOS transistors, and shows how such phenomena can be modeled 
analytically. The book is mainly written for use in a senior or first-year graduate 
course. It is felt that electrical engineering students have much to gain from a course 
devoted to the subject. The MOS transistor is the dominant VLSI device. A course de- 
voted to it is, of course, invaluable to those planning a career in device physics and 
modeling. For such people, the standard courses on semiconductor devices usually 
cover too many different devices to do justice to any one af them, and do not present 
the intricacies and tradeoffs involved in a detailed modeling effort. The value of a 
course devoted to the MOS transistor is also extremely high for those who want to use 
the device to design state-of-the-art circuits. Integrated circuit designers have the op- 
portunity to suit devices to circuit needs, and they can do this most intelligently if they 
really understand the workings of the devices. One can, of course, design systems by 
using predesigned circuit building blocks as black boxes, if truly high performance is 
not important. But when state-of-the-art performance is a must, one has to consider 
device details. In addition, a deep knowledge of device operation and modeling is 
needed for understanding the computer simulator models a designer is working with, 
and for identifying their limitations. Many circuit designers in the industry spend end- 
less hours trying to interpret strange circuit simulation results, not realizing that these 
are largely due to modeling inadequacies. Without adequate device understanding, 
valuable time and effort is bound to be wasted on overdesign, brute-force approaches, 
and design iterations. This author believes that no IC designer's education is complete 
without detailed exposure to MOS transistor operation and modeling. 

In the dozen years that have passed since the publication of the first edition of 
this book there have been significant advances in the understanding and modeling of 
the MOS transistor. In addition, the requirements for modeling this device on the part 
of the circuit design community are now much more demanding. For example, the 
push for low-voltage and micropower operation has made necessary careful modeling 
of the device below strong inversion, and the push for ever smaller dimensions has 
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revealed phenomena previously ignored. In addition, the advent of "mixed-signal" 
circuits, which combine analog and digital functions on the same chip, makes it nec- 
essary to use models that are good enough for analog work. These developments 
have pointed to the need for a major revision of this book, However, the basic philos- 
ophy of the first edition has been retained. Several aspects of this philosophy are 
summarized below. 


e The book starts with basic concepts. Readers should be able to follow even if they 
had no prior exposure to the device. The discussions of these concepts are often 
from a perspective different from the one usually taken, thus making them inter- 
esting reading even to those with prior exposure. 

e Every effort has been made to give the subject a careful treatment. The reader may 
at times get the feeling that the author is "'splitting hairs."' The author would rather 
be accused of this than fudge. The MOS transistor is a device so complex that, 
once one has decided to fudge, things grow out of hand very quickly, and one ends 
up with a hodgepodge of careless derivations, conflicting models, and a lot of 
patchwork. This has been avoided at all costs. Also, the reason for hair-splitting at 
some points can only be appreciated further along in the book, where those “too 
fine" details can be seen to make a lot of difference. The use of one name for sev- 
eral quantities, common in some of the literature, is carefully avoided. For exam- 
ple, at least four distinct quantities encountered in MOS transistor work are de- 
scribed by using the single name "threshold voltage." Although the reader is 
amply warned of this practice, the practice itself is avoided in this book. 

e Theemphasis is on principles. At the same time. to illustrate these principles, rele- 
vant models are extensively derived and discussed. Thus, physics and modeling 
are discussed in parallel throughout the book. 

e Analytical results are derived in a logical manner after carefully stating the as- 

sumptions made. Empirical modeling is avoided as much as possible. However, 
there are phenomena for which the only analytical results available are empirical 
or semiempirical. Such results are presented for completeness after pointing out 
the necessary hand-waving behind them. 
This book is not a survey. In fact, a conscious effort has been made to avoid mak- 
ing it one. A well-connected set of topics has been chosen, and most of these are 
discussed in significant detail. Nevertheless. for completeness certain other topics 
are mentioned, albeit briefly. In such cases. some representative results are shown 
without proof, so that the reader can know what to expect if he or she consults the 
references provided. 

e A great deal of emphasis is placed on providing intuition for the various phenom- 
ena discussed. It is rather hopeless to attempt working with a device as complex as 
the MOS transistor relying only on analytical relations. The emphasis on intuition 
has made lengthy discussions necessary. 

e The pace is unhurried. The author believes that this actually makes it possible to 
study the material faster. Thus, whereas the treatment of a given topic may be long 
in terms of number of pages, it actually should take less time to comprehend it, be- 
cause of both the detailed derivations and the intuitive discussions. At times, the 
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reader may get the feeling of déja vu, since some points are repeated more than 
once to make sure they are not missed, especially if the reading of the topics is 
done out of sequence. In general, the book is written in the style in which the au- 
thor would like to have any new subject presented to him. He would very much 
like to see the new subject "beaten to death:’ presented with several points of view 
to increase perspective and with a significant amount of repetition. The author has 
been in the past grateful for treatments of this type and never felt offended by this 
style. If the reader happens to be "faster" than the author in this respect, he or she 
can easily skip some of the discussions. 


Almost all chapters in this book, and almost all sections within each chapter, 
have been extensively revised. Many sections have been rewritten, and new ones have 
been added. One chapter is entirely new. A list of chapters follows, along with an ex- 
planation of their features and of what is new in them in this edition. 


Chapter I: Semiconductors, Junctions, and MOSFET Overview 


All preliminary material necessary for the understanding of MOS structures is given 
here. This material is important to the newcomer, but part of it should also make interest- 
ing reading for those with some previous exposure to basics. This includes the material 
on contact potentials, which is used to advantage in the following chapter. The chapter 
concludes with an overview of the MOS transistor. This section is new to this edition. It 
provides a framework for the rest of the book, and makes it clear why particular details 
of the two- and three-terminal MOS structures are studied in the following two chapters. 


Chapter 2: The Two-Terminal MOS Structure 


Here the reader will find a treatment of the MOS structure with gate and substrate 
terminals only. Concepts not directly related to the presence of the source and drain 
in the MOS transistor are treated here. The regions of weak, moderate, and strong in- 
version are all introduced in this chapter. Potentials are used throughout rather than 
energy bands. This is not only common in current literature but also helps provide 
rigorous straightforward derivations. Consider, for example, the well-known term 
ys appearing in the expression for the flat-band voltage. In energy band treatments 
it is often not clear where in the MOS structure this potential actually resides. In this 
book, it is made evident that @y,> is nothing but a contact potential, and the places 
where it resides are made obvious. Also, its presence in the flat-band voltage expres- 
sion is rigorously justified through Kirchhoff’s voltage law. The material on weak 
and moderate inversion has been improved and expanded in this edition. 


Chapter 3 The Three-Terminal MOS Structure 


Here one more terminal is added to the structure of Chap. 2, to connect the inversion 
layer to the external world. MOS transistor concepts that are not directly related to 


X = PREFACE 


current flow are presented in this chapter. This includes the important ''substrate ef- 
fect,"" which is amply treated. The section on limits of regions of inversion has been 
streamlined and shortened. On the other hand, an entirely new section, “A ‘V-, Con- 
trol' Point of View," has been added, to lay the foundation for the discussion of cer- 
tain recent models covered in Chap. 4. 


Chapter 4: The Four-Terminal MOS Transistor 


The four-terminal MOS transistor is obtained in this chapter by adding one terminal 
to the structure of Chap. 3. This device is now very easy to understand, on the basis 
of the concepts already presented for the two- and three-terminal structures. This is 
the central chapter in the book. Several models are presented in detail. The first of 
them is the complete charge sheet model, including drift and diffusion currents, valid 
in all regions of operation. Thanks to a simplified derivation, this material is brief but 
thorough. This is followed by new material on simplified charge sheet models, in- 
cluding both symmetric and source-referenced versions. 

The above models form the basis for deriving several popular strong- and 
weak-inversion models, which are covered in detail. A considerable part of this mate- 
rial is new to this edition, and has been included to reflect recent trends. Some of this 
material can be skipped without loss of continuity, and this is indicated at the appro- 
priate points. The various models are extensively related and/or compared to each 
other, and the way they can all be derived from one master model (the complete 
charge sheet model) is pointed out. A new section on interpolation models has been 
added. Sections on effective mobility (expanded), temperature effects, etc., are also 
included. The tradeoffs between accuracy and simplicity are pointed out throughout 
the chapter. 


Chapter 5: MOS Transistors with lon-Implanted Channels 


This chapter was Chap. 6 in the first edition. It now precedes the chapter on small di- 
mension effects. This change was made because all modern devices, small or large, 
have ion-implanted channels; also, having been exposed to this material, the reader 
can understand better certain small-dimension effects discussed in the following 
chapter. Nevertheless, Chaps. 5 and 6 have been revised in such a way that they can 
be covered in either order, in order to accommodate the need of instructors who pre- 
fer the original order. 

This chapter. arguably the most tersely written one in the first edition, has been 
extensively revised. it has now been written so that specific sections correspond more 
closely to actual devices (enhancement nMOS, depletion nMOS, surface- or buried- 
channel pMOS), and a much smoother development is given. The revision also 
makes it possible. if desired, for an instructor to cover only the parts which discuss 
the effects of ion implantation on threshold voltage, and to skip the detailed develop- 
ment of other aspects of I-V characteristics. In certain settings, this may be necessary 
because of time limitations. 
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Chapter 6: Smali-Dimension Effects 


This chapter has been revised and expanded by an expert in device miniaturization, 
Prof. D. A. Antoniadis of MIT. The new title reflects the fact that the effects of 
miniaturization in all three dimensions (including very thin oxide effects) are dis- 
cussed. Among the new topics in this edition are reverse short-channel and narrow- 
channel effects and hot carrier effects. Although space does not allow for a detailed 
exposition of all small-dimension effects, the reader is made aware of their existence, 
and a qualitative discussion is given. This includes such effects as poly gate deple- 
tion, nonzero inversion layer thickness, quantum mechanical threshold increase, and 
insulator tunneling. 


Chapter 7 The MOS Transistor in Dynamic Operation — Large-Signal Modeling 


This chapter is largely devoted to charge modeling. The concept of quasi-static oper- 
ation is carefully introduced, and general techniques for charge evaluation are pre- 
sented, illustrated by charge computations for one representative model. Non-quasi- 
static analysis is then introduced. Since this chapter was considered by instructors 
and reviewers to be one of the most successful ones in the first edition, its basic struc- 
ture was retained. Some material was added on general charge modeling independent 
of inversion regions, and on transient response in non-quasi-static operation. 


Chapter 8: Small-Signal Modeling for Low and Medium Frequencies 


The principles behind small-signal modeling are presented. The discussion is limited 
to quasi-static behavior. A useful small-signal model is developed for operation at 
low and medium frequencies. Major changes in this chapter include a detailed discus- 
sion of the effects of substrate current, notably on output conductance, a discussion 
of single-piece expressions for small-signal parameters valid in all regions of inver- 
sion, an expanded discussion of small-dimension effects, and an expanded discussion 
of extrinsic capacitance modeling. Noise is then discussed. including an expanded 
description of flicker noise and of the effects of small device dimensions on noise. 


Chapter 9: High-Frequency Small-Signal Models 


In this chapter, two kinds of small-signal models are developed. First, complete 
quasi-static models are introduced, which differ from the models of Chap. 8 in that 
they include transcapacitors. The nature of these somewhat controversial elements is 
carefully discussed. Techniques are given for the rigorous development of equivalent- 
circuit topologies from a complete quasi-static description. Then, non-quasi-static 
models are introduced through a careful development of the transistor's "transmission 
line" equations, and a useful y-parameter model is derived for high-frequency appli- 
cations. It is shown that each level of modeling reduces to the next lower one if the 


Xii PREFACE 


frequency is sufficiently reduced. In this edition, the section on non-quasi-static mod- 
eling has been revised to include a more extensive explanation for the presence of in- 
ductance in intrinsic small-signal models. A new section on high-frequency noise, 
emphasizing induced gate noise, has been added. Another new section deals with 
considerations for radio-frequency (RF) modeling, including the effects of gate resis- 
tance and discussing the two common figures of merit for high-frequency perfor- 
mance, the transition frequency and the maximum frequency of oscillation. 


Chapter 10: MOSFET Modeling for Circuit Simulation 


This chapter is entirely new in the second edition. and replaces the one on fabrica- 
tion. Having been exposed to the many phenomena in the MOS transistor and to the 
modeling of such phenomena, the reader will find in this chapter an exposition of the 
many issues and considerations involved 1n putting all these together to make an ex- 
tensive model suitable for circuit simulation. Discussed here are the various types of 
models, the ways that models of particular phenomena are combined, parameter ex- 
traction. desirable properties for simulator models, common pitfalls in modeling, and 
many benchmark tests for models, which have recently been included in an IEEE 
standard. This chapter, it is hoped, will provide a starting point for readers who in- 
tend to work in modeling, and will save them time and effort by clearly warning of 
common errors. it is also meant to provide a background for circuit designers, allow- 
ing them to understand the limitations of the models they are using, and to better 
communicate their needs to modeling experts. 

The book concludes with 13 appendixes containing an introduction to energy 
band concepts, the basic laws of electrostatics as well as several general but com- 
plicated results which, it was felt, would distract if put in the main text, For the 
same reason, some material in the main text was put in fine print or in footnotes or, 
as already mentioned, was described in the statements of some homework prob- 
lems, Such material includes certain fine details. alternative points of view, etc. To 
avoid distraction, the reader may prefer to skip fine-print footnotes and appendixes 
during a first reading; the main text is self-contained. This material can always be 
consulted at a later time, because its connection with specific points in the text is 
obvious. 

References to the technical literature were extensively updated and expanded. 
In most cases, a reference was selected for inclusion because it is technically impor- 
tant, or is widely mentioned in the literature, or has historical significance, or is part 
of controversy that has not yet been resolved. 

A change from the first edition has to do with units. The consistent system of 
units used in that edition has been abandoned, as it failed to work well in most set- 
tings. Thus, in the present edition common units have been adopted [e.g., & for oxide 
thickness and cm*/(V-s) for mobility]. In some instances, the value of a quantity is 
given in such units, with the value in different units given after that in parentheses; 
for example, a field intensity is given as “3 x 10* V/cm (or 3 V/zm),” since the latter 
form relates directly to typical \alues of voltages and channel lengths. 
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The subject of this book is definitely among those that are best digested by 
doing. The homework problems should help to give a feeling for the kind of work 
involved in modeling. Most of the homework problems fall in one of the following 


categories: 


1, They sketch additional modeling ideas not in the main text and encourage the 
reader to try them out. 

2. They compare several models introduced in the text. 

3. They ask for computations and plots to help provide a quantitative feeling and in- 
vestigate various properties. 

4. They ask for detailed derivations which were sketched in the main text, but which 
were not shown in detail in order to avoid distraction from the main points. 


Students can be encouraged to write subroutines for the calculation of various 
quantities as they go along and to save them for later use. In this way, they will grad- 
ually build a library of useful subroutines that can be helpful not only in new home- 
work assignments but also in a final project if one is assigned. It has been the au- 
thor’s experience that project work is invaluable, and the more extensive the project, 
the greater the benefits. The project can take the form of the implementation of mod- 
els on the computer. Here it is not enough to just copy a model from the book into a 
computer program. One must worry about choosing the right models, appropriately 
combining them to form general models, ensuring continuity of calculated quantities 
with respect to all given parameters, etc. Some examples of projects follow. 


e Write a computer program to evaluate the drain current of a device on a uniform 
substrate, including short- and narrow-channel effects. The current should be contin- 
uous with respect to any input parameter (voltage, geometric dimensions, etc.), and 
so should be the derivatives of the current with respect to each terminal voltage. 

e Develop a computationally efficient technique for the evaluation of drain current in a 
long-channel device, valid in weak, moderate, and strong inversion. This will neces- 
sitate the development of efficient numerical techniques, because the general charge 
sheet approach, if unmodified, will lead to complex computations. Again, continuity 
of the current and its derivatives with respect to all parameters should be ensured. 

e Develop a program for modeling ion-implanted devices in strong inversion, again 
ensuring continuity. 

* Develop a program for the modeling of low- and medium-frequency small-signal 
parameters in strong inversion, paying special attention to the small-signal output 
conductance in the saturation region. All small-signal parameters should be con- 
tinuous with respect to all input parameters. 

e Develop a program for the evaluation of all charges and small-signal capacitances. 
All these quantities should be continuous with respect to any input parameter. 

e Develop a program for the extraction of parameter values to be used with a given 
model. The input to this program is assumed to consist of measured quantities. 
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In addition, certain long homework problems can easily be expanded into pro- 
jects. In ali cases, the value of the project, and the challenge in it, can be enhanced if 
the results are compared to measurements, obtained either in the lab or from the tech- 
nical literature (the references provided should be very helpful in the latter case). De- 
pending on the magnitude of effort foreseen, students can work separately or in 
teams. 

The first edition of this book has been used for senior or graduate courses al 
many universities and in industrial short courses. For a one-semester course, a large 
number of possibilities exist in regard to the topics selected for coverage. Thus, for 
example, a course emphasizing general principles would cover Chaps. 1 through 3, 
Chap. 4 including a careful coverage of the complete charge sheet model, Chaps. 6 to 
9, and selected topics from other chapters, depending on interest and time available. A 
course emphasizing practical models for digital circuit design may cover Chaps. i 
through 4, deemphasizing the general charge sheet model and the weak-inversion re- 
gion, parts of Chap. 5, Chaps. 6 and 7, and Sec. 8.4. For parts that are deemphasized, 
a quick qualitative coverage is possible, based mostly on the figures. The author 
would be happy to consider individual teaching needs and suggest specific course out- 
lines to instructors who contact him. 

The author would like to acknowledge the contributions of many individuais to 
the shaping of this edition. He owes many thanks to his friend and collaborator Dim- 
itri Antoniadis, for writing the chapter on small-dimension effects and for useful 
comments on other parts of the book. He is indebted to Colin McAndrew for his ex- 
tremely extensive comments, suggestions, and his support of the first edition of the 
book, and to Narendra Rao for his detailed comments. Many thanks are due to Ana 
Isabela Cunha, Christian Enz, Mehmet Ozturk, Renan Tiirkman, and J. P. Sun for 
their reviews of parts of the manuscript for this edition. For their comments during 
the preparation of either this or the first edition, the author would like to also thank 
Pratul Ajmera, Narain Arora, Mehran Bagheri, Alexis Birbas, John Brews, Howard 
Card, Pau) Diament, V. Gopinathan, Renuka Jindal, Ping-Keung Ko, Andy Lish, Ger- 
son Machado, Ranjit Mand, Guido Masetti, Ed Nicolian, Shanthi Pavan, Charles So- 
dini, Ken Shepard, Ken Suyama, Don Ward, and Ed Yang. The author also thanks his 
editors, Lyan Cox and Brad Kosirog, for their enthusiasm and support, and Elsa 
Sanchez for text processing. 
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SEMICONDUCTORS, 
JUNCTIONS, 

AND 

MOSFET 

OVERVIEW 


11. INTRODUCTION 


The discussion of MOS devices in this book will be based on an understanding of a 
few basic concepts. These concepts have been collected in this chapter. We begin 
with an introduction to semiconductors and the evaluation of mobile carrier concen- 
trations in them. We then consider the mechanisms of current transport in semicon- 
ductors. We continue with a discussion of contacts between different materials and 
the electrostatic potentials established in such contacts. One special contact, the pn 
junction, is then discussed. The material here is meant primarily as a review, but has 
been written in such a way that it can be understood even with no prior exposure to 
semiconductor electronics. It has thus been kept as simple as possible. A more ad- 
vanced and detailed treatment can be found in several textbooks, !-!2 

The chapter concludes with a brief overview of the MOS transistor and of the 
chapters that follow. 


1.2 SEMICONDUCTORS 


Semiconductors derive their name from the fact that they can conduct current better 
than insuiators, but not as well as conductors. The most widely used semiconductor 
material currently is silicon. The following discussion is focused on this material, but 
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the qualitative arguments used are valid for other semiconductors as well, Throughout 
this book we assume that no illumination, no radiation, no mechanical stress, and no 
magnetic fields are present, and that all points of the semiconductor are at the same 
temperature (understood to be room temperature unless indicated otherwise). Until 
further notice we also assume that the semiconductor material under discussion is self- 
contained, with no externally applied voltage or current, and that the electric field is 
zero in its environment (the assumption of zero electric field will be relaxed later on in 
this section). Finally, we will assume that all of the above have been satisfied for a 
long time, so that conditions within the semiconductor have settled. The semiconduc- 
tor is then said to be in equilibrium. 

A pure (intrinsic) silicon crystal consists of an orderly three-dimensional array 
of atoms. This array is called the crystal lattice and contains approximately 5 x 10” 
atoms/cm3. The atoms of the lattice are held together by cooperating electrons, called 
valence electrons, which form bonds between the atoms. At absolute zero tempera- 
ture, all such electrons are firmly held in place, and the total negative charge of the 
electrons in each atom is canceled by an opposite positive charge contained in the 
atom’s nucleus. At higher temperatures, the lattice vibrates due to thermal energy; 
this “thermal motion” manages to set some of the electrons loose from the parent 
atom. These become free electrons, in the sense that they are now free to move about 
the crystal; the name “free electrons” is used to distinguish them from the rest of the 
electrons that are still part of the bonds between atoms and are not free to wander 
away. If the motion of free electrons is coordinated, it can cause the flow of current. 
Since the atoms from which these electrons broke loose were electrically neutral 
originally, they are now left with a net positive charge. 

Consider now two neighboring atoms, A and B, and assume that an electron 
was set free from A; now there is an electron vacancy in A, so A is overall positive. A 
valence electron associated with atom B can move and fill this vacancy, thus creating 
now a vacancy in B. Notice that this electron moved from one bond to another, L.e., 
did not become free. The result of this valence electron transfer is that now A is neu- 
tral, whereas B has acquired a net positive charge. A valence electron from an atom C 
near B can now move, fill the vacancy in B, thus making B neutral and C positive, 
etc. We see that this mechanism transports a positive charge from A to Btoc. 

Thus, we encounter nwo mechanisms for carrying charge around the semicon- 
ductor: (1) The motion of free electrons about the crystal lattice, each such electron 
carrying a negative charge, and (2) the motion of valence electrons from bond to 
bond, corresponding to a motion of “vacancies” (and associated positive charges) in 
the opposite direction. This second phenomenon can be described by modeling it as a 
motion of fictitious free particles, called holes, which carry a positive charge; each 
hole can be associated with one vacancy. If the charge of one electron is denoted by 
gq, then the charge of one hole is +g. As they wander around the lattice, a hole and a 
free electron can meet and annihilate each other; this is called recombination. The 
picture of holes and free electrons provided here is sufficient for our purposes. It 
should be noted, however, that this picture is only a simple model for what is actually 
a combination of very complex physical phenomena. 

In the pure semiconductor we are discussing, since each hole is created by the 
breaking loose of one electron which becomes free, there is an equal number of holes 
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(bd) 


FIGURE 1,1 
Free electrons, holes, and ionized dopant atoms in extrinsic silicon. (a) n type; (6) p type. 


and free electrons. Thus, let the volume concentration of electrons and holes in the 
intrinsic material be denoted by x, and p,; respectively. We will have 


Pi = 2; (1.2.1) 


The symbol n; is often used to denote either concentration and is referred to 
simply as the intrinsic carrier concentration. Its value corresponds to the equilib- 
rium case where the rates of generation and recombination of electron-hole pairs are 
equal. At 300 K (kelvins) the value!! of n, for silicon is approximately 1.18 x 10!0 
cm" (other values are also in use), This means that roughly 12 electron-hole pairs 
are to be found in a cube 10 wm on a side. Since there are 5 x 102? silicon 
atoms/cm?, only about two out of every 10!3 of these atoms contribute one electron- 
hole pair! As might be expected from our previous discussion, n, increases at higher 
temperatures. 

It is possible to make the number of free electrons different from that of the 
holes by introducing foreign atoms in the silicon crystal. Such atoms are called im- 
purities, and the process of introducing them is called doping; doped semiconduc- 
tors are referred to as extrinsic semiconductors. If it is desired to enhance the free- 
electron population, these foreign dopant atoms are chosen so as to have available 
for bonding one electron more than the number needed for perfect bonding in the 
silicon structure. Thus, these atoms form bonds with neighboring silicon atoms by 
using up all their valence electrons except one. The latter is very loosely held to the 
parent atom, and at room temperature the thermal vibration of the crystal lattice is 
enough to set it free. In contrast to the case of the intrinsic (pure) semiconductor, the 
departure of this electron leaves all valence bonds intact; hence it does not cause a 
vacancy in them, and thus it does not leave behind a hole. However, since the dopant 
atom was originally neutral, it is now left with a net positive charge and is said to be 
uncovered or ionized. What we have described is shown in Fig. I.la. Each — sign 
represents one free electron. Each circled + sign represents a dopant atom which has 
Jost one electron, and thus is left with a net positive charge. The circle is used to 


tAn approximate formula for , in silicon as a function of the absolute temperature T is n, = A,T3? exp(-A,/T), 
where A, = 3.1 x 10'© K3? cm and A, = 7000 K. 
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indicate that this atom, being part of the crystal lattice, is immobile and therefore is 
not itself available for conduction. At room temperature practically all dopant atoms 
are ionized, and thus the number of free electrons created by such ionization is prac- 
tically equal to the number of these atoms. As already mentioned, each such atom 
contributes one free electron without creating a hole. However, a few hole-electron 
pairs are created by the silicon atoms due to mechanisms already described for the 
intrinsic (pure) case; two such pairs are included in Fig. i.la (a hole is represented 
by an uncircled + sign). 

Since the dopant atoms in Fig. 1.1a were chosen such as to “donate” one free 
electron to the silicon crystal, they are called donors. Donor materials commonly 
used to dope silicon are phosphorus, arsenic, and antimony. The donor atoms are in- 
troduced into the silicon in very minute amounts, but their concentration is usually 
chosen several orders of magnitude higher than n, For example, although a donor 
atom concentration of 5 x 10!® per em} (written cm?) corresponds to one donor 
atom in every million silicon atoms, this concentration is more than a million times 
larger than the intrinsic carrier concentration at room temperature. The donor con- 
centration will be assumed uniform unless stated otherwise. If all donor atoms are 
ionized, the number of free electrons they contribute is much higher than those con- 
tributed by the “intrinsic” mechanism discussed previously; hence, the concentration 
of free electrons, denoted by 7,, is approximately equal to the donor concentration, 
denoted by Np: 


n, = Np (1.2.2) 

With so many free electrons moving around the lattice, the chance of their en- 
countering a hole in their way and filling it, or “recombining” with it, is significant; 
thus the concentration of holes, denoted by p,, decreases compared to that in the in- 
trinsic case. In fact, this chance of recombination is approximately proportional to ,, 
and thus p, decreases by the same factor that n, has increased (compared to the in- 
trinsic case). Hence, the product n,p, remains the same as in the intrinsic case,! i.e., 


it is equal to n; as seen from (1.2.1). From this fact and (1.2.2) it follows that 


2 
I: 
= 1.2.3 
Po N, (1.2.3) 


If the doping concentration is very high (higher than about 10!8 cm-3), the above 
will not hold.!5! Semiconductors with very high doping concentration are said to be 
degenerate. Also, the above two relations will not hold at very low temperatures, 
where the dopant atoms will not all be tonized, or at very high temperatures, where 7; 
rises to the point that the assumption Np >> n; is not valid. Whenever the above rela- 
tions are used, it will be implied that none of these extreme situations is in effect. 

Because in a donor-doped semiconductor n is larger than p, the free electrons 
are called the majority carriers and the holes the minority carriers. A semiconductor 
doped with donor impurities is said to be n type, because the majority carriers in it 
carry a negative charge. 
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Instead of increasing the mobile electron population as described above, it is 
possible to increase the hole population by introducing into pure silicon impurity 
atoms which have one valence electron /ess than the number needed for complete 
bonding with neighboring silicon atoms. Thus, when each such atom attempts to form 
bonds, it will be short of one valence electron. It can then “steal” such an electron 
from a neighboring silicon atom, a process which has two effects. First, since the im- 
purity atom was electrically neutral originally, now that it has acquired an extra elec- 
iron, it will have a net negative charge; this charge is associated with one specific atom 
and is thus immobile in the sense that it is not available for current conduction. Sec- 
ond, this stealing away one electron from a neighboring silicon atom left a valence 
electron vacancy in the latter, and thus created a hole; this hole can move around as in 
the case of the intrinsic (pure) crystal. Notice, however, that in contrast to the intrinsic 
case, the hole was created without, at the same time creating a free electron. 

Since the impurity atoms have stolen or “accepted” one valence electron from 
the silicon lattice, they are called acceptors, typical acceptor materials used to dope 
silicon are boron, gallium, and indium. Fig. 1.16 illustrates the charges in a semi- 
conductor doped with acceptor atoms. The + signs denote holes, the circled — signs 
denote ionized acceptor atoms (which are immobile), and the uncircled — signs de- 
note free electrons (as in the case of donor-doped silicon, a few hole-free electron 
pairs are still created by silicon atoms due to the mechanisms described for the intrin- 
sic case above). The total charge in Fig. 1.14 adds up to zero, indicating that the 
semiconductor is macroscopically neutral. Let the acceptor concentration (assumed 
uniform) be denoted by N4, and assume that N, >> n, (a typical value of N, is 
10!7 cm-3), Assuming that practically all acceptor atoms are ionized, we will have, 
since each atom contributes one hole, 


Po = N, (1.2.4) 


As in the case of donor-doped material, the product n,p, remains equal to n> 


hence, we have 
n, = — (1.2.5) 


The above approximations will fail at extremely low or high temperatures, or if 
the doping concentration is extremely high, as explained for the case of donor dop- 
ing. In an acceptor-doped semiconductor, the holes are the ‘majority carriers,” and 
the electrons the minority carriers. Since majority carriers carry a positive charge, 
semiconductors doped with acceptor impurities are said to be p type. 

The above discussion has assumed zero electric field.+ If the electric field 
within the semiconductor is not zero, the relations presented above will not be valid 


*The tern electric field is reserved here for macroscopic electric fields. Of course fields will always be present 
at the atomic level, e.g., between electrons and the nucleus in a given atom. 


@ OPERATION AND MODELING OF THE MOS TRANSISTOR 


FIGURE 1.2 
A piece of semiconductor material with different electron concentration at two points. 


in general. Nevertheless, in certain of these cases the semiconductor is still said to 
be in equilibrium.'-© We will encounter cases that fall into this category, which will 
be characterized by the lack of net energy exchange between the semiconductor and 
the external worid and no net current flow; for example, this will be the case for a 
short-circuited pn junction, discussed in Sec. 1.5. In such cases, the following will 
continue to be true as before!© (with n and p denoting the electron and hole concen- 
trations, respectively), 


mp = n, (1.2.6) 


whether the semiconductor is extrinsic or intrinsic. Note that in general the individual 
values of 2 and p will be different from the values of n, and p, found in the absence 
of an electric field. Thus, consider a region of semiconductor material (intrinsic, ” 
type, or p type) in equilibrium. Assume that an electrostatic potential difference ¢,. 
exists between two points 1 and 2, as shown in Fig. 1.2.¢ Then it can be shown by 
using “energy band” concepts (Appendix A) that the electron concentrations m, and 
n; at points | and 2, respectively, are related to %,> by 


(1.2.7) 


where the quantity d, is the so-called “thermai voltage,” given by 


tIn this book, the potential of a point with respect to another will be indicated by an arrow pointing from the 
former point to the latter, If the potential is internal to a device, the arrow will be drawn with a broken line. Po- 
tentials between a device's external terminals will be indicated by solid-line arrows. 
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(1.2.8) 


with k the Boltzmann constant, g the magnitude of the electron charge, and T the ab- 
solute temperature. The values for the constants k and q are 


Q723 C.V 
K 


= 8.62 x1 (1.2.9) 


k = 1.3809 x | (a eV 
K 


q = 1.602 x 10°C (1.2.10) 


From the above three equations, the value of ¢, at room temperature (300 K) is 


0.0259 V. 
The relation corresponding to (1.2.7) for holes is (again, assuming equilibrium; 
Appendix A), 


Pu. plate 


Py (1.2.11) 


Note that (1.2.7) and (1.2.11) together imply 2) p, = 1)p,, just as would be the 
case in the absence of any potential difference in equilibrium. 

Let us now consider the charge density (charge concentration per unit volume) 
in a semiconductor. In the general case, four entities can be responsible for its value: 
(1) holes, which contribute a charge density of (+g)p; (2) free electrons, with contri- 
bution (—q)n; (3) ionized donor atoms, with contribution (+g)N,; and (4) ionized ac- 
ceptor atoms, with contribution (-g)N,. The total charge density, denoted by , will 
be the sum of the individual contributions: 


0.249 


Of course, in the cases already discussed, we will have NV, = 0 if only donor 
atoms are present, or V, = 0 if only acceptors are present. There are cases, however, 
where both NV, and N, can be nonzero. For example, if it is desired to convert part of 
a p-type region into an n-type region, one can introduce donor atoms at a concentra- 
tion higher than the concentration of acceptor atoms. The region then becomes effec- 
tively n type, with an “effective” donor concentration of Np ~ N,. This process is en- 
countered often in the fabrication of semiconductor devices. 

In the presence of electric fields, the charge density p can vary from point to 
point. Assuming equilibrium, n and p in (1.2.12) must be such that, for any two 
points, they are related to the electrostatic potential by (1.2.7) and (1.2.11), which 
are consequences of semiconductor properties, In addition to these relations, the 
total charge density must satisfy Poisson’s equation, which is a general relation in 
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electrostatics and is not restricted to semiconductors. Let us consider the “one- 
dimensional case” where p and the electrostatic potential & (taken with respect to 
some arbitrary reference) vary only vertically (along the y direction)t; then Pois- 
son’s equation is (Appendix B) 


(1.2.13) 


where e, is the “permittivity” of the materiai, given by 
€, = k,€ (1.2.14) 


with «, the permittivity of free space (8.854 x 10-'4 F/cm) and &, the dielectric con- 
stant of the material. For silicon we have approximately &, = 11.8, corresponding to 
€,= 1.04 x 10-1? F/em. 

Our analysis of semiconductor devices in equilibrium will be based on the sim- 
ple relations we have provided in this section. Several examples of the application of 
these relations will be found throughout this book. For the nonequilibrium cases of 
interest to us, a Simple modification will be necessary, as will be seen. 


1.3 CONDUCTION 


1.3.1 Transit Time 


The notion of “transit time” will be used in our discussion of MOS transistors in sub- 
sequent chapters. This notion is general and independent of the mechanisms via 
which current conduction takes place. Thus, it is introduced first before such mecha- 
nisms are discussed. 

Consider the piece of material shown between the shaded regions in Fig. 1.3. 
Assume a steady flow of current in one direction, wholly due to free electrons, has 
been established. Also, assume that no recombination of electrons with holes takes 
place. Electrons are constantly being supplied from the left side and taken out from 
the right side at the same fixed rate. At any given instant, then, the magnitude of the 
total electron charge that happens to be inside the piece is fixed; let | Q| denote its 
value. We will make the simphfying assumption that it takes each electron the same 
amount of time to travel the length of the piece; this time will be called the transit 
time and will be denoted by 7. 

Let us consider the free electrons found inside the piece at a given instant and 
follow their motion. After the lapse of one transit time 7 even those initially at the far 
left will have exited through the right end. Therefore all the electrons inside the piece 
at the initial instant of observation will have exited through the right-hand end also 


tThis direction is chosen in anticipation of analyses to follow later. 
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FIGURE 1.3 
A piece of material with electrons flowing toward the right. 


and will have been replaced by new electrons coming from the left. Thus, a negative 
charge of magnitude [Qj exits from the right-hand end in time 7; this corresponds to a 
current / in the direction shown, given by 


‘| 


_ a (1.3.5) 
T 


Note that in the argument leading to (1.3.1) we did not make any assumption as 
to the detailed mechanisms through which the current is conducted, the distribution 
of charge inside the material, the presence or absence of electric fields, or the con- 
stancy of electron velocity along the current path. Thus, (1.3.1) is quite general. 

In the above discussion, we made the convenient assumption that all electrons 
spend the same amount of time 7 in traveling the length of the material. However, it 
is customary to relax this assumption and use 


(1.3.2) 


as the definition of transit time, with |Q| and / as defined above. An obviously similar 
definition can be given in the case of conduction caused by holes. Expressions for 7 
will be found for each of two mechanisms of current conduction, which are consid- 
ered in the next two subsections. 


1.3.2 Drift 


Let us consider a piece of semiconductor with no external field applied to it. A ran- 
dom “thermal” motion is exhibited by the holes and electrons in all directions; how- 
ever, on the average these random charge movements cancel out and there is no net 
current produced. If an electric field is now applied (for example, by connecting the 
semiconductor piece across the terminals of a battery), it will exert forces on the 
charged particles. Thus there will be a net movement along the field lines which can 
be observed macroscopically as an electric current. This phenomenon is known as 
drift; it would not occur if the particles were not charged. 

The movement of electrons and holes during drift is quite complicated since 
these carriers interact with their environment, for example, with the thermal vibrations 
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FIGURE 1.4 
Magnitude of drift velocity versus magnitude of electric field. 


of the lattice and with ionized impurity atoms.+ Such interactions are referred to as 
scattering. For example, as an electron accelerates in the direction dictated by the 
electric field, it can be scattered and lose some of its energy to its environment, then it 
accelerates again, etc. Because of this, and because charge is transported by these car- 
riers in discrete amounts, a minute “noise” fluctuation exists in the externally observed 
current. For the present such fluctuations will be ignored and attention will be focused 
on the average current value /, which is nonzero because of the net movement caused 
by the nonzero electric field. The quantity / can be calculated from the carrier’s aver- 
age velocity, called drift velocity and denoted by vg For a given electric field, v; de- 
pends on the type of semiconductor, the type and concentration of doping, the temper- 
ature, and the type of carrier.> For silicon, the magnitude of the drift velocity depends 
on the magnitude of the electric field @ as shown qualitatively in Fig. 1.4. For high 
electric fields, the loss of energy of the carriers to the lattice becomes more effective 
and eventually velocity saturation is reached as shown. The maximum velocity value 
is essentially independent of doping concentration, and for silicon at room temperature 
is of the order of 10? cm/s for both electrons and holes. It is reached at fields roughly 
above 3 x 104 V/cm for electrons and 105 V/cm for holes. Writing these values as 
3 V/um and 10 V/um, respectively, we see that a few volts across a length of 1 zm 
are enough to cause velocity saturation. 

We now consider a uniformly doped n-type semiconductor bar with dimensions 
a, b, cas shown in Fig. 1.5, and a voltage V applied across it. In the following we wiil 
neglect the contribution of hole movement to the electric current since the holes, 
being the minority carriers in this case, are much fewer than the electrons. Electrons 
move in a complicated fashion with an average velocity of vj, as discussed above. 
We can calculate the resulting current by considering a simpler, hypothetical picture 


+Our present discussion deals only with drift in the bulk of a semiconductor. Additional scattering mechanisms 
are present at the semiconductor surface in an MOS transistor: these are considered in Chap. 4. 
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FIGURE 1.5 
An n-type semiconductor bar with uniform electron concentration under external bias. 


in which the velocity of all electrons is constant and equal to v,. The time it takes for 
an electron to travel the length of the bar is 


1 
T= (val (1.3.3) 
d 


The magnitude | Q| of the total free electron charge found inside the bar at a 
given time instant is given by the charge magnitude of a single electron g times the 
total number of electrons; the latter is given by the volume of the bar times the free 
electron concentration per unit volume, n. Thus 


IO! = ngq(abc) (1.3.4) 
Using this with (1.3.1) and (1.3.3) gives 


y = nglarc) (1.3.5a) 
T 
= ng(be)|v,} (1.3.55) 


This will now be put in a different form that will prove useful later in the dis- 
cussion of transistors. The area of the bar’s top surface in Fig. 1.5 is (ab). Thus 
|Ol/(ab) is the magnitude of the charge per unit area.+ This quantity will be denoted 
by |Q’|. Using (1.3.4) we have 


1Q’| = el = ngc (1.3.6) 


The use of this quotient is adequate because the charge is uniformly distributed horizontally; otherwise, the 
charge per unit area would have to be defined differentially. 
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Substituting this in (1.3.5) gives 


I = b(Q’ 


v4| (1.3.7) 


THE CASE OF LOW ELECTRIC FIELDS. The above relations assume special, very 
useful forms in the case of low electric fields. For silicon, “low” means roughly 
less than 3 x 108 V/cm (i.e., 0.3 W/m) for electrons, and Jess than 6 x 10° V/cm (ie., 
0.6 V/zm) for holes. For such fields, |v,| is proportional to |€|, as suggested by the 
bottom part of the curve in Fig. 1.4. The constant of proportionality is called mobility 
and is denoted by s,. The subscript B is used to emphasize that this mobility charac- 
terizes the “bulk” of the semiconductor. This is needed to distinguish it from a “sur- 
face” mobility which will be introduced in Chap. 4. We thus have 


Jug) = “gl 6] (1.3.8) 
Electron and hole mobilities for silicon at room temperature are shown in 
Fig. 1.6 versus doping concentration.!3 Mobilities decrease with temperature under 


common conditions.*-13 
The magnitude of the electric field in Fig. 1.5 is given by: 


V 
16] = = (1.3.9) 


0 
io! 2 5 195 2 $ jl 2 5S jo"? 2 5 10!8 2 5 1919 
N (om 73) 


FIGURE 1.6 
Electron and hole bulk mobility in silicon at 300 K vs. doping concentration.!4 
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With the use of this in (1.3.8) and of the result in (1.3.3) we obtain, for the low- 
field transit time, 


(1.3.10) 


The presence of the a? term reflects the fact that, for fixed 4g and V. increasing 
the bar’s length increases the transit time for two reasons: (1) The distance the elec- 
trons must travel becomes larger and (2) the magnitude of the electric field becomes 
smaller, which slows the electrons down. 

Using the above equation in (1.3.5a) we obtain: 


b 
1 = u,nq——V (4.3.11) 
a 


which is nothing but Ohm’s law.f This equation can be written in the form / = GV, 
where G is called the conductance and is given by 


be 
G =o 
2 (1.3.12) 
where o is the conductivity given by 
T = fegnd (1.3.13) 


The inverse of the conductivity, called the resistivity, is also used. 
Using the above two equations and (1.3.6), we can express the conductance as 
follows: 


0 
G = Hg|O'|— (1.3.14) 


The /-V relation is thus 


(1.3.15) 


+ We have assumed a uniform n throughout the bar. However, we will encounter some cases where this assump- 
tion is not valid. If n varies along the x axis, one must instead consider a vertical “slice” of length Ax centered at 
x. Let Ad be the electrostatic potential drop across the slice, defined from its right side to its left side; letting Ax 
approach zero, we obtain an equation in which the role of V/a in (13.11) is played by dv/dx: 


f= segn(x)gbe = (1.3.1 1a) 
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3R, 
{a) (db) 


FIGURE 1.7 
Top view of two bars, each with three “squares” in the path of the current. 


As seen in the above two equations, the thickness c of the bar does not enter di- 
rectly; all that counts is the value of the mobile charge concentration per unit area, 
and the dimensions b and a. In fact it is easy to show that the above two results are 
valid even if the electron concentration is nonuniform in the vertical direction, as 
long as there is uniformity horizontally. t 

The resistance of the bar R = 1/G is, from (1.3.14), 


a 
R= R, — 
oF (1.3.16) 


where R, = (uzglQ'Iy! is called the sheet resistance. When a = b, i.e., when the bar as 
seen from the top is square, R = R,. Thus R, is simply the bar’s “resistance per 
square”; R will be given by R, times the number of squares in the path of the current. 
This is illustrated in Fig. 1.7. Both bars are assumed to be made out of the same ma- 
terial, and with the same Q’. Since both have a total of a/b = 3 squares in the path of 
the current, they have the same resistance, equal to 3R,. Sheet resistance is commonly 
expressed in “ohms per square.” 

Results analogous to the ones in this section can be given in the case of hole 
conduction. If holes were present in Fig. 1.5, they would move in a direction opposite 
to that of electrons (i.e., from right to left in the semiconductor). Since the charge as- 
sociated with holes is positive, the resulting contribution to the total current would be 
in the direction shown, i.¢., in the same direction as that for the current owing to elec- 
trons. One could then define a conductivity 7 for use in (1.3.12), which would be the 
sum of the electron and hole conductivities. 


a 
+To show this, consider the bar as consisting of thin, parallel horizontal slices within each of which n is con- 
stant. Let AG and AQ’ be the conductance and charge per unit area, respectively, for one slice. Then, from the 
above results AG = 4¢p|AQ’}(b/a). Note that for the combination of all slices in parallel the total G and Q” are the 
sum of the conductances and the charges per unit area, respectively, for each slice. Letting AG and AQ" become 
differentials and integrating the resulting equation, we obtain (1.3.14) again. Equation (1.3.15) can be derived in 


a similar manner. 


a a eS oe ee eee ee er ae fete 
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FIGURE 1.8 
(a) A semiconductor bar with nonuniform electron concentration along its length; (b) the electron con- 
centration i (a) for a special case of interest; (c) charge per unit area corresponding to (b). 


13.3 Diffusion 


Drift is only one of two major mechanisms responsible for the flow of electric current 
in semiconductors. The other mechanism, known as diffusion, occurs whenever parti- 
cles are not distributed uniformly over space, i.e., when there exist “concentration 
gradients”; then the random motion of the particles tends to make them spread out 
from regions of high concentration to regions of low concentration. Notice that this 
phenomenon is not due to electric fields and can thus occur independently of whether 
or not the particles are charged; for example, particles of smoke exhibit such diffu- 
sion. However if the particles are charged, as are electrons and holes, diffusion gives 
rise to movement of charge and thus to electric current. 

We consider the ortgin of diffusion with the help of Fig. 1.8a. Here a piece of 
semiconductor of rectangular cross section with width b and thickness c is assumed 
to contain electrons distributed uniformly across any vertical plane (such as the one 
shown near the middle), but nonuniformly along the length. No holes are assumed to 
be present for now. We assume that the semiconductor communicates with the exter- 
nal world from left and right, so that a fixed electron distribution can be maintained. 
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This distribution can be represented by a fixed plot of n vs. x. For now we will as- 
sume this plot to be a straight line as shown in Fig. 1.8b. 

Electrons are found on both sides of the plane shown near the middle in Fig. 1.82, 
and they exhibit a random thermal motion; however, in a parallelepiped of very small 
length Ax immediately to the left of the plane, more electrons are to be found than 
those contained in an identical parallelepiped immediately to the night of the plane. 
Hence one can expect that in a given time interval more electrons will cross the plane 
moving from left to right, rather than from right to left. This corresponds to a net flow 
of electrons from left to right. Since each carries a negative charge, the current defined 
in the direction shown in the figure will be positive. This current is proportional to the 
magnitude g of the charge carried by each electron and the cross-sectional area bc. 
Also, the more negative the slope of » with x, the more positive the current will be; in 
fact it can be shown that / is proportional to (-dn/dx). We have!" 


[ = Dabo - *) (1.3.17) 


where D is a constant of proportionality, called the diffusion constant. This constant 
is related to the mobility 4, by the so-called Einstein relationship!!! (Prob. 1.11): 


(1.3.18) 


where @, is the thermal voltage given by (1.2.8). Analogous relations hold for the dif- 
fusion of holes: of course the values for the diffusion constants of holes and electrons 
are different, corresponding to their different mobilities. Note that if the particies 
shown in Fig. 1.8a were holes, and their concentrations were decreasing towards the 
right, there would be a hole movement from left to right. Since the charge associated 
with holes is positive, this movement would correspond to a current in the opposite 
direction from that shown. 

If the plot of n vs. x is not a straight line, dn /dx will vary with position and so 
will the diffusion current. The latter must now be written as /(x), and will still be 
given by the right-hand side of (1.3.17). Since, in steady state, the total current must 
be the same at any point x, there must exist in this case a drift current component, 
varying with position in such a way that the total current (which, as can be shown, 
will be given by the superposition of diffusion plus drift) is independent of x. In gen- 
eral, current flow in semiconductors is the result of both drift and diffusion; for ex- 
ample, both mechanisms are encountered in a pn junction. Often, one of the two 
mechanisms dominates. In the rest of this section, we assume for simplicity that only 
diffusion current is present, and thus the plot of n vs. x is a straight line. 

Consider a thin vertical slice of the material in Fig. 1.84 of volume be Ax cen- 
tered around a point at x. The charge in this slice is (-q)n(x)be Ax, where the — sign 
corresponds to the negative electron charge. Dividing the slice charge by the area of 
the slice b Ax as seen from the top, and letting Ax go to zero, we obtain the charge 
per unit area, which here is a function of x: 


O'(x) = (-g)en(x) (1.3.19) 
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This quantity is shown vs. x in Fig. 1.8c. Using (1.3.19) and (1.3.18) in 
(1.3.17), we obtain 


(1.3.20) 


Consider now a more general case in which we allow the electron concentration 
to be nonuniform in the vertical direction. Assume that on a horizontal plane at any 
given depth, the plot of # vs. x is still a straight line (we still assume that n is uniform 
in the direction perpendicular to the plane of the paper in Fig. 1.8). Since n is now 
nonuniform vertically, electrons would have a tendency to diffuse in the vertical di- 
rection, but we will assume that an appropriate externally applied vertical electric 
field prevents them from doing so. In other words, we assume that the electrons still 
move parallel to the x direction, so that laminar flow is maintained. Then one can 
easily show that (1.3.20) will still be valid.t 

Since the plot of Q’(x) vs. x is a straight line, its slope will be 


dg’ _ Oa)- 20) 


dx a (1.3.21) 


Use of this in (1.3.20) gives: 
b * # 
I= [gh a [Q (a)-Q (0)] (1.3.22) 


Since (1.3.20) is valid even if n is a function of both x and the vertical dimen- 
sion under the assumptions following (1.3.20), then (1.3.22) will also be valid. 

The transit time 7 can now be easily calculated. It is easy to show that the total 
charge of the electrons found at any instant inside the bar will be (Prob, 1.3) 


wp 2+ 20) 


g= 2 


(1.3.23) 


Thus the transit time will be, from (1.3.2), 


= 2% 20) + Oa) 
H5(24,) Q’(0) - O(a) (1.3.24) 


+To show this, consider the material as consisting of thin, parallel horizontal slices within each of which n does 
not vary vertically. If Af and AQ‘(x} are the current and charge per unit area for one such slice, we will have 
Al = ud, ba[AQ’(x) idx. The total current / will be the sum of the individual A/, and in this summation the 
AQ’(x) can be grouped together to give the total charge per unit area of the material at x, Q’(x). More precisely, 
letting AJ and AQ’(x) become differentials and integrating, we obtain (1.3.20) again (Prob. 1.4). 
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In this book we will often be interested in the case where a “perfect sink” exists 
at x =a, reducing the electron concentration to 0 there; this means 


O’(a)=9 (1.3.25) 
For this special case (1.3.24) becomes 


(1.3.26) 


Note that this form is very similar to that for drift in (1.3.10). However, in contrast to 
the drift case, where 7 can be made small by applying a large V here r is fixed at a 
comparatively large value, due to the fixed, small value of 24, (about 52 mV at 300 K). 


1.4 CONTACT POTENTIALS 


Consider the junction of two different materials J; and J, with no external bias, as 
shown in Fig. 1.9a; either material can be a semiconductor or a metal. When the two 
materials are brought together, at first carriers move from one to the other because 


oT Pr) Jy— ~ 
“ 
a“ ~ 


/ 


{a) 
Wx) 


(bd) 


FIGURE 1.9 
(a) Two different materials in contact (either can be a metal or a semiconductor); (6) potential vs. dis- 
tance for (a). 
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the energy of these carriers is in general different in J, and J,, and no opposing field 
exists in the initially neutral materials. However, as each charged carrier crosses the 
junction, it leaves behind a net charge of the opposite polarity, and an electric field is 
thus established in the vicinity of the junction, which tends to inhibit the movement 
of carriers. For example, if an electron crosses from J, to J5, it leaves a positive 
charge in J,; the contribution of this charge to the electric field is in such a direction 
as to attract the electron back into /,. Eventually, the field intensity increases to the 
point that it counteracts the tendency of carriers to cross the junction, and a balance is 
achieved such that there is no net carrier movement. An electrostatic potential change 
is then encountered in going from one material, through the junction, to the other ma- 
terial. If Y{x) is the potential at position x, it can be of the form shown in Fig. 1.9b 
(arbitrary references are assumed for both & and x). Depending on the two materials, 
the potential change can occur on both sides of the junction, as in the case shown, or 
mostly on one of them. The total potential drop in going from J, to J, is called the 
contact potential of material J, to material J,, and will be denoted by p Jydg: The 
concept of contact potentials will be instrumental in deriving the basic equations of 
MOS devices, without having to introduce the use of energy bands; hence, the use of 
contact potentials is discussed in considerable detail in this section. Readers inter- 
ested in a treatment using energy bands are referred to Appendix A. 

As an example consider the junction of a material J to intrinsic silicon, as in 
Fig. 1.10. Let ¢, denote the contact potential of material J to intrinsic silicon as 
shown. Depending on the material J, the value of ¢, will vary. For various materials 
it can be indirectly evaluated? and is given in Table 1.1. 

If J is a metal, the contact potential @, has a specific value as shown in the 
table. However, if J is a semiconductor, 6, will depend not only on which semicon- 
ductor it is but also on its impurity type (donor or acceptor) and concentration. We 
will now focus on the case in which J is extrinsic silicon; the value of ¢, in this case 
is given by the negative of a quantity denoted by ¢,, as seen in the table. , is a very 
important quantity characterizing the semiconductor which will be defined, for our 
purposes, as followst: 


The Fermi potential }, of extrinsic silicon is the contact potential that would be 
developed between intrinsic silicon and the extrinsic silicon if the two were 


Intrinsic 
silicon 


FIGURE 1.10 
Junction of a material / and intrinsic silicon; defini- 
tion of the characteristic potential d,. 


fA formal definition of ¢, using energy band concepts is given in Appendix A. 
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TABLE Li 
Approximate contact potential of 
materials to intrinsic silicon (V)+ 


Material op; 
a 
Ag -0.4 
Au -0.3 
Cu 0.0 
Ni 40.15 
Al +0.6 
Mg +1,35 
Degenerate p* polysilicon -0.56 
Degenerate a* polysilicon +0.56 
Extrinsic Si ~Or 
intrinsic Si 0 


pe 
+The values given for metals and polycrystalline silicon are 
only approximate. Accurate values are difficuit to obtain, 
and, in fact, different measuring techniques can yield val- 
ues which differ by a large fraction of | V. 


Intrinsic 
silicon 
(a; * a; } 


intrinsic 
silicon 


FIGURE 1.11 
(a) Extrinsic and intrinsic silicon (symbols in parentheses indicate electron and hole concentrations); 


(b) the materials in (a) in contact with each other, and the corresponding contact potential. 


brought in contact and thermal equilibrium were established. This contact poten- 
tial is defined as that of intrinsic to extrinsic silicont; see Fig. 1.41. 


As one travels from the intrinsic side to the extrinsic side in Fig. 1.11, there 
will be a transition region near the junction where the electrostatic potential will be 
changing, and the total change will be d,. At points clearly outside this transition 


+Analogous definitions can be given for any semiconductor. 
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region, the electron and hole concentrations remain at the values they had before con- 
tact was made, i.e., they are as in Fig. 1l.lla. Let 1 and 2 denote two such points in 
Fig. 1.115, one in each side of the junction. We assume that there is no external bias 
and the system is in equilibrium. We can then apply (1.2.7) and (1.2.11) to obtain 


Nn; 
dp = \n 7 (1.4.12) 


eo 


r= In 2 (1.4.16) 
i 

Let us now consider qualitatively the Fermi potential of p-type silicon. When it 
is joined to intrinsic silicon, one expects that a net number of electrons will diffuse 
from the intrinsic stlicon to p-type silicon as electrons are in larger supply in the for- 
mer, and holes wiil diffuse from the p-type side to the intrinsic side. Therefore, there 
wili be a net positive charge on the intrinsic side and a net negative charge on the p- 
type side; the potential will be higher on the intrinsic side. Hence ¢,, which is the 
contact potential of the intrinsic side to the p-type side, will be positive. Now the 
higher the impurity concentration NV, on the p side, the more the holes and the larger 
the tendency to diffuse. Thus a larger field needs to be established to inhibit their 
movement at balance. This causes ¢, to be higher for higher N,. Using (1.2.4) in 

(1.4.18), we obtain 


N ; 
ob, = +@, In > p-type material (1.4.2) 


{ 


Similar qualitative considerations for n-type silicon lead to the conclusion that 
@, should be negative in that case, and that {@,| should increase with the donor con- 
centration Np. We can use (1.2.2) in (1.4.1a) to obtain 


-¢, In “2 n-type material (1.4.3) 


f 


It should be mentioned here that, although we have discussed ¢, in terms of a 
contact potential, it is a quantity which characterizes the material by itself. Even if 
the material is self-contained (not in contact with anything else), to its free carrier 
concentration # (or p) there corresponds uniquely a value of @, at a given tempera- 
ture. This value is given by (1.4.1) or, under the assumptions made in Sec. 1.2, by 
(1.4.2) or (1.4.3). Thus, for example, one can talk of a certain p-type silicon with 
N, = 10" cm or, equivalently, of p-type silicon with J, = 0.413 V at 300 K. Values 
for @, obtained from (1.4.2) and (1.4.3) at 300 K are plotted vs. doping concentration 
in Fig. 1.12. For degenerate materials, é, is difficult to evaluate. A common approxi- 
mation is 0.56 V for p-type Si, and —0.56 V for n-type Si, at 300 K (Appendix A). The 
same estimates are used for degenerate polycrystalline silicon (often referred to simply 
as polysilicon or poly), a widely used material in modern transistors (Sec. 1.6). 
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FIGURE 1.12 
Oe rons To. ro ols Magnitude of Fermi potential vs. sub- 
3 strate doping concentration for silicon 
Na ot Np (cm~*) ai room temperature. 


We will now show that Table 1.1 is useful not only for calculating potentials in 
contacts with intrinsic silicon but also for calculating contact potentials for any two 
materials in that table, e.g., the contact potential of Au to Al. To see this, consider 
again the junction of two arbitrary materials /, and J,, as in Fig. 1.9a. The value of 
the contact potential, Py, ty is, of course, independent of intrinsic silicon, since the 
latter appears nowhere in the figure. However, it is very easy to express the unknown 
#),,4, m terms of f,, and ¢,,, which are known and tabulated in Table 1.1. To see 
this, suppose that we place the system of Fig. 1.9@ in a loop with intrinsic silicon, as 
shown in Fig. 1.13. By equating the sum of the potential drops around the loop to 
zero, we get: 


P5, 4, = @}, — oy, (1.4.4) 


Therefore, intrinsic silicon is for us a reference material since, by knowing its 
contact potential to other materials, we can get the contact potential between any two 
materials as well. It is clear that we could have chosen any other material as our ref- 
erence in Fig. 1.10. We could have then constructed a table for that material similar 
to Table 1.1, and (1.4.4) would be valid again for ¢,, and %,, obtained from the new 
table. Because we will be working with silicon devices, our earlier choice of intrinsic 
silicon as a reference will prove convenient.t 


+In energy band treatments, contact potentials are often expressed in terms of the “work functions” of the 
two materials, work function W, being a quantity characterizing material J and related to the energy required 
to remove an electron from the material to the vacuum, According to such treatments, @,,,;, in Fig. 1.9a is 
(W,, - W, Ma, where g is the magnitude of the electron charge (Appendix A). Work functions are not easy to 
measure accurately, and, in fact, have to be “modified” for use in MOS device modeling. We have avoided 
complications in our discussion by changing our reference from “vacuum,” which has little to do with the de- 
vices we will be dealing with. to something more relevant. If the reader prefers to use work functions, no confu- 
sion should arise: the difference in Eq. (1.4.4) is still correct if the symbol ¢, is defined to be -W,/g. 
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FIGURE 1.13 
Two materials in a loop with intrinsic 
silicon, 


Example 1.1. Caiculate the contact potential of aluminum to p-type silicon, with 
N, = 10% em, at T= 300 K. From Table 1.1 and (1.4.2), and if P, denotes the above 
p-type material, we have 


190! 
= —0.0259 V In —>- —-— = -0.29 V 
ep "71.18 x 10° 


From Table !.1,,, = +0.6 V. Therefore, using (1.4.4), 
Pap, = 0.6V — (-0.29 V) = 0.89 V 


Example 1.2. Caiculate the contact potential Pp,.n, Of p-type silicon with 
N, = 10!* cm (denoted by P,), to n-type silicon with N= = 10!® «zm-3 (denoted by N,), 
at T= 300 K. 

From Table 1.1 and (1.4.2), @p, = -0.234 V. From Table 1.1 and (1.4.3), 
’n, = +0.353 V. Therefore, using (1.4. 4), 


Ppy.ny = —0.234 V ~ (40.353 V) = -0.587 V 
SEVERAL MATERIALS IN SERIES. We can now make an interesting observation 
concerning several materials in series, as in Fig. 1.14a; as before, all materials are as- 


sumed to be at the same temperature. If we express the potentials %,, in terms of 
contact potentials in the loop, we have 


Ler = Py J + Pj; test b;, ~ [tn (1.4.5) 
and, using (1.4.4) repeatedly in the above equation, we get: 


Bee = (Py, — Py) + (by — by) +--+ (H;,_, - by) (1.4.6) 
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FIGURE 1.14 
(a) Several materials in series, (b) the structure o 
(a) with a voltage source placed in series. 


f (a) with a voltmeter attached; (c) the structure of 


It is clear that, with the exception of ¢,, and ¢, , each @, appears twice in the 
sum—once with a plus and once with a minus sign. Therefore 


tx, = Or, - #5, (1.4.7) 


e measure potential #,, with a common voltmeter? 


A question arises: Can w 
itmeter is assumed ideal (i.e., does not draw any cur- 


The answer is no, even if the vo 


sae ns ha AR ah aaa “pain: eR 
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rent from the circuit under measurement). This can be seen in Fig. 1.145. Assume 
that the voltmeter leads are made by some material J,. The potential difference Ug 
between the two leads (which is what the voltmeter ‘“‘sees’’) is 


Uae = Oy, + Yer + Pr,4, (1.4.8) 


Using (1.4.4) in the above equation, 


tac = (b1, ~ b,) + Yer +(;, - bi, ) (1.4.9) 


and, using (1.4.7) ia (1.4.9), we get 
bac = 0 (1.4.10) 


In summary then, no matter how many materials are in the loop, the electrosta- 
tic potential difference between its two ends depends only on the first and the last 
material and cannot be measured by a common voltmeter.t For such measurements, 
special techniques must be used.!4:!5 

What now if a voltage source is inserted in the loop? This situation is illustrated 
in Fig. 1.14c. The source leads are assumed to be made of the same material. By 
going around the loop we have 


ee = Youre + (bn - &),) (1.4.11) 


which should be compared with (1.4.7).£ 

What would an ideal voltmeter like that of Fig. 1.146 measure if attached to 
points K and £ in Fig. 1.14c? With &%,, as given by (1.4.11), (1.4.9) is still valid and 
we have 


ac = Voource (1.4.12) 


which should be compared to (1.4.10). 

It is now clear why contact potentials never seem to enter the picture when one 
works with circuits, provided all contacts are at the same temperature. As seen in the 
example leading to (1.4.12), such potentials cancel out, cannot be measured by com- 
mon voltmeters, and do not enter into circuit equations. However, in investigating the 
physics of electronic devices, contact potentials must be taken into account: other- 
wise, unless a fortuitous cancellation takes place, neglecting contact potentials can 
lead to serious errors. 


The teads of a voltmeter are invariably made of the same material. The “academic” case where the leads are 
made of two different maierials can be handled if one considers the various contact potentials within the volt- 
meter circuit (see Prob. |.7). 

tLeads of voltage sources, like the leads of a volumeter, are assumed to be made of the same material. The case 
of a source with leads made of different materials is easily handled by defining V,,,.¢ as the voltage measured 
by our idea! voltmeter when attached to the terminals of the source. Then (1.4.11) and (1.4.12) will remain valid 
(see Prob. 1.8), 
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1.5 THE pn JUNCTION 


The selective doping of silicon with n-type impurities in one region and with p-type 
impurities in an adjacent one produces what is known as a pn junction. Such a junc- 
tion is shown in Fig. 1,15. In this figure, we have assumed that the doping changes 
abruptly from n-type to p-type at a boundary, and that the doping concentration is 


FIGURE 1.15 
A pn junction with (a) zero bias, (6) forward bias, (c) reverse bias. 
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uniform on either side of the boundary; such a junction is referred to as an abrupt, or 
step, junction. In drawing Fig. 1.15, we have also assumed that the n region is more 
heavily doped than the p region. The two caps on the top and the bottom are made of 
a metal chosen so as to make “ohmic contacts” (contacts that conduct wel! in both di- 
rections?) with the semiconductor. 

Let us first consider the case in Fig. 1.15a where the externally applied bias is 
zero. Free electrons are in high concentration in the n side and in low concentration 
in the p side. Thus, they tend to diffuse across the boundary between the two sides 
(downward in the figure), leaving behind positively charged immobile donor atoms 
as shown. Similarly, holes tend to diffuse from the p side, where they are in abun- 
dance, upward to the n side, leaving behind negatively charged immobile acceptor 
atoms. For simplicity it is often assumed that the above phenomena result in com- 
plete depletion of carriers over a region with sharply defined edges, as shown in the 
figure. This is called the depletion approximation, and the region is referred to as the 
depletion region. The more the uncovered donor atoms on the v side, the more their 
total charge; therefore, the stronger the electric field they produce, the stronger the at- 
tracting force they exert on electrons attempting to diffuse downward, and the 
stronger the repelling force on holes attempting to diffuse upward. Similarly, the 
more the uncovered acceptor atoms on the p side, the more they will attract holes 
which are attempting to diffuse upward, and the more they will repel electrons which 
are attempting to diffuse downward. Eventually in this process, enough impurity 
atoms are uncovered on both sides that the strong fields exerted by them inhibit a fur- 
ther net movement of carriers. The depletion region width is then fixed, and the cur- 
rent in the external wire is zero. It is interesting to note that the situation inside the 
structure will not change if the external wire is now cut. In fact, in this case it is easy 
to see from (1.4.6) and the associated discussion that the three contact potentials in 
the structure cancel each other out, and no electrostatic potential exists across the two 
open terminals. 

In the absence of external bias, the potential across the depletion region (from 
deep in the n side to deep in the p side) will simply be the contact potential of the n- 
type material to the p-material. This potential is referred to as the built-in potential of 
the junction, and will be denoted by ¢,). From Table 1.1 and (1.4.4), d,, is given by 


Dyi = Pry — Pr (1.5.1) 


where @,, and @,, are the Fermi potentials of the p side and the n side, respectively. 
We will be interested in cases where one of the two regions is very heavily doped. 
We remind the reader that in such cases of a “degenerate” semiconductor, (1.4.2) or 
(1.4.3) cannot be applied. In practice, the value of d,; is sometimes chosen to provide 
best matching of expressions in which it appears to experimental results. 


{How well current is conducted in either direction is something that cannot be deduced from the contact poten- 
tial value. The theories for conduction in a metal-semiconductor contact are relatively involved.*!6 
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Let the depths of the depletion region at the two sides of the junction in Fig. 
1.15a be d, and d,, as shown. If the cross-sectional area of the junction (as seen from 
above) is A, the part of the depletion region in the n side has a volume equal to (d,A), 
and therefore a total number of ionized atoms equal to (d,A)Np. Since each of these 
atoms carries a charge +g, the total charge there, denoted by Q), is 


Q, = +q(d,A)Np (1.5.2) 


Similarly, the total charge in the p side of the depletion region (which is due to 
ionized acceptor atoms) is 


QO, = -q(d,A)Ng (1.5.3) 
For overall charge neutrality, we must have 


Q, = -O, (1.5.4) 


Let us now restrict our attention to the case of a “one-sided” step junction of the 
type n*p, i.e., a step junction for which Np >> N4; this last relation, along with (1.5.2) 
to (1.5.4) implies 
d, « d, (1.5.5) 
which means that practically all the depletion region extends into the p side. 
One can now apply Poisson’s equation (1.2.13) in the depletion region, assum- 
ing all charge there is due to ionized impurity atoms (Appendix C). One finds that, in 
the case of Np >> N, considered here, practically all of the potential ¢,, across the 


junction will be dropped on the p side. Denoting by @, the potential drop across the p 
side, we have: 


by = Py (1.5.6) 


Also, one finds that the distance d,, over which the acceptor atoms must be uncov- 
ered to support the potential drop , ~ @,;, 1s given by (Appendix C and Prob. 1.13): 


d, = | Jb, (1.5.7) 
A 


with €, given by (1.2.14). 
Let us now define the charge per unit area on the p side, Q;, as followst: 


g, - & (1.5.8) 


+The resuits derived here will later be extended to cases where d, changes with horizontal position; in such 
cases, one must define Q% at each horizontal position differentially as d@3idA, 
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From (1.5.3), (1.5.7), and (1.5.8) we obtain 


Os = —/24e,.N, by (1.5.9) 


From (1.2.10) and (1.2.14), 2g, has a value of 5.8 x 10°'§ C- em !2. y-12 
for silicon. 

We now consider the application of a forward bias voltage V > 0, as shown in 
Fig. 1.156. Equilibrium is now destroyed. The polarity of the voltage tends to pro- 
duce a field opposite from that produced by the uncovered impurity atoms. Assuming 
that the contact potential of the ohmic contacts is not affected, the electrostatic poten- 
tial across the depletion region will be reduced from ¢,; to d,; — V, so that the sum of 
the electrostatic potentials around the loop remains zero. Thus, the total electric field 
1s reduced at each point in the depletion region, and carriers find it easier to diffuse 
across the boundary. Electrons from the n side, being majority carriers there and thus 
in large supply, diffuse downward; holes from the p side, which are majority carriers 
there and therefore again in large supply, diffuse upward. The result of both of these 
movements is a positive current upward, as shown. For this to make sense, of course, 
one should recall that the assumption that ail mobile carriers have left the depletion 
region, used previously, was just a convenient simplification; mobile carriers actually 
do exist in the “depletion” region and can support the flow of current. Assuming the 
current is not too large, and that the ohmic drop in the semiconductor outside the de- 
pletion region is negligible, it can be shown that the magnitude of the current will be 
given by2-10.12 


T= 1) (e — 1) (1.5.10) 


where /, is a quantity dependent on junction geometry and physical parameters of the 
semiconductor material and is an increasing function of temperature, and ¢, is the 
thermal voltage given by (1.2.8). 

The polarity of the source in Fig. !.15 is such as to supply additional electrons 
to the n side, which can be viewed as “covering” some of the previously uncovered 
ionized donor atoms; hence the region where such ionized atoms are contained be- 
comes narrower. From charge neutrality it is expected that some of the uncovered ac- 
ceptor atoms on the other side will be covered as well. Hence the deletion region 
width is smaller than in Fig. 1.15a@, which is consistent with our claim that the elec- 
tric field at each point is less intense. 

Consider now the case shown in Fig. 1.15c, where a reverse bias Vp, > 0 is ap- 
plied from the n-side terminal to the p-side terminal. Again, the structure will be in 
nonequilibrium. Now, the polarity of the applied voltage is such as to increase the 
electric field intensity at each point, compared to that in Fig. I.15@. This polarity 
tends to move electrons upward away from the upper edge of the depletion region 
and holes downward away from the lower edge of that region. Thus the width of the 
depletion region will increase as shown. The larger the value of Vp, the wider the de- 
pletion region will become. If the 7 region is most heavily doped, overall charge neu- 
trality dictates that such increases in width will take place mostly on the p side. From 
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FIGURE 1.16 
Current vs. voltage for a pn junction. 


this it can also be shown that the p-side depletion region will support most of the 
voltage drop. 

We see that the direction of the field is now such that it no longer aids the flow 
of majority carriers from each side toward the junction boundary, as it did in the case 
of forward bias. Instead, some of the few holes (minority carriers) near the depletion 
region edge in the n side are swept downward by the field; similarly, some of the few 
electrons near the depletion region edge in the p side are swept by the field upward. 
This flow of minority carriers from each side causes a net external current in the 
opposite direction of that in Fig. 1.15; and, since minority carriers are in short sup- 
ply, this current is very small. Equation (1.5.10) remains valid for the reverse-bias 
case, with V = —V,. For Vp larger than a few ¢,, the exponential becomes negligible 
and the current is seen to “saturate” at the value —/,. For this reason, Jp is often re- 
ferred to as the saturation current. In practice, various “nonidealities” contribute to 
make the actual reverse-current magnitude larger than /,, and indeed somewhat de- 
pendent on Vp. The reverse-current magnitude is strongly dependent on temperature, 
doubling for every 10°C or even less of a temperature change. If Vp, exceeds a certain 
value Vpy, the theory*?? used to derive (1.5.10) fails. The junction conducts a large 
current from the n to the p side and is said to be in “reverse breakdown.” Vpy 1s called 
the reverse-breakdown voltage, and, for the junctions encountered on MOS inte- 
grated circuits, it is typically from 5 to 100 V, depending on fabrication details. 
A complete /-V characteristic of a pn junction, including breakdown, is shown in 
Fig. 1.16. Most pn junctions on MOS integrated circuits are kept reverse-biased with 


SEMICONDUCTORS, JUNCTIONS, AND MOSFET OVERVIEW 31 


Va < Vey. Their reverse current can often be neglected except in certain critical appli- 
cations,t or unless the temperature is very high. Note, however, that the reverse cur- 
rent in Fig, 1.15¢ is a manifestation of nonequilibrium. This current, no matter how 
small, provides communication between the junction and the external battery, which 
drastically alters the conditions that were present at equilibrium under zero bias. 
Thus, for example, relations that were valid in equilibrium, such as (1.2.6) or (1.2.7), 
will not be valid under nonzero bias in general. 

Under the reverse bias Vp, the electrostatic potential across the depletion region 
(¥, in Fig. 1.15c) will increase by Vp, so that the potential drops around the loop add 
up to zero again (the contact potentials at the ohmic contacts are considered un- 


changed). Thus 


The new depletion region width will be given by (1.5.7) if the new potential y. 
is used instead of @,; (Appendix C): 


126 | (1.5.12) 
= i—,! 2. 
; Van, * 


Similarly, the new depletion region charge per unit area on the p side will be 
given by the following equation instead of (1.5.9): 


QO; = —/2ge,N, /b, (1.5.13) 


We now consider the concept of the small-signal capacitance of the reverse- 
biased pn junction. If the reverse bias is increased by a smal! amount AV,, the deple- 
tion region width must increase on both sides. The charge that must be moved for this 
to happen must flow through the external circuit. Specifically, additional donor atoms 
will be uncovered in the n side, increasing the total charge there. For this to happen, 
electrons must be removed by the external circuit from near the depletion region’s 
top edge. Thus, a negative charge, say -AQ, leaves the junction from the top terminal. 
This can equivalently be described by saying that an opposite positive charge +AQ 
flows into the junction through the top terminal. Similarly, since the reverse bias has 
increased, additional acceptor atoms must be uncovered in the p side. For this to hap- 
pen, the external circuit must cause positively charged holes to be removed from near 
the depletion region’s bottom edge. This implies a positive charge +AQ flowing out 


tFor example, the “standby” current of circuits can be determined by leakage and can limit battery life in 
portable applications. 
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dbp : 
-4Q FIGURE 1.17 

Small-signal equivalent circuit of a reverse-biased pn 

junction driven by a voltage source. 


of the bottom terminal or, equivalently, a negative charge -AQ flowing into the bot- 
tom terminal. Thus the changes of the charges Q, and Q, in Fig. 1.15¢ will be 


AQ, = +A0 (1.5.14) 
AQ, = ~AQ (1.5.15) 


Assume now that a voltage source of value equal to the change of the reverse 
bias AV, is connected across a capacitor as in Fig. 1.17, and that its capacitance value 
is chosen so that the charges on the two plates are +AQ and —AQ (i.e., they are equal 
to the incremental charges that entered the junction through the top and the bottom 
terminal, respectively, when the reverse bias was changed from Vp to Vp + AV»). 
Then this capacitance represents the small-signal capacitance of the reverse-biased 
pn junction. If this capacitance is denoted by C,, we have 


AQ 
C,.=—=~ 1.5.16 
= Bp (1.5.16) 


Using (1.5.15), and refining the definition of C; by letting the finite differences 
become differentials, we have 


dQ, (1.5.17) 


Finally, dividing both sides by the cross-sectional area A, we obtain the smail- 
signal capacitance per unit area C,/A, denoted by Cc. 


(1.5.18) 


(1.5.19) 


- c, 
Cas (1.5.20) 
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FIGURE 1.18 


One-sided step-junction small-signal capacitance per unit area vs. reverse-bias voltage, with doping con- 
centration of the lightly doped side as a parameter. The heavily doped side is assumed degenerate: corre- 
sponding approximate values of built-in voltage are indicated.5 T = 300 K. 


This equation is plotted in Fig. 1.18, where approximate values for #,,; are 
given? assuming the heavily doped side is degenerate. If C’ jo denotes the value of C; 
for Vp = 0, (1.5.19) can be easily converted to the following: 


Cio 
(Ve/by,) + 1 


Again it is emphasized that the above results have been derived for a one-sided, 
abrupt junction. For more complex doping transitions from the n to the p side, it can 
be shown? that C; can be approximated by: 


~ 


(1.5.21) 


C 
C= —- 0 (1.5.22) 


'  [(Vglbys) +1)" 


where the expression for Cj, will depend on the details of the transition from n type 
to p type (these details formn the so-called profile of the junction). The value of a; is 
1/2 for the one-sided abrupt junction we have discussed, and 1/3 for the linearly 
graded junction (one in which the net impurity concentration varies linearly with 
vertical position, being zero at the boundary between the two sides). For practical 
profiles (which are neither exactly abrupt nor exactly linearly graded) one often 
chooses the values of the parameters a, Cio, and @,; so as to obtain best fit of 
(1.5.22) to measurements. The values obtained this way are said to be “extracted” 
from measurements. 
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1.6 OVERVIEW OF THE MOS TRANSISTOR 


1.6.1 Basic Structure 


The basic idea on which the MOS transistor is based is over half a century old and Is 
due to I. E. Lilienfeld, who obtained the first patents in the early 1930s'’; see Fig. 1.19. 
Other patents were obtained by O. Heil.!8 Laboratory studies were performed in the 
late forties (see, for example, Ref. 19) but the device remained in the laboratory for 
over a decade following that. Then in the early sixties the MOS transistor “took off” 
following the demonstration of working devices by Kahng and Atalla,2° the develop- 
ment of techniques for reliably growing oxides,”! and the establishment of basic theo- 
ries of operation.22-25 A historical review of early work, including the development of 
practical fabrication techniques, can be found elsewhere.26 Modern fabrication tech- 
niques are described in a number of books.?”-”? 

We now offer a simple preview” of the MOS transistor, which will help intro- 
duce the detailed material in the rest of this book. 

A simplified structure of an n-channel MOS transistor is shown in Fig. 1.20 
(the names n-channel and MOS will be discussed shortly). The transistor is formed 
on a p-type silicon body (or substrate). Typical doping concentrations for the body 
are 10'© to 10!8 cm-3. The dopant concentration will be assumed uniform throughout 
the body, until further notice. 

The center part of the structure is covered by an insulator (typically silicon 
dioxide, which is often referred to simply as oxide), usually of 35 to 100 A thickness. 
The body interface to the oxide is often called the surface. 


ee 


FIGURE 1.19 
A figure from J. E. Liltenfeld’s U.S. patent 1,900,018 (filed March 28, 1928: granted 1933). The struc- 
ture should be tumed upside down to correspond to the orientation used in this book (e.g., Fig. 1.20). 
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A low-resistivity electrode, called the gate, is formed on top of the oxide. Con- 
temporary processes commonly use polycrystalline silicon (polysilicon, or poly, for 
short) for the gate. This material, although silicon, is not a single crystal]. Rather, it 
consists of many regions within each of which there is a regular array of atoms, and 
this regularity is broken at the boundaries between adjacent regions. The polysilicon 
material is heavily doped p or n type (e.g., 102° cm-3). The two regions shown on the 
sides are formed by implanting donor atoms, with the gate acting as a mask against 
the implant; this mask receives the donor atoms itself and prevents them from landing 
under it. Thus the gate is heavily doped and exhibits low resistivity. Donor atoms 
land in the substrate just outside the “shadow” of the gate, and form the two n* (heav- 
ily doped nm) regions indicated as source and drain in Fig. 1.20; these regions are typi- 
cally 0.04 to 0.2 wm deep. The heavy doping results in low resistivity for these re- 
gions, since the abundance of free electrons in them is available for conduction. 
Subsequent high-temperature fabrication steps cause a diffusion of the dopant atoms 
both vertically and laterally. This /ateral diffusion causes the source and drain regions 
to extend slightly under the gate as shown in the figure. The resulting overlap dis- 
tance is typically 0.02 to 0.1 4m. 

The region between the source and drain is called the channel. The channel 
width W and length L of individual transistors can vary greatly (from a fraction of a 
micrometer to several hundred micrometers), depending on circuit design needs. In 
digital circuits, Z is normally kept at the minimum value possible. 

As we will see below, if the gate potential is made sufficiently positive with re- 
spect to other parts of the structure, electrons can be attracted directly below the insu- 
lator (near the “surface” of the body). These electrons can come through the n* re- 
gions, where they exist in abundance, and can fill the channel between them; for this 
reason the device in Fig. 1.20 is referred to as an n-channel device (the opposite-type 
device, called p-channel, has holes in its channel and will be considered later). The 
number of electrons in the channel can be varied through the gate potential. This can 
cause a variation of the “strength” of the connection between the two n* regions, re- 
sulting in transistor action. If the two n* regions are biased at different potentials, the 
lower-potential n* region acts as a source for electrons, which then flow through the 


Gate Oxide 


Body 
(Substrate) 


FIGURE 1.20 
Simplified structure of an n-channel MOS transistor. 
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channel and are drained by the higher-potential n* region. It is thus common to call 
the lower-potential n* region source, and the higher-potentiai one drain. 

The source, gate, drain, and body regions can be contacted through terminals 
attached to them, as shown schematically in Fig. 1.20. We will denote these terminals 
by 5, G, D, and B, respectively. 

The first successful MOS transistor used metal for the gate material and silicon 
dioxide for the insulator. It is for this reason that the device was named MOS transis- 
tor, with MOS standing for metal oxide semiconductor. Other acronyms are MOST 
(for MOS Transistor), MOSFET (for MOS Field-Effect Transistor), and [GFET 
(Insulated-Gate Field-Effect Transistor). The latter name originated to distinguish the 
device from the junction-gate field effect transistor, in which the gate is separated 
from the rest of the structure by a pn junction. Among the three acronyms, IGFET ts 
the most general, since it does not specify the material used for the gate or the insula- 
tor. This acronym, though, is not in wide use. Today, the popular acronyms MOST 
and MOSFET have come to mean the same as IGFET and do not imply that 
metal and silicon dioxide are necessarily used for the gate and the insulator. 

Often n-channel and p-channel MOS transistors are referred to simply as 
nMOS and pMOS transistors, respectively. Both types of devices are available on 
chips made using CMOS (complementary MOS) technology. Partial views of three 
types of CMOS chips are shown in Fig. 1.21. In Figure }.2la, we show the result of 
the so-called “local oxidation of silicon” (LOCOS) CMOS process.?’-3! Characteris- 
tic of this process is the gradual transition of the oxide from thin (under the gates) to 
thick, resulting in the so-called “bird’s beak” shape. The thick oxide is needed so 
that wiring running above it (not shown) cannot accidentally create a parasitic chan- 
nel underneath it. Heavily doped “channel stop” regions are used under the thick 
oxide for the same purpose. In the CMOS process version shown in Fig. 1.21a, the 
p substrate is common to all nMOS devices on the chip and serves as an isolation re- 
gion between them. The pn junctions formed between the p substrate and the n 
sources and drains are normally kept reverse-biased, by connecting the substrate to 
the most negative potential in the circuit. The pMOS devices are contained within 
n-type wells as shown; for this reason, this version of the CMOS fabrication 
process is referred to as an n-well process. To keep the junctions formed between 
the n well and the p sources and drains reverse-biased, the well must be connected 
to an appropriate potential which, for digital circuits, is the most positive potential 
available in the circuit. Contacts to the source and drain regions are made through 
oxide cuts called contact windows (not shown). Contacts are also made to the sub- 
strate and well regions. An oxide layer (not shown), called passivation layer, is de- 
posited on top of the devices to protect them from their environment. 

The minimum possible feature dimensions are determined by the capabilities 
of fabrication equipment and reliability considerations. Extra care is taken to avoid 
a condition known as “Jatchup,”3! in which some of the diodes formed by pn junc- 
tions may become accidentally forward-biased, thereby initiating bipolar transistor 
action and activating a type of positive feedback involving parasitic papn structures 
in Fig. 1.21a. If latchup occurs, such diodes can be locked into an on condition, 
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FIGURE 1.21 
CMOS processes (simplified). (a) LOCOS, (6) STI, (c) SOI. Contacts to the various regions are not 


showia. 
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and excessive currents can flow which can interfere with proper operation and can 
destroy the chip. A sufficient distance between the various regions must be main- 
tained to prevent latchup. It is also desirable to keep the substrate resistivity low, in 
order to prevent the formation of significant voltage drops due to parasitic currents 
in it, since such voltage drops can give rise to, and can sustain, jatchup. However, 
this requires a high substrate doping concentration, which can have an undesirable 
effect on MOS transistor operation, as we will see. This conflict is resolved in 
some processes by using a shallow, lightly doped p-type “epi” region (so called be- 
cause it is formed by a process called epitaxy?”-*°), on top of a heavily-doped (p*) 
substrate. Thus, the body of the MOS devices is made of lightly doped material, 
whereas the material underneath it is heavily doped to keep the parasitic resistances 
(and also the current gains of the parasitic bipolar devices) low. 

Figure 1.216 shows a different type of CMOS process, known as shallow- 
trench isolation (STI).27-29 This is a more advanced process which is becoming 
prevalent. As shown, a “trench” filled with oxide isolates devices from one an- 
other, thereby allowing the devices to be packed closer to each other without com- 
promising latchup immunity. Even more complete isolation is possible in silicon 
on insulator (SOL) processes,?? in which each device is surrounded by oxide and is 
thus completely isolated from its neighbors, as shown in Fig. 1.21c. In SOI 
processes the substrate of each device is normally left floating, and this requires 
special modeling considerations. In this book, we do not cover the modeling of 
floating-substrate SOI devices; the interested reader is referred to the literature.** 
Also, we do not discuss devices made using special processes for high-voltage and 
power applications.*? 

The actual values of channel width and length after fabrication (shown as W 
and L in Fig. 1.20), can be different from those specified during the chip “layout” 
process, which takes place on a computer screen during chip design. Several reasons 
contribute to this difference. For example, during high-temperature fabrication steps 
the source and drain regions diffuse not only downward in Fig. 1.20, but also later- 
ally, thus changing the initial distance between them. The bird’s beak effect in 
LOCOS processes, which also exists along the width direction (not shown in Fig. 
1.21a), is one reason that the channel width also becomes different from that speci- 
fied during layout. In general, we have: 


W = W, - AW (1.6.1) 
L=L,, — AL (1.6.2) 


HI 


where W and L are the actual channel width and length, respectively (sometimes 
called effective, or electrical, width and length), W,, and L,, are the corresponding 
layout values (often referred to as mask or drawn values), and AW and AL are the 
corrections that must be applied to arrive at the true dimensions. These corrections 
are normally positive, and can be up to several tenths of a micrometer each. In this 
book, the terms channel width and channel length will exclusively refer to actual val- 
ues of these quantities (i.e., W and L), unless specifically mentioned otherwise. 

As already mentioned, the source-body and drain-body junctions are normally 
kept reverse-biased. This guarantees that only a very small reverse-bias “leakage” 
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current flows in the pr junctions (typically less than 1 pA for minimum-size regions 
at room temperature; note, though, that this current increases with temperature, 
roughly doubling every 8 to 10°C). The current flowing through the gate insulator is 
even smaller than the above current, in fact by orders of magnitude. Thus, unless 
stated otherwise, we will be assuming that leakage currents are negligible. The volt- 
ages between any two terminals of the transistor will be assumed to be sufficiently 
low to prevent breakdown, which otherwise can occur in reverse-biased junctions 
(Sec. 1.5), between the channel and the body, or in the oxide. 

One last assumption that will hold for all the discussions in this book is that ail 
parts of a transistor operate at the same temperature. Unless otherwise mentioned, this 
will be assumed to be “room temperature,” taken as 300 K. The effects of temperature 
on transistor behavior at other temperatures will be considered separately. 


1.6.2 A Qualitative Description 
of MOS Transistor Operation 


An n-channel MOS transistor with external voltages applied is shown in Fig. 1.22. 
The condition shown is for a sufficiently positive gate-source voltage Vs, so that 
positive charges are placed on the gate. These repel the holes from the surface, leav- 
ing the latter depleted of holes. The resulting depletion region contains a number of 
negatively charged acceptor ions, a situation similar to that on the p side of the pn 
junction in Fig. 1.15. Further, V,, is assumed to be sufficiently positive to even 
make the surface attractive to electrons; the latter can easily enter through one or 
both of the two n* regions, where they are in large supply. This situation is called in- 
version, since the surface of the p-type body, which normally would have a large 


FIGURE 1.22 
An a#-channel MOS transistor under bias in the inversion region. 
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concentration of holes, now has plenty of electrons. The layer of electrons at the sur- 
face is called an inversion layer. 

The source and the drain form two np junctions with the body. As we have as- 
sumed above, these are reverse-biased. As has been shown in Fig. 1.15, in a pn junc- 
tion the resulting depletion region extends to both the » and p sides. However, in the 
nMOS transistor of Fig. 1.22 the part inside the n regions is much shallower, since 
the doping there is much heavier (see Sec. 1.5); thus, that part is not shown for sim- 
plicity. In drawing Fig. 1.22, we have assumed that the drain potential is more posi- 
tive than the source potential. Thus, the reverse bias across the drain-body np junc- 
tion is larger, and the depletion region shown for that junction is deeper. As a result, 
there are larger numbers of negatively charged acceptor atoms around the drain than 
there are near the source. This means that fewer electrons are needed in the channel 
near the drain to balance the positive charges on the gate. It is for this reason that the 
concentration of electrons is shown to decrease as the drain is approached in 
Fig. 1.22. The largest electron concentration is found near the source. The larger the 
value of the gate potential, the more the electrons and the “heavier” the inversion is at 
that point. A few volts of variation of the gate potential can vary the population of 
electrons there by several orders of magnitude. Although such variation is continu- 
ous, we often say that as the gate potential is raised, we go from weak inversion to 
moderate inversion, and eventually to strong inversion. It will be seen that, when ap- 
propriately done, this division into three regions is convenient, as distinct types of be- 
havior are observed in each of the three regions. 

The potential difference Vp; between the drain and the source is positive and 
appears across the inversion layer. It causes electron movement: electrons enter from 
the source, pass through the channel, and are drained by the drain. The electrons start 
relatively slowly at the source, and as they approach the drain they speed up; in this 
way, constant current can be maintained along the channel, although the electron 
concentration varies along the channel’s length. The movement of negative charges 
toward the right corresponds to positive current J, from the drain, through the chan- 
nel, to the source, as shown by the arrow in Fig. 1.22. 

Assume now that V,< starts at zero and is gradually increased. The resulting 
drain current will also increase, as shown qualitatively in Fig. 1.23. For small values 
of the drain potential, the effect of the drain potential on the drain current is large; for 
large enough values of the drain potential, though, the current gradually tends to satu- 
rate as indicated by the part of the curve toward the right in Fig. 1.23. This happens 
when the drain potential is so large that it drains all electrons that can be supplied by 
the channel, for a given gate potential. Two regions can thus be distinguished, marked 
nonsaturation and saturation in the figure. Although the transition between nonsatu- 
ration and saturation is smooth, their boundary is sometimes taken to be at a specific 
point for convenience. 

In Fig. 1.22, a short is shown between the body and source terminals. Assume 
now that this connection is broken, and that a voltage source is inserted in such a way 
as to make the body potential negative with respect to the source, as shown in Fig. 
1.24. This will cause the population of electrons in the channel to decrease, which will 
be manifested externally as a decrease in /y. This phenomenon is referred to as body 
effect. It can be understood qualitatively as follows: The body is a conductive struc- 
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FIGURE 1.23 
Typical behavior of drain current vs. drain-source voltage, for a fixed gate-source voltage. 
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FIGURE 1.24 
The connection of Fig. 1.22, modified to insert a negative bias between body and source. 


ture, separated from the channel by an “insulating” region (the depletion region), just as 
the gate is separated from the channel by the oxide. The body, then, qualitatively acts 
as another “gate” (in fact, it is sometimes referred to as a back gate): applying a nega- 
tive potential to it reduces the population of electrons, Just as would be the case with 
the application of a negative potential on the gate. A more rigorous explanation of the 
body effect must await our detailed discussions in subsequent chapters. 


1.6.3 A Fluid Dynamical Analog 


To help increase intuition about the MOS transistor, we now present a fluid dynami- 
cal analog.*4> In our analog, electrons correspond to water molecules. Electric cur- 
rent corresponds to net flow of water. The source and drain correspond to two large 
tanks, filled with water up to a certain level each. As water is moved from one tank to 
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the other, the level of water in each tank is maintained constant through external 
means. This corresponds to the potentials at the source and drain of a transistor being 
held constant despite current flow. We will assume that the level of water in the 
“source” tank is fixed throughout our discussion. The two tanks are separated by a 
piston corresponding to the gate, as shown in Fig. 1.25a. A “handle,” shown by a 
thick short line at the center, is attached to the piston. The depth at which this handle 
is with respect to the “source” level will be denoted by V,, and corresponds to the 
gate-source voltage V,,. In this water analog, quantities corresponding to potentials 
increase downward in the figure. In particular, the lower the handfe (and thus the pis- 
ton), the larger the value of V,.;. Similarly, the level of water in the “drain” tank with 
respect to the source level will be denoted by Vins and corresponds to the drain- 
source voltage. The lower the “drain” level, the larger the value of Vpg. 

In Fig, 1.25a, V,5 is very low. The ‘ ‘channel” is cut off, and no communication 
exists between source and drain. Now assume Vg, is increased considerably (ie., the 
piston is moved downward), as shown in Fig. 1.25). The channel is now filled with 
the water. Communication between the source and drain is now possible, but no flow 
is observed in the steady state, since Vp, = 0. Now if Vpg is increased as in Fig. 1.25c, 
flow is observed as shown. The flow increases as Vp, is increased further, until “satu- 
ration” is reached; it is easy to see that in saturation (Fig. 1.25), further increases in 
Vos do not affect the flow. The water enters slowly from the source and, as it ap- 
proaches the drain, moves faster, in order to maintain a fixed flow despite the fact 
that the amount of water is less near the drain. Again, an analogy exists here to the 
simplified picture of transistor operation in saturation. 

It is evident from the figure that, for a given Virge the flow will increase if Vers 
is increased, and will decrease if Ves is decreased. If Vos is decreased to the point 
that the top surface of the piston is at, or above, the source surface level, direct flow 
of the fluid is prevented. Water molecules can still, though, flow from left to right. 
This can be seen if one takes into account the diffusion of water vapors,*° as illus- 
trated in Fig. |.26a. This situation corresponds to weak inversion. As shown, the 
vapor concentration is maximum at the water surface and decreases as one moves 
vertically away from it (in fact, it can be shown that it decreases exponentially). 
Thus, if the water surface in the drain tank is lower, as shown in Fig. 1.26a, at any 
given horizontal plane above the piston the vapor concentration will be decreasing as 
one goes from left to right over the channel. Vapor thus diffuses from left to right, 
caiTying a minute “current,” even if the position of the middle shaft is slightly above 
the source water surface. However, a very small drop in the position of the middle 
shaft (i.e., an increase in V,,) can drastically increase the ‘‘current,” since the vapor 
concentration over the source, at points slightly above the Jevel of the shaft, will in- 
crease exponentially (Fig. 1.265). One thus might expect an exponential dependence 
of the “current” on Ves. 

For large Vp, (low drain water level), the concentration on the right at the level 
of the shaft’s surface becomes negligible, and the “current” assumes a value largely 
independent of Vy , reaching Saturation. 

If the top surface of the piston is only very slightly below the source level, both 
the fluid and its vapors can contribute significantly to the flow (Pig. 1.26c). Notice 
that vapors would also exist in the case of very positive V,. shown in Fig. 1.25, How- 


SEMICONDLCTORS, JUNCTIONS, AND MOSFET OVERVIEW 43 


Source tank Channel Drain tank 


i 
| 
( 
| 
| 
I 


FIGURE 1.25 

Fluid dynamical analog of MOS transistor operation in cutoff and strong inversion.34 (a) Cutoff; 
(b) with channel strongly inverted, but no current since Vp; = 0; (c) nonsaturation with nonzero Vos: 
(d) saturation. (Figure reprinted with permission from Y. Tsividis, Mixed Analog-Digital VLSI Devices 
and Technology, McGraw-Hill, 1996.) 
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{c) 


FIGURE 1.26 
Fluid dynamical analog of MOS transistor operation in (a and b) weak inversion and (c) moderate 
inversion.?5 (Figure reprinted with permission from Y. Tsividis, Mixed Analog-Digital VLS] Devices and 


Technology, McGraw-Hill, 1996.) 


ever, they were not considered there because their contribution was negligible in 
comparison to the much larger flow of liquid water. 


1.6.4 MOS Transistor Characteristics 


Let us finally look at a set of typical transistor characteristics. in Fig. 1.27a we show 
plots of Jp (on a logarithmic axis) versus Vps, with Vgs as a parameter, and with the 
body shorted to the source, for a specific transistor. The logarithmic axis is used to 
reveal the several orders of magnitude of Jp, over which control is possible through 
Vos. The regions of inversion have been roughly marked in terms of Vay (the limits 
between the regions will be discussed later in this book). As V¢s or Vpg is reduced, 
the current in the channel can eventually become so small that it is masked by the 
leakage current of the reverse-biased drain-body junction (or even the leakage from 
the inversion layer to the substrate). This can be seen near the bottom of the plot. The 
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Ip-Vps characteristics with V,, as a parameter for a specific device in the connection of Fig. 1.22. 
(a) Logarithmic /,, axis; (6) linear J, axis. (Figure reprinted with permission from Y. Tsividis, Mixed 
Analog-Digital VLSI Devices and Technology, McGraw-Hill, 1996.) 
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boundary between the regions of nonsaturation and saturation is indicated by a bro- 
ken line; saturation is to the right of that line. 

The same characteristics are shown in Fig. 1.27b using a linear J) axis. Obvi- 
ously this type of plot does not do justice to weak inversion. This region was in fact 
unknown for several years, until suspicious “leakage currents” in dynamic memories 
prompted researchers to take a more detailed look. The weak inversion region is now 
rather well understood and is an important region of operation for many applications, 
especially those for which very small power dissipation, or low voltage operation, is 
desired. 

The above plots have been obtained for a iong-channel device. For this device, 
the increase of Jp with Vps in saturation is not easily seen on the scale used. For de- 
vices with short channels, the effect of Vpx on Jp is more evident. Devices with short 
channels will be considered in detail later in this book. 

A careful look at transistor characteristic curves reveals a distinctly different 
behavior in each region of inversion. Let us begin with the weak inversion region, 
which is marked in Fig. 1.27a. In this region, the current turns out to be due to the 
diffusion of carriers (Sec. 1.3.3) and corresponds to the case of Fig. 1.26a and b. The 
spacing of consecutive curves in Fig. 1.27a can be seen to be almost equal, for equal 
Vos increments. Given that the vertical axis is logarithmic, this means that Jp is, for 
all practical purposes, exponentially related to Vgs in weak inversion (Prob. 1.14). 
This behavior reminds one of the type of dependence of collector current on base- 
emitter voltage in a bipolar transistor. Typically, the range of Vgs values over which 
weak inversion behavior is observed can be a few tenths of a volt; nevertheless, be- 
cause of the exponential behavior in this region, this is sufficient for a drain current 
variation of 3 or 4 orders of magnitude at room temperature. 

In strong inversion, marked in Fig. 1.27a and b, the current turns out to be due 
to drift (Sec. 1.3.2). This mode of operation corresponds to the case in Fig. 1.25. In 
the saturation part of strong inversion, /p is found to be approximately quadratic in 
Vos for long-channe! devices. This can be verified from the spacing of consecutive 
curves in Fig. 1.276 (Prob. 1.14). 

In moderate inversion (marked in Fig. 1.27a and 6), both drift and diffusion 
currents contribute significantly. This situation corresponds to Fig. 1.26c. In this re- 
gion, /, is neither exponential nor polynomial; rather its behavior changes gradually 
from one form of functional dependence to the other, as Vgs is raised by a few tenths 
of a volt. Within this region, the current can vary by a couple of orders of magnitude. 


1.7 A BRIEF OVERVIEW OF THIS BOOK 


In order to derive quantitative results for MOS transistor behavior, the study of many 
phenomena becomes necessary. In the following chapters, we will make clear which 
phenomena are responsible for which behavior, by studying them separately. 

In Chap. 2, we will consider only the middle part of the transistor in Fig. 
1.20, i.e., a gate-oxide-body structure with only gate and body terminals. Several 
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fundamental mechanisms and results will be studied for this structure. In Chap. 3, 
we will add one more terminal (corresponding to the source in Fig. 1.24). In the re- 
sulting three-terminal structure, the third terminal can be used to contact the inver- 
sion layer. We will consider the additional phenomena that occur because of the 
presence of this third terminal, notably the body effect. These two chapters cover 
phenomena whose manifestation does not rely on the presence of current flow; this 
approach makes the study of these phenomena easy. Nevertheless, the phenomena 
studied are also present when current is flowing, and thus the results derived in 
Chaps. 2 and 3 will be found to be directly applicable to the cases discussed in the 
rest of the book. 

In Chap. 4, we will add the fourth terminal (the drain), which will make possi- 
ble the flow of current in the complete transistor. The transistor will be assumed to be 
of large dimensions and on a uniform substrate. It will be seen that one-dimensional 
and pseudo-one-dimensional approaches are sufficient for this case. A fundamental 
approach to deriving expressions for the drain current will be discussed, one that re- 
sults in a model valid in all regions of operation. Simpler, approximate models valid 
in particular regions will also be considered, as will several refinements. 

In Chap. 5, we will allow for substrate nonuniformity, made possible through 
the process of ion implantation, and we will discuss how our models so far need to be 
modified in the presence of such nonuniformity. 

In Chap. 6, we will consider what happens when the dimensions of the transis- 
tor are made small. We will see how our description of the various phenomena, and 
the resulting models, must be modified for small devices. Here we will see the limits 
of some analytical approaches, and we will explain the need for two-dimensional and 
pseudo-two-dimensional approaches. 

Up to the end of Chap. 6, our interest will be to study the de drain current as a 
function of the terminal voltages, the latter being assumed constant. In Chap. 7, we 
will allow those voltages to become functions of time, and we will consider the re- 
sulting varying charges and terminal currents. Such dynamic behavior cannot be de- 
scribed adequately by the results of the previous chapters. Depending on the speed of 
variation of the terminal voltages, we will see that models of differing complexity be- 
come possible. We remark that results in this and the previous chapters deal with 
total voltages and currents only. 

The next two chapters deal with the relation of small increments of the terminal 
voltages to the resulting increments of the terminal currents. This “small-signal” be- 
havior is of importance in the design not only of analog circuits, but also of digital 
circuits of high performance. Chapter 8 discusses approaches which are simple and 
satisfactory at low and medium frequencies, whereas Chap. 9 discusses additional 
considerations which become necessary at very high frequencies. 

The last chapter of the book, Chap. 10, considers the process of “compact” 
modeling in which the several phenomena discussed separately must be put together 
in order to describe the transistor in a variety of situations. Such models are indis- 
pensable in computer-aided circuit design. Several considerations in the development 
of compact models, as well as ways to evaluate such models, will be discussed. 
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PROBLEMS 


1.1. Calculate the electron and hole concentrations in p-type Si with N, = 10!” cm at T = 
280 K, 300 K, and 330 K. 

1.2. This problem is intended to give an idea of the order of magnitude involved for the vari- 
ous quantities discussed in Sec. 1.3. Consider the bar of Fig. 1.5 with a = 100 um, b= 
10 wm, c = 2 zm, and n-type doping with concentration of 10'5 cm}; V= 1 V. Find the 
value of the conductivity, the mobility, the conductance, the sheet resistance, the total 
mobile charge, the mobile charge per unit area, the field intensity, the drift velocity, the 
transit time, and the current. 

13. Prove that (1.3.23) is valid for the case of Fig. 1.85. 

1.4. (a) Prove mathematically that (1.3.14) and (1.3.15) are valid even if the electron con- 

centration varies with depth as long as it is uniform horizontally. 
(6) Prove mathematically that (1.3.20) and (1.3.22) are valid for the conditions stated in 
the paragraph following (1.3.20). 

1.5. Verify (1.4.1). 

1.6. Calculate the contact potential of Au to n-type Si with Np = 10'® cm-? at 300 K. 

1.7. A voltmeter with both of its leads made out of a metal X measures a voltage V across a 
battery. Show that if one of the voltmeter’s leads is replaced by a different material Y, 
the reading will not be affected. 

1.8. Assume that the two terminals of a voltage source are made out of different material. 
Show that (1.4.11) and (1.4.12) are valid if VV... is defined as the voltage measured by 
an ideal voltmeter when it is attached to the terminals of the source. 

1.9. For a two-sided step pn junction with neither of its sides degenerate, prove that the built- 
in potential ¢,,, is given by @, In (N4Np/n?). 

1.10. Plot the junction capacitance vs. reverse-bias voltage (from 0 to 5 V) for a silicon n*tp 
junction of area 200 zm? with N, = 5 x 10'6 cm73. Assume ¢,,, = -0.56 V. 

1.11. Consider a semiconductor in equilibrium. Express the fact that the total current (drift 
plus diffusion components) must be zero, by using (1.3.11a) (in the footnote) and 
(1.3.17). Applying (1.2.7), show that the Einstein relation (1.3.18) results. 

1,12. Study the material on basic laws of electrostatics in Appendix B and provide detailed 
derivations for results (B.4) to (B.6) given there. 

1.13. Study the material on pa junctions in Appendix C, and provide detailed derivations for 
the results given there with the help of the basic electrostatics laws from Appendix B. 
From these results find the charge per unit area on each side of the junction. Prove 
(1.5.7) for the case Np >> N,. 

1.14, (a) Show that, within the weak inversion saturation region marked in Fig. 1.27a, Ip is of 

the form /, exp (Vg./V)), and deduce the values for /, and Vj. 
(b) Show that within the strong inversion saturation region marked in Fig. 1.27, Ip is of 
the form k,(Vg, — V;)*, and deduce the values for k, and Vgc. 


CHAPTER 


2 


THE TWO- 
TERMINAL 
MOS 
STRUCTURE 


2.1 INTRODUCTION 


In our gradual development toward the MOS transistor, we consider in this chapter the 
two-terminal MOS structure. This structure is often referred to as MOS capacitor and 
is shown in Fig. 2.1. The acronym MOS, standing for metal-oxide-semiconductor, is 
used independently of whether the gate is actually made of metal or whether the insu- 
lator is silicon dioxide. In the days when gates were made of metal, it became com- 
mon to use the term semiconductor to refer unambiguously to the substrate material. 
Such usage continues today, even though the gate is normally made of polysilicon. 

The two-terminal MOS structure has been the subject of extensive studies over 
many years. Such studies have resulted in a detailed understanding of the structure 
and identified the sources of a number of undesirable effects that plagued early work. 
This led to the development of better fabrication methods which greatly reduced such 
effects and which made possible MOS transistors with high performance. A detailed 
study of the two-terminal MOS structure and a related history can be found else- 
where.'! Here we will only discuss those aspects directly relevant to the objective of 
this book. We will consider the various potentials and charges developed in the two- 
terminal MOS stricture (assumed made with a modern fabrication process) when a 
voltage is applied between gate and substrate. We will also consider the capacitance 
properties of the structure. 

Most of the foundation for our later study of the complete MOS transistor is laid 
in this chapter. To lay this foundation adequately, a considerable amount of cross- 
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Gate 


Insulator 


Semiconductor 
substrate FIGURE 2.1 
A two-terminal MOS structure. 


referencing and page turning will be necessary, in order to properly derive several re- 
sults and relate them to each other. We ask for the reader’s patience in this respect. 


2.2 THE FLAT-BAND VOLTAGE 


We begin our discussion with an “academic” case, shown in Fig. 2.2a. Here we as- 
sume that the gate is made of the same crystalline material as the substrate (in this 
case p-type silicon}, with the same doping concentration. We also assume that some- 
how the same material is used to connect the gate to the substrate, in a sense making 
one an extension of the other. No charges are shown in the silicon, since to each posi- 
tively charged hole of the p-type material there corresponds a negatively charged ac- 
ceptor atom, from which the hole has originated, and there is no reason for the holes 
to pile up in any particular region. The charges, therefore, cancel and the material is 
shown as electrically neutral everywhere. The structure of Fig. 2.2a is basically sym- 
metric; assuming no parasitic charges have been introduced during fabrication, no 
field can exist in the insulator or the semiconductor, and there is no reason for carri- 
ers to be attracted toward the insulator-substrate interface. 

Consider now a realistic case, as shown in Fig. 2.2b. The gate is made out of a 
certain material, not necessarily the same as the substrate material. A metal is used to 
contact the gate material and form the gate terminal G as shown. In the following, the 
subscript G will be used to indicate the gate terminal rather than the gate itself. The 
body (substrate) is contacted through a back metal plate as shown. This plate, in turn, is 
contacted through some metal, which thus forms the body terminal B. Again, the sub- 
script B will be used to denote the body terminal, as shown, rather than the body itself. 

Let us now short-circuit the gate terminal to the body terminal by using a wire 
as shown. Consider going from the gate material through the external connection to 
the bulk. In doing so we encounter several contact potentials. However, from our dis- 
cussion in Sec, 1.4 we know that their sum will only depend on the first and the last 
material, being independent of any material in between. Applying (1.4.7) we have 


Sum of all contact potentials 
from gate, through external = Pare matenal Pouik material (2.2.1) 
connection, to bulk 


where each quantity in the right-hand side is characteristic of the corresponding ma- 
terial, as discussed in Sec. 1.4. The existence of a nonzero potential between the gate 
material and the bulk causes net charges to appear on both sides of the oxide. If, e.g., 
this potential is negative, the polarity of the charges will be as shown in Fig. 2.2b. 


52 OPERATION AND MODELING OF THE MOS TRANSISTOR 


Gate 
Insulator 
{a) 
Substrate 
(8) 
(c) 
Valtage 
source 


FIGURE 2.2 
(a) A two-terminal MOS structure with gate, substrate, and short-circuiting external connection all made 


out of the same semiconductor material; (b) a MOS two-terminal structure (with gate and substrate made 
of different materials, and a bottom metat contact) with zero effective interface charge and with the gate 
terminal short-circuited to the substrate terminal: (c) the structure of (b) with a voltage source placed in 
the loop, so that the surface charge becomes zero; (d) effect of effective interface charge Q,; (@) the 
structure in (@} with additional external bias so that the surface charge becomes zero. 
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(a) 


(e) 


FIGURE 2.2 (continued). 


Consider now the following question: Can an external voltage be applied in 
such a way that the net charges disappear? This case is shown in Fig. 2.2c. To make 
the total potential from the gate material through the external connection to the buik 
equal to zero, the voltage of the external source must precisely cancel the sum of the 
contact potentials. From (2.2.1) we see that it must have a value given by 


Pus = Pour material ~ P oate material (2.2.2) 


where dys is a widely used symbol; the value of d,,, can be calculated from the 
above equation and Table 1.1.+ 


Example 2.1, For the common case of a degenerate polysilicon gate, we obtain, using 
(2.2.2) and Table 1.1: 


For n* polysilicon gate: dy, = -b; ~ 0.56V 
For p* polysilicon gate: dys = —br + 0.56V 


TAs expected from the footnote following (1.4.4), readers preferring to use “work functions” can write the 
right-hand side of (2.2.2) as (i/q)(Wy, - Ws), where W denotes work function and the subscripts Mf and S, which 
are commonly used, refer to the gate and semiconductor materials, respectively. Such usage is the origin of the 
subscripts AfS in digs. 
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The effect of contact potentials is not the only one that can cause a net concen- 
tration of charges in the substrate in the absence of external bias. Another cause is a 
“parasitic” charge that exists within the oxide as well as at the oxide-semiconductor 
interface. This charge consists of four parts!: 


1. An oxide fixed charge exists very close to the oxide-semiconductor interface due 
to the mechanisms of oxide formation at the time such formation is completed. 
This charge is found to be rather independent of oxide thickness, substrate doping 
type (” or p), and doping concentration. 

2. A so-called oxide trapped charge can exist throughout the oxide, but usually close 

to either of its interfaces to the substrate or the gate. This charge can be acquired 

through radiation, photoemission, or the injection of high-energy carriers from the 
substrate. 

A mobile ionic charge can exist within the oxide due to contamination by alkali 

ions (often sodium) introduced by the environment during fabrication. This charge 

can move within the oxide under the presence of an electric field. 

4, An interface trap charge (also called fast surface-state charge) exists at the oxide- 
semiconductor interface. It is caused by defects at that interface, which give rise to 
charge “traps”; these can exchange mobile carriers with the semiconductor, acting 
as donors or acceptors, 


ad 


The above charges initially inhibited the development of high-performance MOS 
devices because their nature was not well understood and they were difficult to con- 
trol. In the early days, for example, the mobile ionic charge mentioned above was 
large and drifted about the oxide, depending on the externally applied voltage and the 
temperature. This charge, often introduced into the oxide during fabrication through 
the hands of the people handling the device, resulted in very uncontrollable character- 
istics. Today, after many years of work, the above four types of charge have been 
greatly reduced through appropriate fabrication techniques.’ Throughout this book we 
assume that the devices we are dealing with have been fabricated by using such tech- 
niques. Until further notice, we will assume that ail parasitic charge is located at the 
oxide-semiconductor interface and that its value, denoted by Q., is fixed.+ Devices in 
which immobile charge exists within the oxide (uniformly distributed along the hori- 
zontal dimension in Fig. 2.2) can be modeled by assuming no such charge exists and 
by adjusting Q,, accordingly (Prob. 2.16); thus Q, can be taken to be the effective inter- 
face charge. This charge is almost always positive for both p- and n-type substrates. In 
modern devices, the effective interface ion density is about 10!° to 10!! ions/cm2, cor- 
responding to an effective interface charge density of 1.6 x 10~? to 1.6 x 10-8 C/cm?, 


+The case of devices in which a significant fraction of Q, is not fixed but depends instead on the externally ap- 
plied potential (due to the interface traps mentioned above} will be considered later. 


THE TWO-TERMINAL MOS STRUCTURE 55 


The effective interface charge Q, is shown inside the little squares in Fig. 2.2d. 
A battery of value d,,; is used in this figure to cancel the effect of the contact poten- 
tials discussed previously, so that we can study the effect of Q, by itself. The charge 
Q, will cause a total charge —Q,, to appear in the system as demanded by charge neu- 
trality. As shown in Fig. 2.2d, part of that charge will appear at the gate and part in 
the semiconductor. If it is desired to eliminate the latter, one can note that, if ali the 
required balancing charge -Q, were provided on the gate, no charge would be in- 
duced in the semiconductor. To provide a charge —@,, on the gate, a battery can be 
connected in series with the external circuit, with the (-) terminal toward the gate. 
The following is now clear from basic electrostatics (Appendix B): Since at the gate 
and substrate ends of the oxide we must have charge -Q, and Q,, respectively, the 
potential drop across the oxide, %,,, defined from the gate through the oxide to 
the substrate, must be equal to -Q,/C,,, where C,, is the total capacitance between 
the two ends of the oxide. This is exactly the voltage that must be provided by the 
battery, as shown in Fig. 2.2e. 

In terms of quantities per unit area Q) and C%,, we have, for &,, in Fig. 2.2e. 


Qa 
C (2.2.3) 


Ox 


Dox == 


The oxide capacitance per unit area is given by (Appendix B) 


f Cox 
Cox = 5 (2.2.4) 


OX 


where ¢,, is the thickness of the insulator and e,, is its permittivity, given by 
Eox = Kox€0 (2.2.5) 


with €, the permittivity of free space (8.854 x 10-!4 F/cm) and k,, the dielectric con- 
stant of the insulator; for SiO,, k,, = 3.9. Equation (2.2.4) is plotted in Fig. 2.3. 

We have therefore seen that an external voltage can be used between the gate and 
substrate terminals to keep the semiconductor everywhere neutral by canceling the ef- 
fects of the contact potentials and Q‘,. This voltage is called the flat-band voltage? and 
is denoted by V;-». From Fig. 2.2e we have the expression for the flat-band voltage: 


(2.2.6) 


tThe name flat-band originates from an alternative description of semiconductor phenomena, which uses the 
concept of energy bands. It tums out that, for the uniform substrate assumed, those bands are “flat” in the semi- 
conductor for the situation illustrated in Fig. 2.2¢, and that the electric field throughout the body material is zero 
(Appendix D). 
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Capacitance per unit area vs. thickness for a silicon dioxide insulator. 


Example 2.2. Calculate the flat-band voltage for a p-type substrate with N, = 9 x 10/6 
cm, an SiO, insulator with a thickness #,, = 100 A, and an n-type polysilicon gate with 
Np = 1020 cm-3, The interface charge Q%, is 10 C/em’. 

The Fermi potential of the substrate is, from (1.4.2), equal to 0.41 V. From (2.2.2) 
and Table 1.1 or directly from Example 2.1, we have 


From (2.2.4), C%, = 3.453 x 10-7 F/em?, and therefore -Q7,/C(, = —0.03 V. There- 
fore, from (2.2.6), 


Vig = -0.97V - 0.03 V =-1V 


2.3 POTENTIAL BALANCE 
AND CHARGE BALANCE 


We will now discuss how the substrate is affected when the externally applied voltage 
Voz assumes values different from the flat-band voltage Vjg. Consider as an example 
a MOS structure with a p-type substrate, shown in Fig. 2.4a. An arbitrary value of 
Vog Will in general cause charges to appear in the semiconductor. Practically all of 
these charges will be contained within a region adjacent to the top surface of the 
semiconductor, which is shown shaded in Fig. 2.4a. Outside this region the substrate 
is practically neutral. We define the surface potential %, as the total potential drop 
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Potential 


(2) (5) 


FIGURE 2.4 

(a) A p-substrate two-terminal MOS structure under general gate-substrate bias; (b) potential distribution 
assuming the gate, the substrate cap, and the external wires are all made of the same material (the special 
case of #, > 0 has been assumed in drawing this plot). 


across the region, defined from the surface to a point in the bulk outside that region.t 
We will be more specific about the width of the region later on. 
Four kinds of potential drops are encountered in the loop, as seen in Fig. 2.4: 


1. The voltage of the external source Vp. 

2. The potential drop across the oxide &%,,. 

3. The surface potential /,. 

4, Several contact potentials. Their sum, when going clockwise, is @ys, as seen from 
(2.2.1) and (2.2.2). 


Going around the loop, we can write: 


23.) 


*The top surface of the semiconductor is commonly referred to simply as “the surface” in MOS literature. The 
term surface potential is widely used as above.2-® However, in some treatments,’ this term is used for a quantity 
which differs from our y, by the Fermi potential ¢,. 
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The “potential balance” expressed by the above equation is illustrated in 
Fig. 2.4b for the simple case in which the gate, the substrate contact, and the wires 
are all assumed made of the same material (e.g., Al); then, the only contact potential 
involved is between the substrate and its metal cap. If more than one contact is in- 
volved, (2.3.1) still holds, but a potential plot should then include all contact poten- 
tials, adding up to the value given by (2.2.2). 

Note that in (2.3.1) dys is a known constant; therefore, any changes in Vor 


must be balanced by changes in Y, and y,: 
AVepn = Av, + Ad, (2.3.2) 


Consider now the charges in the system. In Fig. 2.4 we encounter three kinds of 
charges: 


1. The charge on the gate Og. 
2. The effective interface charge Q,,. 
3. The charge in the semiconductor under the oxide Qc. 


These charges must balance one another for overail charge neutrality in the system: 


or, in terms of charges per unit area, 


From now on, we will be using charges per unit area rather than charges most 
of the time. For brevity, though, we will often omit the words “per unit area”; these 
will be implied in the context. 

Notice that if Q% is changed, the balance required by the foregoing equation 
will be achieved through a change in Qe, since the equivalent interface charge Q%, is 
for the present assumed fixed: 


AQi, + AQ’. = 0 (2.3.5) 


The potential balance equation (2.3.1) and the charge balance equation (2.3.4) 
have been deduced from general fundamental physical laws. As we will see, particu- 
lar properties of the MOS system will impose additional relations between the quan- 
tities appearing in the above equations. 


2.4 EFFECT OF GATE-SUBSTRATE VOLTAGE 
ON SURFACE CONDITION 


Let us now consider the effect of Vgg on the condition of the region containing Qc in 
Fig. 2.4. A p-type substrate is assumed. Depending on whether Vg, is equal to, less 
than, or greater than the flat-band voltage Vrg, three cases are distinguished below. 
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2.4.1 Flat-Band Condition 


This case has already been discussed in detail in Sec. 2.2 and is illustrated in Fig. 2.2e. 
From the associated discussion we have 


(2.4.1) 
(2.4.2) 
(2.4.3) 


2.4.2 Accumulation 


Consider the case in which V,, decreases below V;, (e.g., for the device of Example 
2.2, this means that Vg, is more negative than -1 V). The negative change of Vy, 
(relative to flat band) will cause a negative change in Q; which, according to (2.3.5), 
must be balanced by a positive change in Q-- above the value given by (2.4.2). Thus, 
holes will accumulate at the surface to provide a net positive charge. This condition is 
called accumulation and is illustrated in Fig. 2.5a. The negative change in Vp will 
be shared by negative changes in %,, and w%,, and (2.3.1) will remain valid. In accu- 
mulation, therefore, we have 


(2.4.4) 


(2.4.5) 
(2.4.6) 


2.4.3 Depletion and Inversion 


Assume now the case in which Vg increases above V,,. The total charge on the gate 
Qg will become more positive than the value in flat band (that value is —Q, in 
Fig. 2.2e). An example is shown in Fig. 2.55, where it is assumed that the resulting 
Q; is positive. The positive change in Q;. (relative to flat band) must be balanced 
by a negative change in Q; so that (2.3.3) remains valid. Also, the positive change 
in Vg, will be shared among ¢%,, and #,, with (2.3.1) remaining valid. Accordingly, 
we have: 


(2.4.7) 
(2.4.8) 
(2.4.9) 


Let us now consider the nature of the negative charge Qc. If V., is not much 
higher than V;,, the positive potential at the surface with respect to the bulk will sim- 
ply drive holes away from the surface, leaving it depleted. This condition is called de- 
pletion and it is illustrated in Fig. 2.55. More precisely, as Vg, is raised above Veg, 


60> | OPERATION AND MODELING OF THE MOS TRANSISTOR 


FIGURE 2.5 
A MOS two-terminai structure in (a) accumulation; (5) depletion; and (c) inversion. 
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the hole density will keep decreasing well below the doping concentration value N4.- 
For practical purposes, then, the charge Q- is due to the uncovered acceptor atoms, 
each of which contributes a charge —g, and we can assume the presence of a “deple- 
tion region” as in the p side of the pn junction in Sec. 1.5. 

As Vg, is increased further, more acceptor atoms are uncovered, and y, be- 
comes sufficiently positive to attract a significant number of free electrons to the sur- 
face; each of these electrons will also contribute a charge —g to Q-. Note that in the 
two-terminal MOS structure we are considering, these electrons come from the rela- 
tively slow process of electron-hole generation in the depletion region, caused by the 
thermal vibration of the lattice (assuming no radiation is present). Eventually, with a 
sufficiently high V;;, the density of electrons will exceed that of holes at the surface. 
This is a situation opposite from that normally expected in a p-type material; we now 
have surface inversion. The situation is illustrated in Fig. 2.5c.+ 

At this point we should warn the reader that the term region is often used with 
two different meanings in MOS work. Thus, for example, “depletion region” could 
refer to the physical region containing the ionized acceptor atoms in Fig. 2.55; or it 
could refer to the region of V-, (ot #,) values in which we have depletion as defined 
above. Which of the two meanings is employed will usually be clear from the 
context. 

The oxide blocks the flow of current and equilibrium is maintained in the sub- 
strate. Deep in the neutral bulk outside the depletion region, the values of the hole 
and electron concentrations will be p, and n,, as given by (1.2.4) and (1.2.5). We can 
relate the electron concentration at the surface to that in the bulk by using (1.2.7): 
= nes? (2.4.10) 


Meurface o 
Using (1.4.1a) and (1.4.14), the above can be written as follows: 
= nels ~ orier (2.4.11a) 


= pels 2orvo; (2.4.11b) 


Aeurtace 


and, since p, = N, from (1.2.4), we have 


Neortace =~ Nyel’s~ rier (2.4.12) 


The surface electron concentration is plotted vs. the surface potential in Fig. 2.6. 
Some interesting points are shown in the figure. At J, = Op, Meyrince BECOMES equal to 
the intrinsic concentration as seen from (2.4.11@); from (1.2.6) then, Neurtace = Peurtace: 
This is defined as the limit point between the depletion and inversion regions, as indi- 
cated in the figure. Of course, as seen from (2.4.114), Moutace Will be nonzero even in 
depletion but will be much smaller than n,, even for J, smaller than fr by only a few 


#The application of the basic laws of electrostatics to produce plots of charge density, electric field, and poten- 
tial for this case is illustrated in Appendix E. 
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¢,. With increasing W, above be, Neurtace increases drastically, and at %, = 2, we have 
Nourtace = Do = Na, as Seen from (2.4.1 16) and (2.4.12), 

If the substrate is made of n-type material, the above picture should be modified 
in a rather obvious manner. The inversion layer in this case will consist of holes, 
which will be attracted to the surface if V;, is sufficiently negative. The immobile 
charge in the depletion region will consist of positively charged ionized donor atoms. 
With Vo, sufficiently positive, electrons will pile up at the surface and we will have 
accumulation. Since the case of n-type substrates is complementary to that of p-type 
substrates, it will not be discussed separately. 


2.4.4 General Analysis 


Of the three operation regions defined above, inversion is by far the most important 
for the purposes of this book. This region is treated in detail in the following section. 
It should be noted at this point, though, that a general analysis is possible through 
which one can determine ¢, and Q’, for any value of Vgp, be it in accumulation, 
depletion, or inversion. Although such general analysis wiil not be of much use in 
this book, we will summarize the principles behind it for completeness. The mathe- 
tnatical details wil! be left for Appendix F. Consider a point or ordinate y in the sub- 
strate (Fig. 2.4), and let wy) be the potential there with respect to the bulk. From 
(1.2.7) we will have, for the electron concentration at y, 


n(y) = nerrren (2.4.13) 
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which reduces to (2.4.10) at the surface. Similarly, for the hole concentration at y we 
will have, according to (1.2.11), 


p(y) = pe (2.4.14) 


In the general case, one must allow for the presence of both electrons and holes 
below the oxide. Thus the charge density from (1.2.12) is 


PCy) = al ply) — aly) -— Ny] (2.4.15) 


Substituting in this (2.4.13) and (2.4.14), we can write Poisson’s equation 
(1.2.13) as follows: 


2 — 
aye = —4 (peta _ net bi _ N,| (2.4.16) 


With the help of this equation and the three above it, and for a given #,, one can 
determine ¢(y), n(y), p(y), and p(y), and the corresponding total charge per unit area 
in the substrate, Q- (Appendix F). Unfortunately, only Q- can be derived in closed 
form, the other quantities requiring a numerical evaluation. As shown in Appendix F, 
we obtain 


= F/MgENy (het + b, — d+ AG e%!* —y, — 4) 


where the — sign in front of the right side of the equation must be used with w, > 0 
(depletion or inversion}, and the + sign with %, < 0 (accumulation). 

The quantity ./2ge, is the same quantity encountered in our discussion of the 
pn junction in Sec. 1.5 and has a value of 5.8 x 10-'© C- cm-? . V-14 for silicon. 

To complete our set of basic equations, note that the charge per unit area above 
the oxide, Q¢, can be simply related to the potential across the oxide, Y,,, and the 
oxide capacitance per unit area, C%,, by (Prob. 2.11): 


(2.4.17) 


OG = Coxnox (2.4.18) 


We have now derived four equations that completely characterize the MOS 
structure under our assumptions. These equations are (2.3.1), (2.3.4), (2.4.17), and 
(2.4.18), and contain four unknowns: ¥%,,, ¥,, Qc, and Q¢. This system of equations 
can be solved numerically, to provide the values of the above quantities for a given 
MOS structure (i.c., given bys, Q%, and N,) and given the externally applied voltage 
Veg. With #, known from this solution, one can determine 4 y), n(y), p(y), and pty), 
as already discussed. 

The above analysis is complicated. The complexity is, in part, due to the fact 
that complete generality was sought, i.e., validity in accumulation, depletion, and in- 
version. In this book, properties in accumulation and depletion are needed only 


64 OPERATION AND MODELING OF THE MOS TRANSISTOR 


for evaluating some parasitic effects associated with turned-off MOS transistors 
(Chap. 7). In contrast, inversion is responsible for current conduction in MOS transis- 
tors and is much more important to us. By focusing on this region, certain approxi- 
mations become possible which simplify the analysis of the MOS structure, as will 
be seen in the following section. 


2.5 INVERSION 


2.5.1 General Relations and Regions of Inversion 


For substrate doping concentrations usually encountered in MOS transistor work 
(10!6 to 10'8 cm-3), the Fermi potential d- can have values approximately between 
13¢, and 18¢,; thus, the quantity 2, in (2.4.17) lies between 264, and 36¢,. It is 
easy to see then that in inversion (Fig. 2.5c), where W, > bp, (2.4.17) can be approxi- 
mated by the following?: 


——— |, hig — 2b iby 
Oo = —2qge,Na 1 Us, + ge" bees (2.5.1) 


The total charge (per unit area) below the oxide is the sum of the charge due to 
the electrons in the inversion layer Q’, and the charge due to the ionized acceptor 
atoms in the depletion region Q3: 


Q- = OQ + Op | (2.5.2) 


We now undertake the evaluation of Q) and Q5. Consider first the electrons in 
the inversion layer. At any point of ordinate y in Fig. 2.5c, the electron concentration 
n(y) will be given by (2.4.13). As one goes away from the surface, yy) decreases 
from %, toward zero, and n(y) decreases rapidly owing to its exponential depen- 
dence on uy). Hence, one can choose a point y = y, below which the electron con- 
centration will be negligible. Practically all of the free electrons are then contained 
in a layer between y = Youeface and y = y, (Fig. 2.5c). The number of electrons con- 
tained in a thin layer of thickness Ay, parallel to the surface and centered around y, 
will be n(y)(A Ay), where A is the cross-sectional area as seen from the top. The 
total charge due to these electrons will be (-g)n(A Ay). We can then express the 
charge due to all electrons in the inversion layer, denoted by Q,, as follows: 


Me 
Q,= f° Ca)nb(A o) 2.53) 
¥surface 
Therefore, the inversion layer charge per unit area Q) will be given by 
Qr=-aqf°_nly)ay (2.5.4) 
¥surface 


I 


+Equation (2.5.1) can also be derived directly for the situation im Fig. 2.5c, starting from the assumption that no 
holes are present in the depletion region (Prob. 2.12). This equation is actually valid even in the upper part of 
depletion (i.e., for y, larger than a few o,). 
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Evaluating Q’ in this manner is a lengthy process and can be done through nu- 
merical integration!> (Appendix F). We will instead follow a widely used simplifying 
approach: We will determine a sufficiently accurate expression for Q and then return 
to evaluate Q) from (2.5.2) and (2.5.1). Let us then concentrate on the depletion re- 
gion. As in the case of the pn junction, we will consider this region as being defined 
by a sharp boundary at a depth d, below the surface (Fig. 2.5c). The inversion layer 
is at the top of this region. Numerical calculations (Appendix F) show that most of 
the charge in this layer is concentrated very close to the surface (within a few hun- 
dred angstroms). Since the depth d, of the depletion region is normally much larger, 
we will assume that the inversion layer is a sheet of negligible thickness.*'° This has 
been called the charge sheet approximation! and implies that practically all of the 
depletion region is free of electrons. For a negligible thickness, the potential drop 
across the inversion layer will also be negligible (Prob. 2.13), and we can assume that 
all of the surface potential , is dropped across the depletion region in the p-type sub- 
strate. We can thus relate d, to &,, just as we did for the n*p junction in Sec. 1.5. We 
will assume that the mobile carrier concentrations are negligible in comparison to the 
acceptor concentration inside the depletion region; this has been called the depletion 
approximation in Sec. 1.5. Solving Poisson's equation (1.2.13) under this assumption 
results in an equation analogous to (1.5.12) (Appendix E and Prob. 2. 14): 


——— 


| 2€ —— 
do = a 2.5.5 
° | GN 4 \ ; 


Let Q% be the charge per unit area due to the uncovered acceptor atoms in the 
depletion region. Corresponding to (1.5.13) we have: 


QO, = —[2ge,Na VX (2.5.6) 


Using now the above equation and (2.5.1) in (2.5.2), we obtain the inversion 
layer charge per unit areat: 


0; = ~Baeiny[ Yn, + be — | 2.5. 


We have plotted |Q%| and |Q4| vs. &, in Fig. 2.7 by using (2.5.6) and (2.5.7); 
their sum | Q%| is also shown. Other expressions for Q’, are discussed in the 
literature.”)14-18 

It is convenient to divide the inversion region into three subregions: These are 
marked weak, moderate, and strong inversion in Fig. 2.7. To be consistent with the 
definition of inversion in Fig. 2.6, one can define the onset of weak inversion in 


st can be shown that more accurate expressions for Q;., Q’, and Q; include the term -@, under each square- 
root sign in (2.5.1), (2.5.6), and (2.5.7) (Appendix F}. The error involved in omitting this term is smal] for the 
values of #, assumed in inversion. In fact, the above expressions can be used successfully even in the upper part 
of depletion. 
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FIGURE 2.7 
Magnitude of inversion layer charge, depletion region charge, and their sum (al) per unit area) vs. surface 
potential. 


Fig. 2.7 at &, = b,. The upper limit of weak inversion is defined in much of the liter- 
ature at w, = 2¢,. It is seen that for surface potentials less than about this value, prac- 
tically all the surface charge is due to the charge in the depletion region. The corre- 
sponding inversion layer charge is too small to be shown in the scale of the figure 
but can nevertheless cause nonnegligible conduction when the MOS structure is part 
of a transistor. As W, is raised above 2¢,, | Q;| starts to become significant because of 
the exponential in (2.5.7). For w, exceeding 2¢, by a few ¢, O' becomes a very 
strong function of %,. This should come as no surprise. From Fig. 2.6 we see that at 
is, = 2, the surface electron concentration is already as high as the concentration of 
acceptor atoms, An increase of %, above 2¢, by several ¢, would be enough to pro- 
vide very large Murrace Decause of the exponential dependence of the latter on y, 
(2.4.12). The concentration n(y) at points very close to the surface would also in- 
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crease drastically, and Q) as seen from (2.5.4) would begin “taking off.” A point 
around which this happens can be defined as the onset of strong inversion. This point 
will be above 24, by a quantity ¢ 7), which is several ¢,, and will be discussed fur- 
ther later on. 

In addition to the relative contributions of Q’, and Q’, to Q/, it is very important 
to consider the relative contributions to changes AQ¢, associated with changes Ay, in 
the surface potential. Such charge changes are provided partly by a change in the in- 
version layer charge and partly by a change in the depletion region charge; that is, as 
seen from (2.5.2), we have 


AQ’. = AQ’, + AQ’, (2.5.8) 


Let us first consider the case where V¢g is low, so that w, and {Q¢| are also low. 
Assume a change AVG, of Vgg results in a change AQ(, as shown in Fig. 2.7. From 
the figure it is clear that practically all of this change is provided by a change AQ’, in 
the depletion region charge. Furthermore, the change Aw,, of the surface potential, 
required to accommodate these charge changes, is quite significant. It is clear that 
what has just been described is characteristic of most of what has been marked “weak 
inversion” in Fig. 2.7, with the possible exception of points very close to its upper 
limit. 

Assume now that Vc, is larger, causing a large ¥, and a large |Q/.|. Assume a 
change AV¢p, causes a change AQ‘, as shown in Fig. 2.7. Things are now different. 
Practically all AQ@ is provided by a change AQ‘, of the inversion layer charge, AQ’s, 
being negligible, and the surface potential change Aw,, required to accommodate 
these changes is very smail. This behavior is evident throughout what has been 
marked “strong inversion” in Fig. 2.7. 

Let us stop for a moment and summarize the most important results in our de- 
velopment. We have derived enough equations to characterize the MOS system in in- 
version; these are 


1. Potential balance. Equation (2.3.1), repeated here for convenience, requires 


2. Charge balance. From (2.3.4) and (2.5.2) we have 


QO, + @, + OF + 0, = 0 (2.5.10) 


3, Relations of charges to potentials. The final three equations relate each charge 
variable to the potential associated with it. In particular, the charge above the 
oxide is related to the potential across the oxide by (2.4.18), repeated below: 
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The inversion layer charge is related to the surface potential by (2.5.7), which is of 


the form 
Qi = OW.) (2.5.12) 


Finally, the depletion region charge is related to the potential across that region by 


(2.5.6), which is of the form 
0% = O2(¥,) (2.5.13) 


The five equations (2.5.9) through (2.5.13) contain six variables, three of which 
are potentials (V¢p, Woy, W,) and three of which are charges per unit area (OG. Q', 
Q',). Among the five equations we can eliminate four of the variables and end up 
with a relationship between the other two. For example, let us develop a relation be- 
tween V,, and #,. Eliminating the other variables, we obtain (Prob. 2.3) 


0; Wf, + Q; Ws, 
Vop = Veg + ¥, — Galt) + CVs) (2.5.14) 
or, using (2.5.2) and (2.5.1), 
Vop = Vea + ¥, + Wu, + eles 248) % (2.5.15) 
where 
(2.5.16) 


with /2ge, = 5.8 x 10-16 F- cm™!? . V1”? (the units chosen here are equivalent to 
those given earlier and are convenient for use in the above equations). The values of 
y are shown in Fig. 2.8 for a variety of process parameters. This quantity is called the 
body effect coefficient, for reasons that will become apparent in Chap. 3. 

Equation (2.5.15) is plotted toward the right in Fig. 2.9, where it is shown as 
w, vs. Vgp (although the equation cannot be solved explicitly for y,). The plot of 
|O%| vs. %, from Fig. 2.7 is repeated in the left part of Fig. 2.9, with the same ¢, 
axis so that the two plots can be related. Notice that for low points on the &.( Ver) 
curve, significant changes Ay, are required to accommodate the charge changes 
demanded by AVgg. For points high on the ¥,(Vg,) curve, a slight Aw, is sufficient 
to accommodate these changes; this is in part because of the steepness of the 
Q’,(w,) curve at such points, The weak inversion region is characterized by signifi- 
cant and nearly constant slope di,/dVg,; in strong inversion, this slope drops to 
small values. The strong inversion region can be defined where ¥, is practically 
constant (see below). 
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FIGURE 2.8 
Body effect coefficient vs. substrate doping, for several values of oxide thickness. 
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FIGURE 2.9 
Surface potential vs. gate-substrate voltage (right) and charges vs. surface potential (left). 


In terms of Veg, the onsets of weak, moderate, and strong inversion will be de- 
noted by Vio, Viggo and Vio, as shown in Fig. 2.9. V9 and Vyyq can be found from 
(2.5.15) by using in it, respectively, #, = d,; and ¥, = 2¢,. Neglecting the resulting 
small exponential terms gives 


Vio = Veg + Op + yy br (2.5.17) 
Vuo = Veg + 2bp + ¥/2b5 (2.5.18) 
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Strong inversion begins at a surface potential of 26, + zo, where bz, 1s sev- 
eral ¢,, its value depending on substrate doping and oxide thickness. The correspond- 
ing value of Vo, at the onset of strong inversion, denoted by Vig, is several tenths of 
1 V above Va and will be discussed further in Sec. 2.5.2. More elaborate defini- 
tions!? for Vy, and V,,9 are discussed in Appendix G. 

It is desirable in the present development to find a relation of the form 


QO, = (Ven) (2.5.19) 


since this would give directly the influence of the externally applied voltage (the 
“cause”) on the resulting inversion layer charge (the final “effect” we are interested 
in, since Q%, will result in current flow in the MOS transistor). Unfortunately, if one 
attempts to derive such a relation from (2.5.9) through (2.5.13), it is found that an im- 
plicit expression results; that is, @; cannot be expressed in closed form as a function 
of V,-,. The solution of the resulting complicated equation has to be obtained numeri- 
cally if a value for Vc, is given and the value for Q/ is desired. For our purposes, in- 
stead of (2.5.19) we can consider its parametric representation, which consists of 
(2.5.7) and (2.5.15), i.e., the relations that were plotted in Fig. 2.9. If values are as- 
sumed for %,, the corresponding Qj and Vz, can be found from these equations. Q; 
can be plotted vs. V;;g as in Fig. 2.10. The broken line in the figure will be discussed 
in the following subsection. 
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FIGURE 2.19 


Magnitude of inversion layer charge per unit area vs. gate-substrate voltage. 
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Let us also develop an alternative expression for Q for later use. If Q% and %,, 
are eliminated among (2.5.9) to (2.5.11), and if (2.5.6) and (2.2.6) are used in the re- 
sult, we obtain 


Q; = -C., (Vee — Veg — %, — vb) (2.5.20) 


One can thus regard (2.5.20) and (2.5.15) as an alternative parametric represen- 
tation of the relation between Qj and Vp. 

We will now consider each region of inversion (weak, moderate, and strong) 
separately. We will identify the dominant phenomena in each region and show certain 
approximations that can be made in each case. We will seek to develop explicit ex- 
pressions of the form of (2.5.19), based on such approximations. This will be desir- 
able not only for ease of computation but also because the functional form of the re- 
sulting approximate expressions will help make evident the dominant phenomena in 
the regions under consideration. Also, such expressions will be needed for develop- 
ing simple models for the MOS transistor in subsequent chapters. 


2.5.2 Strong Inversion 


As seen in Fig. 2.9, in strong inversion large changes in Veg result in very small 
changes in #,. A very common assumption is that in strong inversion y, 1s practically 
“pinned” to a constant value: 


U, ~ Bo (2.5.21) 


The value of @, is close to 2¢, + dz,q in Fig. 2.9 but is difficult to define ex- 
actly. Obviously, if one is interested in operating points limited only to high Vga, the 
value chosen for 6, would be somewhat larger than that needed for low-voltage oper- 
ation.t Usually a single value is chosen for d, as a compromise. 

Historically, the most commonly used value is 


bo = 2¢¢ (2.5.22) 


It is difficult to justify the use of this value, looking at Fig. 2.9. From that figure, it is 
clear that at #, = 2¢, the plot of & (Veg) has not flattened out yet, and that in strong 
inversion the value of #, is considerably larger than 2¢,. Thus, a more appropriate 


value for dp is 


*The situation is analogous to assuming a constant value for the base-emitter voltage for bipolar transistors. The 
value chosen depends on the context and the application and can be expected to be higher in power circuit work 
than in micropower circuit work. 
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where, for the case of uniform substrates considered so far, Ad is several ¢, (for uni- 
form substrates about 6¢, can be used, which is an average for a variety of process 
parameters and Vp values). For nonuniform substrates, the analysis presented in this 
chapter is, in principle, not valid. Nevertheless, MOS transistor equations based on 
this analysis (Chap. 4) are often used for devices with nonuniform substrates and in 
such equations ¢, appears (Chap. 5). In such cases, to achieve reasonable agreement 
with experimenta! results, Ad must be modified from the estimate given above; it 
may or may not be close to zero, or may even be negative (Chap. 5). In any case, the 
historical value of 2¢,- is, in general, not the best choice for 9, so (2.5.23) should be 
used, with an appropriate choice for Ad. An approximation for Ad in strong inver- 
sion is discussed in Prob. 2.5. 

Equation (2.5.21) implies that the depletion region width d, is assumed to reach 
a maximum value d,,,, and not to increase with Vg, anymore. From (2.5.5) and 
(2.5.21), 


QE 
dn. = Sf 2.5.24) 
Bm gN, By ( 


Similarly, the depletion region charge is assumed to have reached a maximum 
value given by (2.5.6) and (2.5.21): 


QO, = — (246, Vbo (2.5.25) 


Using (2.5.9)~(2.5.11) and (2.5.21), we obtain 


Q; = -Cy, Voz - Vro) (2.5.26) 


O° O» 
ae _ 2.5.27 
ci or G02 


where 


Vrg = Ous ~ 
and, using (2.2.6), (2.5.25), and (2.5.16) in the above equations, 


Vv, = Vee +t fy + 

TO re t BH by (2.5.28) 
Equations (2.5.26) and (2.5.28) could also have been obtained directly from 

(2.5.20) and (2.5.21).* |Q7| from (2.5.26) is shown by the broken line in Fig. 2.10, 

where it can be compared to the accurate |Q4(V,,)| (solid line}. The quantity Vo is 

called the extrapolated threshold voltage of the MOS two-terminal structure, for 


tWe provide more than one way to obtain a result in an attempt to give a better “feeling” for the many new 
equations presented in this chapter, and also to present some intermediate results which will be needed in subse- 
quent chapters. This practice will] be repeated in the material to follow. 
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obvious reasons. The fact that the plot of Q)(Vg,) is practically a straight line in 
strong inversion will prove to be crucial in shaping the properties of the structure in 
this region. 


Example 2.3. Estimate V;, for the process of Example 2.2. 
In Example 2.2 we found Vr, = -1 V. Using the data of that example in (2.5.16), 
we find y = 0.504 V'”. Let us use dy = 24, + 64, = 0.975 V. Then (2.5.28) gives 


Vig = —1 V + 0.975 V + 0.504V0.975 V = 0.473 V 


It should be emphasized that, whereas V;, is a quantity that appears in the 
strong inversion expression (2.5.26), the MOS structure is nor in strong inversion at 
Veg = Vro; this crucial observation becomes apparent by examining Fig. 2.10. 

We can now return to the discussion of the onset of strong inversion. As seen 
in Fig. 2.10, the transition of the exact Q% plot toward the straight-line behavior de- 
scribed by (2.5.26) is very gradual. No critical point can be identified that could 
conveniently be taken as the onset of strong inversion. Thus, a possible definition of 
this onset can be the minimum Vg, value for which (2.5.26) predicts Q% within an 
acceptable error. The value one ends up with depends, of course, on what is meant 
by “acceptable error.” For some applications, a 10 percent error in the value of 0% 
may be tolerated. Then the onset of strong inversion can be taken relatively close to 
Vro. if only a 2 percent error can be tolerated, one should take the onset at a some- 
what larger Vo, value. Finally, for some applications (e.g., the evaluation of small- 
signal capacitances and conductances in Chap. 8), accuracy is desirable not only for 
the plot of Q) vs. Vgp but also for the slope of this plot. Then the onset of strong in- 
version should be defined accordingly. As is evident from the figure, at points where 
the slope is accurately predicted by the straight line, Q% itself is accurately predicted 
by it. Thus, definitions in terms of the slope are conservative. If a slope error of 
about 10 percent can be tolerated, it turns out that the onset of strong inversion Vo 
should be taken about 0.6 V above Vj, at room temperature and for practical fabri- 
cation process. There are ways to define and calculate Vig and Vio precisely, if de- 
sired.'? These are somewhat elaborate, and are given for the interested reader in 
Appendix G. 

The choice @y = 2, (which, as we have already discussed, is in general not the 
best) makes Vro in (2.5.28) identical to the upper limit of weak inversion, Vy in 
(2.5.18): 


Vigo = Vaso if dy = 2d¢ is used (2.5.29) 


In fact, in some of the literature, the onset of strong inversion is taken as Vyjo, 
and no distinction is made between the quantities Viyo, V9, and Vio. In such treat- 
ments, all three quantities are taken to be the same point, called “threshold,” and as- 
sumed to be given by (2.5.18). No moderated inversion is defined in such cases, and 
the strong-inversion region is taken to be adjacent to weak inversion. This practice 
originates in the early days of MOS work, when large V,, values were common. 
If, for example, the actual values of Vio, Vr, and V;,9 happened to be 1.0, 1.2, and 
1.6 V, respectively, and the Vgg values of interest were 20 to 30 V, then using 1.0 or 
1.6 V in lieu of V9 in (2.5.26) would not result in excessive error. Today, however, 
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with Vgp values limited to about 3 V for many practical cases, and with a constant drive 
to even lower voltages, a careful distinction between the three voltages is necessary. 


2.5.3 Weak Inversion 


In weak inversion Q4(V¢,) will be shown to assume a simple form, albeit very differ- 
ent from that in strong inversion. To start, consider (2.5.7) and define: 


E = dels 2p (2.5.30) 


Consider the term Ve, + é in (2.5.7). In weak inversion, y, is smaller than 


26,, as seen in Fig. 2.9. Thus ¢ « &,. The function /¥, + € can be approximated 
by the first two terms of its Taylor expansion around ¢'= 0: 


=e ] 
O48 = We +H Ee 2531) 
hE 
Using (2.5.30) and (2.5.31) in (2.5.7) we obtain 
—— 
of = — V2GENA y olds ronda (2.5.32) 
2.) h, 


To obtain a relation between Q% and the external bias Vgg, we need to relate ws, 
in the above equation to Vg. This can be done very easily by noting that the general 
Von(w,) relation, (2.5.14), can be simplified to 


Veg = Vip + U - 2514. (2.5.33a) 


OX 


because in weak inversion |Q;| <« |Q’‘,|. From (2.5.6) and (2.5.16), this becomes 
Vor = Ven +b, + ¥VY, (2.5.33) 


which could also have been obtained from (2.5.15) by noting that the exponential in 
the equation is negligible. Solving (2.5.33b), we have 


Uy = Vs (2.5.34) 


with 


(2.5.35) 


It is seen from the above development that y,, is the value of the surface poten- 
tial that develops when the inversion layer charge 1s negligible. In Fig. 2.11, we re- 
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FIGURE 2.11 
Vg, Surface potential and potential ¥,, vs. gate- 
Vio Yuto substrate voltage. 


peat the &, (V,,) plot of Fig. 2.9, and we show ¥,, (Veg) for comparison. It is seen 
that the agreement in weak inversion is very good, except perhaps at points very 
close to the upper limit of the region. We can thus use w, = &,, in (2.5.32) to obtain: 


—2geNa re) oltsalYoa)- 2b |/4, 
t 


(2.5.36) 


Q; =- 
" 2.1b.o(Vow) 


This equation, with &,(Voe,) given by (2.5.35), is an explicit expression of Q% in. 
terms Of Vz. 

It can be seen in Fig. 2.11 that the slope of &,, (and thus of &, in weak inver- 
sion) vs. Vcp is almost constant. The inverse of this slope is often denoted by . Thus 


(2.5.37) 


The value of n can be found in terms of Vgp by using (2.5.35) in the above defi- 
nition, which gives: 


(2.5,38) 


As seen, n is larger than unity.t This fact could have been anticipated intu- 
itively, since changes in Vo, appear partly as changes in &,, and partly as changes in 
¥,, and thus Ay, < AV¢x. Since &, = ¥,,, this means Ay,,/AVgg < 1, which implies 
n> 1 from (2.5.37). Typically, n is between | and 1.5. 


tif the interface trap charge (Sec. 2.2) varies with the surface potential, an extra term will be needed in this 
equation. This is shown at the end of Sec. 2.6. 


76 OPERATION AND MODELING OF THE MOS TRANSISTOR 


The relation of Q7 to Vgz, given by (2.5.36) and (2.5.35), is rather complicated. 
A simpler approximate form can be obtained. First, note that when V¢p is varied, 


the variation of Yea in (2.5.36) is negligible when compared to the drastic variation 
of the exponential term in that equation; thus we assume that j#.. is practically 


fixed and we can replace that term by //¢, , where @, is the value of the surface po- 
tential at any convenient point in weak inversion. Simple formulas result if we 


choose?! 6. = 26,4: 


i 2qe,Ny 


Q; ~ 22d p, 

This equation can be further simplified by taking advantage of the almost con- 

stant slope of %,, with Vgg, a fact already discussed above. At &,, = 2, the value of 

n [which is the inverse of the slope dw ,,/dVgp, as seen from (2.5.37)] is, from 
(2.5.38): 


oibsal Vos) ~ 2dr ibe (2.5.39) 


_ _ ¥ 
Ng =H teqg=ulde 1+ 2/2. (2.5.40) 
Thus, taking changes below point M in Fig. 2.11, we can write 
l 
Ysa ~ 20¢ = — (Vos ~ Vo) (2.5.41) 
0 


Using this in (2.5.39), we obtain 


> _ pe _{¥op~ Varo}! (70¢1) 
Q; = Quoe (2.5.42) 


with 


J2qe,Na 
23d, od, (2.5.43) 


O'yo represents the value of Q/ at the upper limit of weak inversion (Vgpz = Viyo)-4 
Here one may worry that, at that point, the slope of ¥s.(Vcp) is not representative of the 
slope lower in the weak inversion region (Fig. 2.11). However, note that my in the above 
development was not defined in terms of ¥,(Vgg), but rather in terms of #,,(Vgg), the 
slope of which does not change drastically at Veg = Viyo, aS seen in Fig. 2.11. 


On =~ 


+Obviously, a more appropriate point would be @, = 1.5¢,, which lies at the middle of weak inversion.”* How- 
ever, choosing @, = 2d, results in simpler results, and is consistent with the level of approximation we are seek- 
ing at this point. 

+As indicated in (2.5.29), Vro coincides with this limit if gy is taken equal to 2¢,. The appropriateness of this 
choice has been questioned in Sec. 2.5.2. 
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FIGURE 2.12 
Logarithm of inversion layer charge magnitude per unit area vs, gate-substrate voltage. (a) Equations 


(2.5.7) and (2.5.15); (6) (2.5.42), (c) (2.5.26). 


In Fig, 2.12, we have plotted In |Q%| vs. Veg, using (2.5.42) (line b).+ The solid 
line represents the accurate equations (2.5.7) and (2.5.15), and describes the structure 
correctly for all regions of inversion. Over the weak-inversion region, the agreement 
is seen to be very good except at points very close to the upper limit of the region. In 
weak inversion, the plot of In |Q’,| is seen to be practically a straight line, verifying 
that |Q'] is nearly exponential with respect to Veep. 

As has been seen, the development of (2.5.42) involved a number of approxi- 
mations. Thus, although this equation and Fig. 2.12 suggest that QO;(Vga) is exponen- 
tial in weak inversion, it should be kept in mind that this is not exactly so. Indeed, 


tn showing the logarithm of various quantities in this book, we assume that these quantities have been normal- 
ized to their units, so that they are rendered dimensionless before taking their logarithm. For simplicity, we do 
not define new symbols for these dimensionless quantities. 
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more accurate equations, such as (2.5.7) with (2.5.15), or even (2.5.36), predict 
minute deviations from “exponentiality.” Although such deviations are too small to 
be visible in the plot of In |Q‘| vs. Vg in Fig. 2.12, they can make a difference in a 
plot of the slope of In |Q%| vs. Vgg. This can affect the evaluation of small-signal 
quantities (Sec. 2.6 and Chap. 8). In order to take this effect into account, the quan- 
tity mg is sometimes allowed to be a weak function of Vo, as in (2.5.38). 

To conclude this section, we note that from (2.5.38) and (2.5.16) we have 


(n -1)C), = EN (2.5.44) 
2 Ua( Vor) 


and from (2.5.40) and (2.5.16) we have: 


(ng _ NC _ J2qge,N4 


OX 2./2b¢ 
The quantities on the right-hand side of these equations appear in (2.5.36) and 
(2.5.39). Thus, in some of the literature these quantities are replaced in such equa- 
tions by (2 — 1)C’, and (ng - 1)C%,. respectively. We did not follow this practice, 
since such expressions do not make apparent the fact that these quantities are, in fact, 
independent of C4, (unless one happens to remember that n — 1 and ny — | are in- 
versely proportional to C%,). 


(2.5.45) 


2.5.4 Moderate Inversion 


In moderate inversion, none of the simplifications discussed above is valid. The plot 
of Q4(V¢,g) here is neither a straight line nor an exponential. If accurate results are 
needed in this region, the complete equations (2.5.7) and (2.5.15) can be used. How- 
ever, this will require a numerical solution for a given Vgg value, as (2.5.15) is an im- 
plicit equation in %,. Efforts have been made to produce explicit expressions for 
w, and for the charges in terms of Vez directly.!4-!8.73 Such efforts involve several 


approximations. 
For the interested reader, we now sketch some representative conclusions of such treat- 
ments.+ It is clear from Fig. 2.9 that the form of the relation we have used for y, in strong inversion 


in Sec. 2.5.2, namely 
bd, = 2bp + Ad (2.5.46) 


can be used in moderate inversion, too, but here Ad must clearly be allowed to be a function of 
Veg. It has been suggested that an approximate expression for Ad is!8 


2¢, b., — 20 
Ad = a In t + more (2.5.47) 


pO 


+Material set in smaller type can be skipped without loss of continuity. 
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where n and w,, ate both functions of Vg, and are given by (2.5.38) and (2.5.35), respectively. 
Note that, as is easily confirmed by Fig. 2.9, as Veg is reduced A¢@ decreases; when Vg becomes 
so low that #,, = 24, the argument of the logarithm in the above equation becomes |, and Ad be- 
comes 0; thus #, = 24, at that point, which is precisely what it should have been at the boundary 
between moderate and weak inversion. The results of Sec. 2.5.3 take over for lower values of Vp 
(the above equation should not be used in weak inversion, as it would provide meaningless results 
in that region). 

To provide continuity from moderate to strong inversion, the above A@ can be used in 
strong inversion, too. In fact, doing so will slightly improve the accuracy there, in comparison to 
using a constant Ad. 

For the inversion layer charge in moderate inversion, a similar approach has been 


suggested!*; 


j =~ SE  — nalts ~ 2p ~ Ad) (2.5.48) 


Again, when V,., is reduced to the point that &,, = 24,, the second term in the above equa- 
tion becomes 0, and Q; reduces to the value predicted at that point by the weak inversion expres- 
sion, (2.5.36). The latter equation [or (2.5.42)] must take over for lower Vo, values, as (2.5.48) is 
not valid in weak inversion. As was the case for &,, to provide continuity from moderate to strong 
inversion one can use (2.5.48) in strong inversion also, where it has been claimed to provide good 
aceuracy.!8 

As has already been noted, in many treatments no moderate-inversion region is 
defined. Sometimes this region is considered the bottom part of strong inversion. In 
some treatments a point is defined, falling somewhere in our moderate-inversion 
region, and Q)(V,) is assumed to be exponential directly below and a straight line 
directly above that point. Such models can lead to large errors. This can be seen in 
Fig. 2.12, where Q; as calculated from (2.5.7) and (2.5.15) is compared to the ap- 
proximate equations (2.5.42) and (2.5.26). Neither of these two equations provides 
satisfactory accuracy in moderate inversion. 


2.6 SMALL-SIGNAL CAPACITANCE 


If Vga is increased by a small amount AV, in Fig. 2.4a, a positive charget AQz, will 
flow into the gate terminal. For overall charge neutrality, a charge of equal value must 
flow out of the substrate terminal or, equivalently, a charge of value -AQ?, must flow 
into the substrate terminal. An incremental (small-signal) capacitance per unit area, 
Ci» can thus be defined to relate charge changes to voltage changes. This is illus- 
trated in Fig. 2.13. We define 


(2.6.1) 


tWe use the term “charge” rather than “charge per unit area” for simplicity. The fact that we are talking about 
charges per unit area will be clear from the primes used in the symbols for these quantities. 
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+AQ- 


-4Q@, FIGURE 2.13 
Small-signal equivalent circuit for a two-tenminal MOS 
structure driven by a voltage source. 


The charge -AQ¢ flowing into the substrate goes to change the substrate charge 
Qc by an amount AQ? 


AQc = -AQG (2.6.2) 


The gate-to-substrate voltage change will be distributed partly across the oxide 
(as Aw,,) and partly across the semiconductor (as a change Ay, in the surface poten- 
tia}). Equation (2.3.2) is repeated here for convenience: 


AVop = Ad, + Ath, (2.6.3) 


Taking 1/C,, from (2.6.1) and using (2.6.3) in the result (with small changes re- 
placed by differentials), we have 


ww =, te (2.6.4) 


The above equation can be written, by using (2.6.2), as 


H i l 


rs 
Ci, dQgldb,, —dQ¢ldd, (2.6.5) 
To interpret this equation, note first that from (2.5.11) we have 
d ’ 
Ee = C,, (2.6.6) 
dibs, 


The quantity -dQ/-/dw, in (2.6.5) can be interpreted with the help of Fig. 2.4a 
as follows. If the potential across the semiconductor is changed by Ay, the charge in 
that region will change by AQ¢. This additional charge must enter the region through 
its bottom, coming from the substrate terminal. If now a capacitor had across it a 
voltage Ay,, and the value of its capacitance were adjusted so that a charge AQ7- had 
to flow into its bottom plate, the situation illustrated in Fig. 2.14 would result. From 
this figure we clearly have 

cae 2.6.7) 


c di, 
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AG; 
Con Avox 
-AQ- 
Ay, C, Ales 
+AQ- 
C, AY, 
AQ- 
FIGURE 2.14 FIGURE 2.15 
Illustrating the concept of semiconductor Circuit representation of (2.6.8). 


charge region small-signal capacitance. 


The denominator of the last fraction in (2.6.5), therefore, can be interpreted as a 
small-signal capacitance corresponding to the semiconductor charge region. It relates 
the changes of the potential across that region to the corresponding changes in its 


charge. 
Using now (2.6.6) and (2.6.7) in (2.6.5), we get 
1 1 + ] (2.6.8) 
Co Cox C; 


Therefore the small-signal capacitance C,, is the same as that exhibited by two ca- 
pacitors of values C,, and C,, connected in series as in Fig. 2.15. Cj, can be evaluated 
from (2.6.8), (2.6.7), and (2.4.17) (the general expression for C’. is given in Appendix F). 

Let us consider the special case of accumulation. If %, is negative and its ab- 
solute value is at least a few @,, Q¢ in (2.4.17) is a very sensitive function of %,, and 
C., from (2.6.7) is very large. Then the total capacitance C{, is reduced to approxi- 
mately Cé,, as seen from (2.6.8). Intuitively, this should make sense. In accumula- 
tion there is an abundance of holes which can provide a conducting path from the 
substrate bottom through the semiconductor to the surface. For Vg, sufficiently 
smaller than V;,, the resulting negative surface potential attracts huge numbers of 
holes immediately below the oxide, in a sense forming the bottom “plate” of the 
oxide capacitor. As a result, the total incremental capacitance seen between the two 
terminals of the MOS junction is basically that of the oxide, C%,. 

Consider now the case of #%, positive and larger than a few ¢, (say, larger than 
3¢,, this includes the upper part of depletion, as well as the inversion region). Now 
there are practically no holes at the surface, and Q¢ is given by (2.5.1). Using this 
equation in (2.6.7), we obtain 


_—_ l + elts— 24 )id; 
C. = J2q€,Nq al, a (den ddr Vb us, > 30, (2.6.9) 
24, + be 
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C' 


Ws 
Or 2 ¢r 


FIGURE 2.16 

Small-signal capacitances per unit area vs, surface potential. Cj is the inversion layer capacitance; C%, is 
the depletion region capacitance (solid line is exact; broken line is as predicted by the charge sheet 
model); C% is the semiconductor charge region capacitance; C4, is the oxide capacitance. 


A plot of C% vs. &, is shown in Fig. 2.16, The rest of the plots in the figure wiil 
be discussed later in this section. 

It is interesting to consider the individual contributions of the depletion region 
and inversion layer charges to C’.. Equation (2.5.8) is repeated below: 


AQ’ = AQ’, + AQ, (2.6.10) 


Using this equation in (2.6.7) we obtain 


Cis dy + 7d@; (2.6.11) 
di, dif, 


We have then separated the total semiconductor capacitance C’. into two com- 
ponents, one owing to the depletion region charge and one owing to the inversion 
layer charge. With a reasoning analogous to that preceding (2.6.7), we can define a 
depletion region incremental capacitance per unit area: 


(2.6.12) 
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This capacitance relates changes of the potential across the depletion region to the as- 


sociated changes of the charge in it. 
Let us also define a capacitance per unit area associated with the inversion 


layer. This capacitance should relate changes in the charge of that layer to the associ- 
ated potential changes. In analogy with (2.6.12), 


(2.6.13) 


From the above definitions it is seen that C), and C; are the slopes of plots 
|O’,| vs. w, and |Q%| vs. &,, respectively. However, to evaluate C4, and C; one would 
have to use very accurate expressions for Q’, and Q), since even a small error in 
predicting a certain function can cause a severe error in predicting its derivative. 
For example, consider |Q‘,| as predicted by the charge sheet model in (2.5.6) and 
plotted in Fig. 2.7. The corresponding C’%, is shown by the broken line in Fig. 2.16. 
A more exact model would be based on the general analysis outlined in Sec. 2.4, 
which allows for the spreading of the inversion layer into the depletion region and 
for the presence of holes there. Such a model gives a | Q‘,| plot which, in moderate 
and strong inversion, is flatter than that shown in Fig. 2.7, becoming practically 
horizontal in very strong inversion. The corresponding error in the approximate 
|Q’,i is very small; yet, the slopes of the exact and approximate plots are very dif- 
ferent (see solid line for C;, in Fig. 2.16). The resulting exact C4, and C‘ are given 
by (Appendix F) 


] 
C, = ./2ge,.N, ———————————- 
yu, + gets rer} or (2.6.14) 


ells 2hr )/ br 
N 


AD fe 
2h, + dels 2Or Ver 


(2.6.15) 


It is easy to see that, using Q’, as predicted by the charge sheet model in (2.5.6), 
we would have obtained (2.6.14) without the exponential term; that term, however, 
becomes dominant in strong inversion. Note also that using the accurate formulas 
above we obtain C’, = Ci, at &, = 2d. 

Using (2.6.12) and (2.6.13) in (2.6.11) we obtain 


Cia C1, + C; (2.6.16) 
and (2.6.8) becomes 


(2.6.17) 
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FIGURE 2.17 

Small-signal equivalent circuit for the two-terminal 
MOS structure, showing individual capacitances, 
and assuming zero interface trap charge and very 
low frequency operation. 


which can be represented by the circuit of Fig. 2.17. It should be kept in mind that 
this is a small-signal equivalent circuit, relating small changes of potentials and 
charges around a bias point. It does not relate total values of potentials and charges. 
Our ultimate goal in this development is to plot the total capacitance seen exter- 
nally (C’,) vs. the total externally applied bias (V,,). This can be done as follows. 
For a given #,, C’, is determined, then C ‘» iS found from (2.6.8). The result is shown 
by the solid curve in Fig. 2.18. We see that deep in accumulation, Cy, approaches 
C’_. as we intuitively predicted above. For Vg, in the weak-inversion region (except 


Ox? 
for points close to the upper limit of the region), the inversion layer capacitance is 


negligible, as we can see from Fig. 2.16. From (2.6.17), then, C eb is basically the se- 
ries combination of Ci, and Cy. As Vga is increased, C;, becomes smaller, as seen 
from Fig. 2.16. Therefore, the series combination of C4, and C; also decreases, as 
seen in Fig. 2.18. Above weak inversion, C; becomes significant and drastically 
increases if Vc, is raised further (Fig. 2.16). This capacitance is in parallel with C;,. 
The last fraction in (2.6.17) decreases drastically, and C ‘eb approaches C¢,. Physi- 
cally, an abundance of electrons exists at high V;, immediately below the oxide and 
provides the bottom “plate” of the oxide capacitor, just as an abundance of holes pro- 
vided that plate in the case of accumulation. 

The above discussion has been in terms of “static” changes, i.e., it is assumed 
that after Voz is changed by a small amount AVg,, it remains fixed at its new value, 
We then wait long enough for a new equilibrium to be reached, and we record the 
changes in the various potentials and charges. If AVgpz is a small-signal sinusoidal 
voltage, the steady-state charge changes will also be sinusoidal. They will correspond 
to equilibrium values if the frequency is low enough (e.g., 1 Hz). However, if the fre- 
quency is high (e.g., 100 kHz), things will be different, as shown by the broken line 
in Fig. 2.18. The inversion layer charge now cannot keep up with the fast-changing 
AV, and the required charge changes must be provided by covering or uncovering 
acceptor atoms at the bottom of the depletion region, just as in the case of depletion 
operation. The reason the inversion layer charge cannot follow fast enough is that it is 
in a sense isolated from the outside world by the oxide on top and the depletion re- 
gion below. Therefore, the electron concentration there can be changed only by the 
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Veg Vio Vo Vito 


Accumulation Weak Strong 
Depletion inversion inversion 


Moderate 
inversion 


FIGURE 2.18 
Total gate-substrate capacitance per unit area vs. gate-substrate bias. Solid line: “static” behavior; broken 


line: high-frequency behavior. 


mechanisms of thermal generation and recombination, which in this case are very 
slow (no external irradiation is assumed). If, instead, communication with the outside 
world were possible, in the sense that inversion layer charge could be provided or re- 
moved externally, then the behavior exhibited by the solid curve in strong inversion 
would persist up to much higher frequencies. This communication with the outside 
world is provided by the source and drain regions in a MOS transistor, as discussed 
in subsequent chapters. 

The incremental capacitances defined in this section can be used to provide 
convenient expressions for the slopes of various plots in Sec. 2.5. Thus, using 
(2.5.14), (2.6.12), and (2.6.13) we have 


d * 

OYs Sox (2.6.18) 
Von CL. +O, +C; 

which could also have been obtained from the equivalent circuit in Fig. 2.17. This re- 
lation gives simply the slope of the &, vs. Vx plot of Fig. 2.9. Similarly, the slope of 
the 105] vs. Vox plot in Fig. 2.10 can be found as follows: 


4|Q;| _ a|Q)| db, 


dV-p dw, adVep 


(2.6.19) 
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and, using (2.6.13) and (2.6.18), 


— oxi 2 6.20 
dVon Cy + OU 4G ‘ 


Finally, the slope of the In |Q/| vs. Vgg plot in Fig. 2.12 can be found by using 
(2.6.20): 
dln|Q; , Cc 
d in| Qi) _ — © ___ Si (2.6.21) 
Ven «= t+ C/O 


Deep in weak inversion C ‘can be neglected in (2.6.18) (Fig. 2.16). The inverse 
of the quantity dy,/dV,, in this region is practically equal to the quantity denoted by 
nin Sec. 2.5 [see (2.5.37)]; then, from (2.6.18): 


C, 
Cc 


OX 


n=1+ (2.6.22) 


which can be easily shown to reduce to (2.5.38). 

It should be noted here that throughout our discussion so far we have assumed 
that the equivalent interface charge Q7, is fixed and independent of voltage. This may 
not be accurate in some devices (especially those fabricated by older techniques) in 
which a significant density of interface traps may exist (Sec. 2.2). These traps, lo- 
cated at the oxide-silicon interface, can exchange carriers with the silicon. The charge 
trapped in them depends on the value of the surface potential ¥,. Thus, let Qj, repre- 
sent the fraction of Q’, associated with interface traps. Then, in going from (2.3.4) to 
(2.3.5), one should include the term AQ’, in the latter. If this term is also included in 
(2.6.2) and in the development following that equation, it can be easily seen that we 
can take the variation of Q’, with w, into account in the same way that we took into 
account the variation of Q’, and Q) with #,; that is, we can define an incremental ca- 
pacitance corresponding to the interface traps in analogy with (2.6.12) and (2.6.13). 
This capacitance will then be 


Ci =- a, (2.6.23) 


., will appear in parallel with C, and C; in Fig. 2.17. If it is significant, the var- 
ious formulas should be modified to include it. For example, (2.6.22) would be modi- 
fied as follows:7° 


n= + et Su (2.6.24) 
Measurements performed on MOS transistors have shown that, with well- 


developed fabrication processes, C;, is often much smaller than C’, and may be 
neglected.?! 
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TABLE 2.1 
Regions of inversion and properties 
Weak inversion Moderate inversion Strong inversion 
Definitionintermsof , <%,< 2, 2bpS4,<2bptbz, etd Z¥, 
surface potential , 
Definition interms of V,9< Veg < Vary Varo = Vor < Vio Vio = Veg 
gate-substrate 
voltage Voz 
4 <«] Varies >>| deep in strong 
| 0; inversion; not necessarily 
so near the bottom of the 
region 
GC <1 deep in weak Varies pod 
Cs inversion; not 
necessarily so near 
the top of the region 
dy, Approximately constant; Varies Smail 
qos attains its maximum 
value in this region 
Dependence of Approximately — Approximately first-degree 
Q;0n Veg exponential polynomial 
din{Q| 1 Varies a 
dip, @, 2¢, 


2.7 SUMMARY OF PROPERTIES 
OF THE REGIONS OF INVERSION 


From the relations given in this chapter, and from the associated discussions, we can 
summarize certain important properties for each region of inversion as shown in 
Table 2.1. Most of these properties have already been discussed; the last one is con- 
sidered in Prob. 2.17. 
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PROBLEMS 


2.1. Show that, independently of how many different materials are used in the external path 


in Fig. 2.2c, the value of V,, needed to make the charges disappear is given by (2.2.2). 


2.2. Calculate the flat-band voltage for an n-type substrate with Np = 101? em-?, an SiO, in- 


sulator with t,, = 60 A, and a polysilicon gate doped n-type with Np = 102° cnr, As- 
sume Q’,= 5 x 10-? Cem’. 


2.3. Prove (2.5.14) and (2.5.15). 
2.4. In Sec. 2.5.2 we have shown that, if &, is assumed to be “pinned” to a constant, the plot 


of Q7 vs. Veg will be a straight line. Show that a pinned y%, is not a necessary condition 
for a straight-line plot (although ic is sufficient); find the correct necessary condition. 
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2.5. Find an approximation for Ad in (2.5.23) as follows. Show that (2.5.15) can be written 
as #, = 2b-+ &, In {[(Vop — Veg — &,)'/¥? -— & /G,}. In the argument of the logarithm, 
replace &, by the approximation #&, = 2, from (2.5.22). This gives an expression in the 
form of (2.5.23), with A@ weakly dependent on Vx. Show that, for practical cases, 
where y is between 0.2 and 2 V!?, and Veg — Vep — 2; is up to several V, Ad is sev- 
eral d,, an average value is 6¢,. Thus, a better estimate can be obtained if, in the above 
equation, #, in the argument of the logarithm is replaced by 24, + 64,. 

2.6. For a device with N, = 2.5 x 10!6 cme}, t,, = 100 A, and Vr, = -0.97 V plot In |Q%] vs. 
Veg in weak inversion, using (a) (2.5.7) with (2.5.15); (6) (2.5.32) with (2.5.34) and 
(2.5.35); and (c) (2.5.42) with (2.5.43). Comment on the accuracy of the last two 
approaches. 

2.7, For N, = 10!? cm-3, t,. = 60 A, and Vr, = -1 V, plot Q4(Vg,) using: (a) (2.5.7) with 
(2.5.15); (8) (2.5.26), from Veg = Vo + 0.6 V to Veg = 3 V. Comment on the accuracy 
of (2.5.26). Assume initially 6, = 2¢, + 64, and modify this value if necessary to de- 
crease the error. 

2.8. Rewrite the equations of this chapter for the case of n-type substrates. 

2.9. Show that in depletion (with y, larger than a few ¢,) and in weak inversion Cy, is ap- 
proximately given by 


2.10, Determine the value of the surface potential and the gate-substrate voltage at the onset 
of moderate inversion (iso, Vigo). as well as the extrapolated threshold (V;,) for the 
process of Example 2.2. Also, give rough estimates for the onset of strong inversion 
(P120+V x0): 

2.11. Use (B.5) in Appendix B to prove (2.4.18). Note that the result is independent of the 
thickness of the shaded area containing Q- in Fig. 2.4. 

2.12. Equation (2.5.1) was derived as a special case of the general Q7-(w,) relation in (2.4.17). 
Show that (2.5.1) can also be proved directly, using the several hints that follow. For 
# y) larger than a few ¢,, the hole charge is negligible, and ay) = -q[N, + n(y)], with 
n(y) related to oy) by n(y) = N,e@ - 24/4: in analogy with (2.4.12). Thus Poisson’s 
equation (1.2.13) will be 


2 
d id _ qn. f + oe 2¢,)/¢, 
dy 


Multiply the above equation by 2(¢4y%/dy), and recognize the resulting left-hand side as 
(d/dy\(dys/dy)’. Integrate both sides from a point y,,,, outside the depletion region to a 
POiNt Y..face at the surface; note that in the bulk, w= 0 and dy&/dy = 0. Solve for dw/dy at 
the surface, and then relate that quantity to Q7 (see Appendix B). Solve for Q% and 
show that the result is practically the same as (2.5.1) for &, larger than a few ¢,.!° 

2.13, Show that, independently of the charge in the inversion layer, if the thickness of this 
layer is assumed to be zero, the potential across the layer will also be zero (use the mate- 
rial in Appendix B). 
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2.14. 


2.15. 


2.16. 


2.17. 
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Use (B.6) in Appendix B to prove (2.5.5), assuming the “depletion approximation” (Sec. 

1.5). 

Piots of charge density, electric field, and potential vs. distance from the two-terminal 

MOS structure are given in Appendix E. Verify these plots by using the basic laws of 

electrostatics of Appendix B and give values for critical points on the plots. 

(a) Show that, if a fixed charge sheet of charge per unit area Q” is located in the oxide at 
a distance d from the gate, its contribution to the flat-band voltage will be 
-(1/C’,,)[(d/t,,)Q'] (use material from Appendix B). 

(b) Show that, if a charge is distributed within the oxide uniformly along the horizontal 
dimension in Fig. 2.2, as described by a charge density per unit volume p(y), its con- 
tribution to the flat-band voltage will be -(1/C | >(yit,, apy) dy, where y, is y at 
the gate-oxide interface and y, is y at the oxide-substrate interface. 

Plot the logarithm of the magnitude of the inversion layer charge, in | Q)|, vs. the surface 

potential w, and verify that this plot approaches straight-line behavior in the weak and 

strong inversion regions. Use the process parameters of Prob. 2.6. Determine and com- 
pare the slopes of the plot in these two regions. (Hint: Show first that d In | Q;\/dy, = 


Ci/1Q})). 
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31 INTRODUCTION 


A complete MOS transistor is formed by adding two more terminals to the basic 
MOS structure of Chap. 2 to contact two opposite ends of the inversion layer. 
Through these terminals a potential difference can be applied across the inversion 
layer and a current can be caused to flow in it. A number of phenomena can then be 
observed, some directly associated with the current flow, some not. It is not conve- 
nient to introduce all these phenomena when they are present simultaneously. Some 
of these, specifically the ones not directly associated with current flow, can best be 
isolated and studied by themselves by means of a structure simpler than the MOS 
transistor, which we call a three-terminal MOS structure. This structure is formed by 
contacting the inversion layer of the basic MOS structure at only one end. We will 
study the changes that take place in the charges and the potential distribution of the 
three-terminal structure, caused by the application of an external voltage between this 
new terminal and the substrate. By the end of this short chapter, we will have all the 
facts necessary for a careful and convenient look at the MOS transistor, which will be 
the subject of all succeeding chapters. 
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3.2 CONTACTING THE INVERSION LAYER 


Assume that an n* region is added to the basic MOS two-terminal structure, so that 
the structure shown in Fig. 3.1a is obtained; a constant Vg, will be assumed until fur- 
ther notice. Consider the n*p junction formed by this region and the substrate. The 
depletion region on the p side contains ionized acceptor atoms as shown. The narrow 
depletion region part in the n* material containing ionized donor atoms (Fig. 1.15) is 
not shown for simplicity. As indicated in Sec. 1.5, one can short-circuit the n* region 
terminal to the substrate terminal without altering the picture, as shown in Fig. 3.15. 
For this connection the part of the structure to the right of the n* region is still gov- 
erned by the basic equations we have developed for the two-terminal structure, ex- 
cept for points close to the n* region. Such points can be affected directly by the two- 
dimensional field distribution around this region. However, we will assume for the 
present that the gate is long and wide, so that edge effects can be neglected over prac- 
tically all the gate’s length and width. 

Let us now assume that Voz is fixed at some value, producing a surface poten- 
tial &, underneath the oxide. From (2.5.7) and the associated discussion of the various 
regions of operation, we recall that %, is “fighting against” 2¢,. For example, if ¥, is 
less than about 2¢,, the exponential is very small in that equation and we are in weak 
inversion or in depletion. On the other hand, if #, is greater than 2¢,, the exponential 
term becomes important and we are in moderate or strong inversion. 

We will now place a voltage source of value V-, between the n* region and the 
substrate terminal, as shown in Fig. 3.1c. The value of Veg will be assumed nonnega- 
tive to ensure that the n*p junction is not forward-biased. This will correspond to the 
practical cases of interest when the three-terminal structure will become part of an 
MOS transistor in Chap. 4. If Veg is not zero, communication of the inversion layer 
with the external voltage source (through the n* region) can drastically change the 
situation in comparison with the equilibrium case discussed in Chap. 2. The structure 
is now in nonequilibrium, and extra care should be exercised when attempting to 
apply relations from that chapter. As we will see, most such relations will have to be 
modified before they can apply to the present case. 

Assume initially V-, = 0, which makes the situation identical to that in 
Fig. 3.1b. Let us fix Vga so that the surface potential is fixed at some value ¢,, bring- 
ing the surface to some level of inversion.+ Consider now an increase in Vp. The n* 
region will become more positive than before by Vcg. The positive potential will at- 
tract electrons from the inversion layer, which will flow toward the n* region, and 
from it into the top terminal of the voltage source. The inversion level will decrease, 
in fact, if Veg is large enough, the inversion layer can disappear altogether. To restore 
the surface to its previous condition, the surface potential must be increased by the 


tNote that, since the potential of the surface is %, with respect to the bulk, whereas that of the n* region is 44; 
(the built-in potential of the junction), there will be a region along the surface around the n*p junction boundary 
where the potential changes from dy, to @. Our results in this section will be valid to the right of this region. 


(a) 


(4) 


(qd) 


FIGURE 3.1 

Three-terminal MOS structure, with 
n* region (a) left open; (b) short- 
circuited to p-type substrate; (¢) bi- 
ased at Vo, (> 0) with respect to 
the substrate: (d) connection equiva- 
Jent to (c) with voltages referred to 
terminal C. 


94 OPERATION AND MODELING OF THE MOS TRANSISTOR 


same amount the potential of the n+ region has increased, so that the latter is no 
longer more attractive for the electrons. Thus, the surface potential must be increased 
from y, to w, + Veg. Then the surface will be at the original level of inversion again. 
To achieve such an increase in the surface potential, Vg, must be increased by an ap- 
propriate amount. We thus see that what determines the “attractiveness” of the sur- 
face for the electrons is not how large w, is, but rather how large y, is in comparison 
to Veg. What counts is the difference , — Vcg. As long as that difference is fixed, the 
electron concentration at the surface is also fixed. The role of w, in (2.4.12) is then 
played here by &, — Vcg, and we have!2+ 


[os —(2be+ Vor) |fbr 


n = Nye (3.2.1) 


surtace 


Thus, just as in (2.4.12) &, is “fighting against” 2¢, to increase the level of in- 
version at the surface, here ¥, is instead fighting against 26, + Veg. 

It should be noted that, with V-g > 0, a small current will flow through the bat- 
tery. This current is due partly to the junction reverse-bias current flowing from the 
n* region to the substrate (Sec. 1.5) and partly to a similar current flowing from the 
inversion layer to the substrate. The magnitude of the current is very small except at 
very high temperatures, and we will neglect both its electron and hole components in 
much of this book. It is important, though, to acknowledge its presence, as this cur- 
rent is a manifestation of the communication between the inversion layer and the ex- 
ternal battery, and the resulting nonequilibrium condition. 

The arguments leading to (3.2.1) cannot be extended to holes, as the n* region 
és not attractive to them. Thus the hole concentration will still be given by the same 
relations used for the two-terminal structure in Sec. 2.4. A general analysis includ- 
ing the effect of holes and electrons, and valid in accumulation, depletion, and in- 
version, is possible. It proceeds along the lines of the analysis in Sec. 2.4.4, only 
including the effect of V-, on the mobile electron concentration 1. Readers inter- 
ested in such an analysis are referred to Appendix I. In the rest of this chapter we 
will concentrate on inversion, which will be defined by Nyurtace 2 Mis WHETE Meurface 18 
the electron concentration at the surface and n, is the intrinsic carrier concentra- 
tion.¢ In inversion, relatively simple results become possible. The considerations 
here parallel those for the two-terminal structure, so our discussion will be Kept rel- 
atively brief. 

The MOS system in inversion will still be characterized by five equations [as 
discussed for the two-terminal structure starting with (2.5.9)]. Of the five equations, 


a 
+In energy band parlance, Veg serves to “split” the so-called “quasi-Fermi levels” of electrons and holes (Ap- 
pendix H). 

tAt the limit between depletion and inversion, Myurjace = 7 However, in contrast to the case of the two-ferminal 
MOS structure, at this point the Aole surface concentration is not equal to n,, but is smaller than this quantity 
(assuming Veg > 0). The interested reader can deduce this from the relations given in Appendix H or I. 
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four are identical to those for the two-terminal structure, and are repeated here for 


convenience: 
Vop = Box + Wb, + Pus (3.2.2) 


Oo +O, + Or + Op = 0 O29) 
OG = Contr (3.2.4) 

O%, = —/29¢€,N, Jv, (3.2.54) 

= Civ (3.2.56) 


where .j2ge, = 5.8 x 10-'©C- cm)? V-l” and y has been defined in (2.5.16). As 
in Chap. 2, the charge sheet*-® and depletion approximations are implied in writing 
the above equation for Q’, [see explanation above (2.5.5)]. 

To afrive at a complete set of equations, from which the behavior of the system 
can be determined, one more equation is needed, giving Q' as a function of ¢,. 
However, (2.5.7) will not be valid as is, since it does not take into account the pres- 
ence of V.,. As might be expected from our discussion above, the correct relation for 
Q(W,) is obtained simply by replacing 24, by 2¢¢ + Ve, in that equation (Appendix 
Tor Prob. 3.12)3: 


Q; = ~(Bae.Nal Vo + delts 24r+ Vew)\6r 74 (3.2.6) 


Other expressions for Q’, have been discussed in the literature.?-'4 From the 
above five equations everything else can be developed in the same way as for the 
two-terminal structure; thus, from (3.2.2) to (3.2.4) we have, 


On(u,) + O{w,) 
oe 


OX 


Vos = Veg + & - (3.2.7a) 


where V;p is the flat-band voltage defined in (2.2.6). Using (3.2.55) and (3.2.6) in 
(3.2.74), Veg can be written as follows: 


by - (246+ Veg) |, 
Von = Veg + & + YW, + de! (2er+ Veal) (3.2.7b) 


This equation cannot be solved explicitly for w,. If Voz and V-, are given and 
, is desired, the equation can be solved numerically. The solution of this equation 
will be revisited in the context of the complete MOS transistor in Chap. 4. 
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The equation for Q; uses #, and Vc, as independent variables. For future use it 
will be useful to express Q7 also as a function of Vg, and ¥,. This can be most easily 
done by using (3.2.2) to (3.2.5): 


Q; = “Cl Va — Ving — w+ 2) (3.2.84) 
or 


(3.2.85) 


Q; = -C.,. (Vea — Vig — & yt, ) 


Similarly, for the gate charge per unit area we obtain, from (3.2.2) and (3.2.4), 
QO = Ci(Voe -— Ves - wy — 0; (3.2.9) 


Refer now to Fig. 3.lc, and assume that Vc, is held constant. We can then de- 
fine a per-unit-area small-signal capacitance of the gate to the rest of the structure, 
Ci, = dQgldVg,, and capacitances C(, C,, and C7 as for the two-terminal structure. 
Reasoning as in Sec. 2.6, we obtain: 


Pod od 
CS (3.2.10a) 
or 
(3.2.108) 


where the expressions for C/, Cj, and C; look like those in Sec. 2.6, except that 2¢- 
is replaced by 24, + Veg (Appendix D: 


(3.2.11) 


(3.2.12) 


alvs —(2b¢+ Von) or 


3.2.13 
[w,—(2op+ Veg) br 


aly, + Be 
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As in Chap. 2, the expressions we give for Ci, and C; are more accurate than 
those that would be obtained by differentiating our expressions for QO, and Q). We do 
this because (3.2.5) and (3.2.6), although adequate for calculating Q; and Qj, are not 
accurate enough to provide correct derivatives with respect to %, [see discussion pre- 
ceding (2.6.14) for details]. It is easy to note from (3.2.12) and (3.2.13) that C} = C;, 
at the point #, = 2¢-+ Vep. 

Plots of #,, C,, In|Q;|, and |Q;| vs. Vgg are shown in Fig. 3.2; the Vg¢ axis at 
the bottom will be considered later. The plots shown by the broken lines are for the 
case of Fig. 3.1b. These plots are the same as for a corresponding two-terminal struc- 
ture, with one important exception for the C;, plot. Let us compare this plot to Fig. 
2.18. In the latter, the broken line represents C.,, for the two-terminal structure at 
high frequencies of operation. This behavior was claimed to be different from that 
observed at low frequencies (solid line). The reason was traced to the fact that in the 
two-terminal structure the inversion layer is practically “isolated from the outside 
world.” However, in the structure of Fig. 3.15 or Fig. 3.1¢ communication with the 
outside world is possible through the n* region. Thus, in strong inversion plenty of 
electrons are available just below the oxide, and their total charge “tracks” variations 
in Vz even if these variations are of rather high frequency. Low-frequency and high- 
frequency behaviors then coincide, and only one curve is observed, as shown by the 
broken line in Fig. 3.2b. However, if an extremely high frequency is used, the supply 
of charge to the inversion layer might once again be unable to keep up; a behavior 
similar to that shown by the broken line in Fig. 2.18 could then be observed. 

The plots given by the solid lines in Fig. 3.2 are for a given V-, > 0. The behav- 
ior seen is qualitatively similar to that for Vez = 0. Since the latter case is related to 
the two-terminal structure of Chap. 2, we can carry over several of the concepts and 
definitions discussed there to the general case of Veg > 0. Thus, weak-, moderate-, 
and strong-inversion regions are again defined, as indicated at the bottom of the fig- 
ure. The lower limits of these regions in terms of Vc, are denoted correspondingly by 
Via» Vg: and Vz, as shown. Definitions for each region and values for the above 
quantities will be given later on. For now, it suffices to say that the regions are 
defined in such a way that in weak inversion the plot of {Q;| vs. Vg is essentially 
exponential; in strong inversion, it is essentially a straight line; and in moderate in- 
version, it is neither. 

Note that the plots in Fig. 3.2 are for a given Vg value. If V-p is increased above 
that value, the plots will be qualitatively similar but the points where the effects of in- 
version become apparent will be shifted to the right, as predicted by the corresponding 
equations. To gain some further intuition about this effect, let us assume that in Fig. 
3.1¢ Veg is fixed at some value. Assume that Vp is so low that not only the inversion 
layer is absent but also the depletion region width is smaller than shown. Let us now 
increase V,,,. Doing so will not change Vp, the reverse bias of the n*p junction on the 
left. Hence the depletion region under the n* region will not be affected. However, 
more positive charge will now be placed on the gate, which must be balanced by more 
negative charge under the oxide. An increase in the depletion region width accom- 
plishes this balance. If V;, is increased far enough, a point will eventually be reached 
where the depletion region under the oxide will be nearly as wide as that under the 71* 
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2O¢+V¥ 
Oe + Vent oe 
2¢r + Veg 


Or + Veg 


InlQzl 


Accumulatior ° Depletion Weak'Mod.' Strong inv. 
inv. inv. 


FIGURE 3.2 

Various quantities characterizing the structure of Fig. 3.1c plotted vs. Vgp and Vgc. (@) Surface potential; 
(b) gate capacitance to the rest of the structure per unit area; (c) logarithm of inversion layer charge mag- 
nitude per unit area; (d) inversion layer charge magnitude per unit area. For the broken lines Veg = 0; the 
solid lines are for a V;, of a given positive value. 


region; the value of Vg needed for this to happen depends on the value of Veg. When 
this happens, the potential across the depletion regions under the oxide and under the 
n* region will be about the same. Thus, a point at the surface is at about the same po- 
tential (with respect to the substrate deep in the bulk) as is a point in the n* region. 
Now the surface is about as “attractive” for electrons as is the n* region. Electrons are 
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FIGURE 3.3 
Surface potential vs. gate-substrate voltage with V-, as a parameter. For each V-, the regions of inver- 


sion are indicated on the corresponding curve. 


attracted most to regions with the most positive potential, and they have now no rea- 
son to prefer only the n* region as opposed to the “surface” on its right.+ An inversion 
layer is thus formed. If now V_, is raised further, the depletion region under the n* re- 
gion will become again wider than under the inversion layer. The electrons will tend 
again to favor the n* region rather than the surface, and the inversion layer will tend to 
disappear. If it is desired to restore the level of inversion previously achieved, Vp will 
have to be raised further to make the depletion region width under the gate approxi- 
mately the same as that under the n* region once again. Then the potential at the sur- 
face will again be about the same as the potential of the n* region (both with respect to 
the bulk), and electrons can once more be attracted to the surface. From the above pic- 
ture, the competing roles of V-g and V,;, are clear. Increasing V-, tends to make the 
level of inversion lighter; increasing V,., tends to make that level heavier. 

It is interesting to investigate the effect of these phenomena on the surface po- 
tential. In Fig. 3.3 we show w, vs. Veg, as it results from (3.2.75), for different values 


{To be more quantitative than this, one must recall that the potential at the surface is ¢%,, whereas that of the nt 
region is Oy; + Vcg, with J; the built-in potential of the n*p junction (Sec. 1.5). It can be verified by using (3.2.1) 
that, to make the electron concentration at the surface equal to that in the n’ region, requires ¥, =}, + Veg. For 
other values of ¢, the surface concentration will be different, as determined by (3.2.1), and there will be a transi- 
tion region along the surface around the a*p junction boundary, over which the potential changes from ¢y,; + Veg 
to #,. As already mentioned, we are focusing on the part of the structure to the right of this transition region. As 
one goes from weak toward strong inversion, the potential across this horizontal transition region diminishes. 
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of Veg. The regions of inversion indicated can be interpreted in terms of the corre- 
sponding Q plots (which are not shown, but are nevertheless nearly exponential in 
weak, nearly straight lines in strong, and neither in moderate inversion). Note that in- 
creasing Vc, “postpones” the tendency of ¥, to “flatten out” until larger Vg values. 
This is because it “postpones” the formation of an inversion layer, as already ex- 
plained. Assume now that, for a given Vy», the value of Vop is so low that the inver- 
sion layer charge is negligible (e.g., in depletion); denote the corresponding value of 
us by W,q: Then (3.2.74) gives 


Vor = Veg + Woo ~ Piles) (3.2.14) 
which, using (3.2.55), becomes: 
Vop = Vex + Usa + too (3.2.15) 


Solving this, we obtain &, as a function of Vz: 


(3.2.16) 


This function has already been encountered in Sec. 2.5.3, and is shown by the 
broken curve in Fig. 3.3. It can be seen that for any Vcg, as long as #, = eakV gp)» the 
effect of Veg on w, is negligible. Physically, this is because in such a case there is 
practically no inversion layer charge. Most electric field lines coming from the gate 
“pass right through” the practically absent inversion layer and terminate on ionized 
acceptor atoms on the substrate. Thus Q% has “no handle” on the overall balance of 
the system represented by (3.2.3), and, although varying Veg will vary drastically the 
negligible |Q7{ in a relative sense, the rest of the system simply “does not notice.” 
Note that |Q%| will be negligible as long as the exponential in (3.2.6) is negligible. In 
fact, the same exponential appears in the general V¢a(¥,) relation (3.2.7b). When the 
exponential there is negligible, this equation reduces to (3.2.15). Things will begin 
thus changing significantly when the exponential starts becoming important, which 
will happen at about %, = 2%¢ + Veg Then the complete (3.2.7b) must be used to find 
w,, and the plot for the latter will begin to flatten out, as seen in Fig. 3.3. 

it can be seen from the above discussion and Fig. 3.3 that &,,(Veg,) is the sur- 
face potential that develops, for a given Vg, if the inversion layer is prevented from 
forming (by maintaining Veg sufficiently high). As seen in Fig. 3.3, the slope of ¥,, 
(Vog) is a weak function of Vox; this fact will be seen fo jead to certain simplifica- 
tions later on. Consistent with Sec. 2.5.3, we will denote the inverse of this slope by 1: 


(3.2.17) 
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FIGURE 3.4 
7 The parameter as a function of the gate- 
0 G& substrate voltage. 


Using (3.2.16) in the above definition, we obtain, as in Sec. 2.5.3: 


Y 


Sl 3.2.18 
2aIbial Vow) eae 


Typical values for n are between | and 1.5. A plot of n vs. Veg is shown in Fig. 3.4. 

Now let V,, have a given value, say Vig, as shown in Fig. 3.3 (the subscript 5 
is used in connection with a discussion later in this chapter). It is clear that one can- 
not state the level of inversion, knowing only this value of Vp; rather, the structure 
can be in strong, moderate, or weak inversion, depending on the value of V-p,, as seen 
in the figure. 

Before closing this section, we should note that in some of our discussions we 
will find it convenient to use the connection shown in Fig. 3.1d rather than the one in 


Fig. 3.1c. Note that since 


the plots of Fig. 3.2 can be viewed as being versus V,, simply by shifting the 0 point 
of the horizontal axis by Vog. This is shown by using a second horizontal axis at the 
bottom of the figure. The symbols V,, V,,, and V,, denote the onset of weak, moder- 
ate, and strong inversion, respectively, in terms of Vgc. 


3.3 THE BODY EFFECT 


From the qualitative discussion in the previous section, it is clear that increasing Vcp 
decreases the level of inversion, unless we also increase Vo, by an appropriate 
amount. It turns out that, if we want to keep the level of inversion the same, the in- 
crease in V;p must be /arger than the increase in V;-,. This is referred to as the body 
effect or substrate effect. In this section, we will attempt to provide intuition about it. 
Quantitative results will follow in subsequent sections, where we consider the limits 
of regions of inversion. 
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It is best to discuss the effect mentioned with the help of Fig. 3.14. Body effect 
really refers to the fact that, if V-g in the connection shown is raised while Vgc is 
kept constant, then the level of inversion will decrease, although Vop = Vgc + Veg is 
increased, and that, if we want to restore the original level of inversion, we will have 
to increase Vgc. To see the reason why, !et us assume first that V- is large enough to 
cause Strong inversion. The strongly inverted surface, containing an abundance of 
electrons, is sometimes likened to a n*p region. In fact, the inversion-layer-substrate 
combination of this case is sometimes called a field-induced n*p junction. In several 
respects this junction has a similar behavior as the regular n*p junction discussed in 
Sec. 1.5. The role of the reverse bias Vp there is played here by Vc,. Thus, Vc, will 
be called the effective reverse bias of the field-induced junction in the strong- 
inversion region. Just like increasing V, widens the depletion region in a regular 
junction, increasing V,, will widen the depletion region under the strongly inverted 
surface. Assume now that we are well into strong inversion, and that V-, in Fig. 3.1d 
is increased by a small amount. In the connection shown in this figure, this will not 
affect Vg-. The strong-inversion layer, with its abundance of electrons, can be viewed 
as the bottom plate of a capacitor, with the gate being the top plate. Since Vi has not 
changed, the voltage across this “capacitor” will remain essentially unchanged, and 
there will be practically no change in the gate charge. 

Since Vc, has increased, the depletion region wil] widen, more acceptor atoms 
will be uncovered, and the total depletion region charge will become more negative. 
The totai negative charge under the oxide, however, must balance the positive gate 
charge, which has remained practically unchanged, as already explained. Since more 
ionized acceptor atoms are now available in the depletion region to contribute to this 
“balancing” function, fewer free electrons are needed in the inversion layer. Thus, the 
level of inversion will decrease. if it is desired to restore the previous level of inver- 
sion, one must then increase Vo- by a sufficient amount. 

The larger the substrate doping, the larger the change in the depletion region 
charge for a given change in V,, {this can be easily deduced by analogy to (1.5.13) 
and (1.5.11)]. Continuing the above argument, this means that a larger increase in the 
gate voltage will be needed then to restore the original level of inversion. Thus, the 
body effect is more pronounced for heavily doped substrates. This effect will also be 
more pronounced for thicker oxides. The thicker the oxide, the weaker the influence 
of the gate on the inversion layer charge, and the larger the gate voltage needed to in- 
fluence that charge to a given degree. The above dependence on substrate doping and 
oxide thickness is manifest in the expression for the body effect coefficient y in 
(2.5.16), which will be seen to enter directly in quantitative results for the body effect 
in Sec. 3.4.1. 

The above arguments (likening the inversion-layer—substrate structure to a n‘p 
junction, viewing Vc, as its “effective reverse bias,” and considering the inversion 
layer as the bottom plate of a capacitor) are only valid in strong inversion. In moder- 
ate and, especially, in weak inversion, the electron concentration in the inversion 
layer is light, and the layer cannot be viewed as an n* region or as a capacitor plate. 
A significant part of the electric field lines from the gate pass through the inversion 
layer and terminate directly on ionized acceptor atoms in the depletion region. In 
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fact, as already explained in Sec. 3.2, in weak inversion, varying V-, will leave the 
surface potential practically unaffected (see Fig. 3.3), and so cannot affect apprecia- 
bly the depletion region width. Concerning, however, the effect of Vc, on the level of 
inversion, the same qualitative conclusions as for strong inversion can be reached. 
Thus, assume that we are in weak inversion and that V;» in Fig. 3.1d is increased. To 
keep the level of inversion the same, #, must increase by about the same amount, as 
has already been argued in Sec. 3.2. To increase %, by this amount, V,;, must be 
increased by a Jarger amount, as seen from (3.2.75); thus, Voc = Von — Veg must be 


'. increased. 


As a result of the above effects, an increase in V-, will result in increases in the 
values of V,, Vy, and V,, marked on the Vc¢_ axis in Fig. 3.2. The quantity V,; shown 
there, which is simply the “extrapolated threshold voltage” (in analogy to V7> for the 
two-terminal structure), is also found to increase (Sec. 3.4.2). In fact, the term body 
effect is commonly taken to mean just the increase of V; with Veg. 


3.4 REGIONS OF INVERSION 


3.4.1 Approximate Limits 


For the two-terminal MOS structure we have defined the onset of weak, moderate, 
and strong inversion by the surface potential values dp, 2¢,, and 2g, + hyp (see 
Fig. 2.9). For the three-terminal structure, on the basis of the discussion in Sec. 3.2, it 
is reasonable to define these onsets as indicated in the top row of Table 3.1. In the 
right-most entry, @, is the width of the moderate inversion region in terms of surface 
potential; its value is several ¢,. The onset of strong inversion is chosen so that in this 
region Q;(Vgz) is essentally a straight line (see below). With Vcg=0, the surface 
potential bounds shown reduce to their corresponding values for the two-terminal 
MOS structure. 

The onsets of weak inversion and of moderate inversion in terms of Vp (see 
Fig. 3.3) can be found by using the corresponding surface potentials in (3.2.74) and 
neglecting the exponential term. Thus, for example, we have 


Vue = Veg + (2b¢ + Veg) + vy 2bp + Veg (3.4.1) 


The corresponding values in terms of V¢- can be found by subtracting Ve, (see 
the axes at the bottom of Fig. 3.2). Thus, for example: 


Vue = Veg + Whe + ¥f2he + Veg (3.4.2b) 

These results are shown in the second and third rows of Table 3.1 along with 
expressions for the other limit points. An ambiguity is involved in defining the onset 
of strong inversion, for the same reasons as those discussed in Sec. 2.5.2. Thus, ap- 
proximate results are shown in Table 3.1. For more accurate results,'> the reader is 
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FIGURE 3.5 

Onset of strong inversion Vy, extrapolated 

threshold V;, onset of moderate inversion 

Vy. and onset of weak inversion V, vs. Veg 

for the three-terminal MOS structure of 
Veg Fig. 3.14. 


referred to Appendix G. Discussion of the last row of Table 3.1 will be postponed 
until Sec, 3.5, 

Plots of V,, V,,, and V,, vs. V-, for a given fabrication process look as shown in 
Fig. 3.5 (also shown is the plot for V,, for which an expression will be derived in Sec. 
3.4.2). The values of these quantities at Vg = 0 are denoted by adding the subscript 0 
as shown in the figure. These values are the same as for the two-terminal MOS struc- 
ture, for reasons already discussed. The fact that the quantities in Fig. 3.5 increase 
with increasing Vp, is a consequence of the body effect discussed in Sec, 3.3. As is 
apparent from the expressions in Table 3.1, how much V,, V,,, and V,, will increase 
for a given increase in V-, is determined by the value of the coefficient »; hence, the 
name body effect coefficient for this quantity. We remind the reader that y was de- 
fined in (2.5.16), which is repeated below: 


(3.4.3) 


This quantity has been plotted in Fig. 2.8. It is seen that our intuitive predic- 
tions of Sec. 3.3 (that the body effect is stronger for heavier substrate dopings and/or 
thicker oxides) are verified by the entries for V,, V,,, and V,, in Table 3.1, in conjunc- 
tion with (3.4.3). 

The definitions and properties of the regions of inversion in terms of &,, Veg, 
Voc and Veg are summarized in Table 3.2. (The fourth row of the table will be dis- 
cussed in Sec. 3.5.) The properties listed correspond to those for the two-terminal 
MOS structure, which were summarized in Table 2.1. Some of these properties will 
be discussed in the following sections, in which we look separately at each region of 
inversion. Since the considerations in each region are similar to those for the two- 
terminal structure of Chap. 2, we will be relatively brief to avoid boredom. 
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TABLE 3.2 
Regions of inversion and properties (three-terminal MOS structure) 

Weak inversion Moderate inversion Strong inversion 
I LT 
Definition in terms of bdr +Vop 4, < lbp + Veg SK Mbp + Veg + 2 SH, 
surface potential %, 2b + Ver 2b + Veg + Oz 
(see Fig. 3.2a) 

Definition in terms of Vie = Voa < Vue Vusg = Vow < Yup Viz & Vop 
Veg for a given Veg 
(see Figs. 3.1¢ and 3.2) 
Definition in terms of Vi S Vec < Vy Vie = Voco< Va Va = Voc 
Voc for a given Vcg 
(see Figs. 3.1d and 3.2) 
Definition in terms of Vi 2 Vea > Vw Vw 2 Veg > Vo Vo 2 Ver 
Veg for a given Vog 
(see Figs. 3.1c¢ and 
Sec. 3.5}7 
| Q <<] Varies >>| deep in strong 
Ja, | inversion; not 
B necessarily so near the 


bottom of the region 


Cc} <<] deep in weak Varies | 
¢ inversion; not 


Cc, ,; 
necessarily so near the 
top of the region 
dy, Approximately Varies Small 
dVin constant; attains its 
maximum value in this 
region 
du, Very small Varies Close to | 
dVop 
Dependence of Q; on Approximately _ Approximately first- 
Vor OF Voc for Veg exponential degree polynomial 
constant 
d In| Q)| 1 Varies 1 
dus, ?, 2¢, 


+It is assumed here that Vg is sufficiently large that Vp, Vy. and V,, come out non-negative, see Sec. 3.5.1 for the in- 
terpretation of negative values for these quantities. 
3.4.2 Strong Inversion 
As seen in Fig. 3.2, for a given Veg strong inversion is defined by 
Veg 2 Vue (Ves) (3.4.4) 


Exact calculations show that, although deep in strong inversion lo4 | > lasl, 
for values of Vgp close to Vyg we can have Q} larger or smaller than Q;, depending 
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on substrate doping concentration and oxide thickness. What really makes the struc- 
ture in strong inversion behave as it does is not the relative magnitude of |Q;| and 
loz but rather that of their slopes with respect to ¥,; these slopes are simply C; and 
C;, One finds that, in strong inversion, 


Ci x C4 (3.4.5) 


As seen in Fig. 3.2a, #, changes only slightly with Vg, in strong inversion and 
can be assumed “pinned” to a fixed value. With V-, = 0, that value is the same as that 
corresponding to the two-terminal structure, which was denoted by @p in (2.5.21). 
Since the pinned value is close to 26, + Vcg, it roughly follows the dependence of 
this quantity on V-,. Thus the value of the pinned surface potential in strong inver- 


sion can be approximated by 


by = 2b, + Ad (3.4.7) 


with Ad equal to several 4, (see the related discussion in Sec. 2.5.2). 
The depletion region width can then also be assumed pinned at a value dg,, 


which, corresponding to (2.5.24), is given by 


where 


L2€ ———- 
dam = i— Vy + Ves (3.4.8) 
qn, 


and the depletion region charge, from (3.2.5) and (3.4.6), is pinned at the value 


O% = ~J2qe,Ny iby + Veo (3.4.9) 
or, using (3.4.3): 
On = ~¥Cun VP + Ver (3.4.10) 


As already explained in Sec. 3.3, for the case of strong inversion only, Vcg can 
be interpreted as the effective reverse bias of the field-induced junction formed by the 
inversion layer and substrate. Changes in the potential between terminals C and B in 
Fig. 3.1c cause nearly equal changes in the potential &, between the inversion layer 
and the bulk, as long as strong inversion is maintained. This is why in strong inver- 
sion di,/dV cz = 1, as follows from (3.4.6). 

The inversion layer charge can be obtained from (3.2.2) to (3.2.4): 


Q; = ~CoxVos 7 Pus 7 Po ~ Vep) ~ Q, ~ Op (3.4. 11a) 


108 


OPERATION AND MODELING OF THE MOS TRANSISTOR 


or 
where 
Vrg( Vee) = us ~ o + dy + Veg - oe (3.4.12a) 
This, using (2.2.6), can be written as 
Veg(Ven) = Vex + Oy + Vee - oe (3.4.12b) 
or, using (3.4.10): 


The quantity Vrg(Vc,) is the G-B (gate-substrate) extrapolated threshold volt- 


age; its meaning is illustrated in Fig. 3.2d. This quantity is related to the G-C extrap- 
olated voltaget V; (illustrated in the same figure) by: 


(3.4.13) 
Accordingly, we have 
V> = Veg + bp os (3.4.14) 
Co. 
or 
Vp = Veg + Py + ¥V Veg + (3.4.146) 
which can be written as 
Vr = Vro + WHVVee + By - \%) (3.4.15) 
where Vz, is the value of V; at Vez = 0, given by 
Vro = Vig + & + ybo (3.4.16) 


+C refers to terminal C in Fig. 3.14. 
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Vy ~ Van CV) 


FIGURE 3.6 

Increase of the extrapolated threshold 
voltage V; above its value at Vog = 0, 
shown vs. V-, for various values of the 
body effect coefficient x» A single value 
Vor (V) of ¢) = 1 V is assumed, 


which is, of course, the same quantity as that encountered for the two-terminal struc- 


ture in (2.5.28). 
In some treatments, as we have seen, @, = 2¢;, is assumed. In that case we 
have, by comparing (3.4.14) to (3.4.25): 


Vr = Vu if do = 2¢, is used (3.4.17) 


However, as has already been remarked (see Sec. 2.5.2), 24, is in general not the 


best choice for dp. 
The plot of V; vs. V-g has been included in Fig. 3.5. The threshold increase 


V,— Vro due to the body effect is shown vs. Vg for various values of y in Fig. 3.6. 
Using Veg = Voce + Veg and Veg = V+ Veg in (3.4.115), we obtain 


QO, = Ci, Vac - Vr (3.4.18) 
This corresponds to the straight-line part of the plot in Fig, 3.2d. 


3.4.3. Weak Inversion 


For a given V-,, we define the weak-inversion region by (Fig. 3.2) 


VisVer) < Vor < Vup(Ven) (3.4.19) 


$Plots of V; ~ Vig, Vy -— Vigo, and V;,— V,,, have similar shapes. 
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In this region, we have 
QO; « OQ, (3.4.20) 


Consider now (3.2.6). The magnitude of the second term under the first square 
root is small, because in weak inversion &, < 2d¢ + Veg (Fig. 3.2). Thus we can use 
an expansion like the one that led to (2.5.32) for the two-terminal structure to obtain 


»— _V29€Na 4 [os-(2br+ Veo) V4 
= —-t—=—_ ge 

Q; 2, ?, (3.4.21) 

We remind the reader that in weak inversion Veg cannot be interpreted as an ef- 

fective reverse bias, as explained in Sec. 3.3. In weak inversion, the surface potential 

is practically independent of Vc, and is practically equal to #,, (see Fig. 3.3). The ex- 
pression for %,, was given in (3.2.16), Thus: 


2 
2 
U, = sa{ Ven) = -2 + ia + Vg - va (3.4.22) 


Therefore, in (3.4.21) the only term dependent on Vg is exp (-Vc,/@,). To emphasize 
this important conclusion, we write that equation as follows: 


yi 2gE,Na 


2 "i La ( Vor ) 


deitsalYos)- 24e\/ . gen: (3.4.23) 


eel 
dependent dependent 
only on Vg only on Veg 


For a fixed Veg, Q/ turns out to be nearly exponentially dependent on Vga. To 
see this, we now develop an expression for Q; which does not contain w,,, as we did 
for the two-terminal structure. In Fig. 3.7, we have repeated one of the curves of 
Fig. 3.3. Let Vi, denote the constant value of Veg for which this curve is obtained. In 
the figure we show the weak-inversion limits on the surface potential from Table 3.1. 
As seen, the width of the region in terms of &,, is only ¢p. As Veg changes over the 
region, the corresponding variation of the term Ysa in (3.4.23) is very small com- 
pared to the drastic variation of the exponential in that equation. Thus we can 


assume!®!7 that ./#,, is practically fixed at j2¢; + Veg with 26; + Vcr being the 
value of w,, at the top of the weak-inversion region, as shown by point M in Fig. 


3.7.+ Thus (3.4.23) becomes 


+A more appropriate point!® would have been 1.5, + Veg, but the final results would be more complicated. At 
the level of approximation we are seeking, the point 26,-+ Veg is acceptable. 
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Vsa (Vga) 


2c + V'cg 


fr+Vicg 


Vie Vue 


Weak 
inversion 


FIGURE 3.7 
Surface potential vs. gate-substrate voltage for a given value V7» of Veg. 


2qge,N, beltsa (2br* Veg) |/ 6, 
f 


g; a) 20, + Ven 


(3.4.24) 


In analogy with the corresponding development for the two-terminal structure, 
a simplified, approximate expression can be developed based on the observation that 
the slope of (VG) is nearly constant in weak inversion. Recall that the inverse of 
this slope was denoted by # in (3.2.17), and its value was found to bef: 


n= l+—“.— (3.4.25) 
24! tea Vor) 


where ¥,,(Vga) is given by (3.4.22). The quantity x is plotted vs. Vo, in Fig. 3.8. It is 
seen that over the width of the weak inversion region (with V;, and Vy, determined 
for a given Vg), it varies little. 


tif there is significant variation of the interface state charge (Sec. 2.2) with the surface potential, an extra term 
should be added to the right-hand side of the equation; see the discussion toward the end of Sec. 2.6. 
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inversion 


FIGURE 3.8 
The parameter n as a function of the gate-substrate voltage, over the weak inversion region, this parame- 
ter does not vary much. 


Taking changes below point M in Fig. 3.7, we can write: 


Ue ~ (2b¢ + Veg) = (Vos — Vue) (3.4.26a) 


a 
n 
] 
= —(Vic — Vu) (3.4.26b) 
n 
where Vy, and Vy are given in Sec, 3.4.1, and 7 is evaluated at point M-: 


y (3.4.27) 


n=1+-—-—— 
2/2p- + Veg 


Substituting (3.4.26) in (3.4.24), we obtain 


Qf = Qjgelor Mma)odr) (3.4.28a) 
Or 


OQ, = Oi, elac Va lots) (3.4.28) 


where 


l2geN 
_NEGESN A d, (3.4.29) 


Qu = 2[2b;: + Vex 
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represents the value of Q; at the top of weak inversion (Vc = Vig). Equation (3.4.28) 
predicts exponential behavior for Q; in weak inversion. As was the case with the 
two-terminal structure, this is only approximately true. In cases where the slope of Q; 
vs. Vp is important, this approximation may not be adequate. 

If Veg is fixed at a value Vo, and Vg, is varied, (3.4.28a) can be a very helpful 
equation since it makes explicit the exponential dependences of Q; on Vgz. However, 
if Vop is fixed and Vcp is varied instead, (3.4.28a) can be misleading. The reason is 
that the dependence of Q; on Vc, is very awkwardly predicted by it. It is hidden in 
- Qip Vp and n, each of which depends on V¢g in a complicated manner. On the 
other hand, (3.4.23) is ideal for such cases, since it makes explicit the exponential de- 
pendence of Q; on V¢, in a very simple manner. 


3.4.4 Moderate Inversion 


As seen in Fig. 3.2, moderate inversion is defined for a given Veg by 
Vure(Vce) = Vog < Vus(Vce) (3.4.30) 


For a given Vp value, one can numerically solve the implicit equation (3.2.75) 
for ¥, and substitute y, into (3.2.6) to find Q;. Approximate explicit equations for #, 
and the charges in terms of V,, have been proposed.?-'4.!90 The developments of 
such expressions are lengthy and involve a number of approximations. Some repre- 
sentative results will be summarized in Sec. 3.5.3. 


35 A“Vop CONTROL” POINT OF VIEW 


3.5.1 Fundamentals 


Our discussion of the three-terminal MOS structure so far was a natural extension of 
our discussion of the two-terminal structure. In both cases, we described in detail 
what happens when we increase the gate potential with respect to the substrate, Vp. 
Thus, the gate potential was given the prominent role of the independent variable; the 
potential of terminal C with respect to the substrate, V-,, was a parameter, as, for ex- 
ample, in Fig. 3.3. When we developed approximate expressions for the inversion 
layer charge in particular regions of inversion, often Vcg did not appear explicitly, but 
was rather hidden in the parameters in those equations, such as in Vz, in (3.4.11d) 
and in Vip in (3.4.28). We will refer to the above view as “Vg, control.” 

There is another point of view, which we will call “V-, control,” in which we 
fix Vo, and observe what happens when we vary Vcg. Obviously, the two points of 
view should give equivalent results. However, each point of view adds something to 
our intuition and leads to a different set of approximations. In Chap. 4, it will be seen 
that the “V_, control” viewpoint leads to a different set of models for the MOS tran- 
sistor,!7!9.!3 which have found their place along the classical “Vg, control” models. It 
should be clear that “x control,” as used here, does not imply any prominence of x in 
controlling the mechanisms in the three-terminal MOS structure, but rather refers to 
the way in which we choose to describe those mechanisms. 
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¥, 


Vsa(Y cas) ee ee 


Veg 


0 ~ : +« le —*e bee 
Strong Moderate | Weak Depletion 
A — 


Vo(Vcas) Vw (Vors) VulVeas) 


FIGURE 3.9 
Surface potential vs. Vcg, for a constant value of Veg. 


In order to make clear the connection between the two points of view, let us 
begin our discussion by returning to Fig. 3.3. 

Let Vog be constant and equal to the value Vege indicated on Fig. 3.3 (the sub- 
script 5 is used in connection with a forthcoming discussion). As Veg is raised, the 
level of inversion becomes lighter. For the values Veg = Vegi, Vogy and Vegs the 
structure is correspondingly in strong, moderate, and weak inversion. Further in- 
creases in Veg will leave the surface potential value practically unaffected at the value 
Vos) as seen for example in going from Veep to Veg. 

The above observations can clearly be displayed by plotting ¥, vs. Veg, with 
Vor = Vers. using (3.2.7b). This is shown in Fig. 3.9. The quantities Vo(Vgas), 
Vy(Vops), and Viy(Vggs) marked on the horizontal axis give the limits between strong 
and moderate inversion, between moderate and weak inversion, and between weak 
inversion and depletion, respectively, in terms of Vo,. The limit between moderate 
and weak inversion is seen to occur when Ws, = 2¢¢ + Vcg, as expected from our eat- 
lier discussion. Similarly, the limit between weak inversion and depletion occurs 
when Vc, is increased to the point that #, = Op + Veg holds. For large Veg, the inver- 
sion layer disappears and %, flattens out at the value ¥,,, which is given by (3.2.16) 
and depends only on Vg. Note that as Veg is increased, we go from strong, to moder- 
ate, to weak inversion. Thus, these regions are encountered in opposite order from the 
case where Vp is increased (Fig. 3.3). This reflects the opposite roles of Veg and Vez 
in controlling the level of inversion. 
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¥; 
2¢¢ + Yop 
Yy op + Veg 
f 
O Voe = Vous 
° Vo = Vora 
O Vee = Vous 
e Vee = Yor? 
26; 
* Ves = “cai 
¢r 
‘ Veg 
FIGURE 3.10 


Surface potential vs. V,-, with gate-substrate voltage as a parameter. For each curve a full square denotes 
po CB g £ p q 

the limit between strong and moderate inversion; a full circle, the limit between moderate and weak in- 

version; and an open circle, the limit between weak inversion and depletion. 


Adding curves for other values of V-g produces the plot in Fig. 3.10. The two 
curves below the top one behave in a similar manner as above, only now Vga is 
smaller (Vp, < Veg, < Vggs is assumed), and thus smaiier values of V., are needed 
to reduce the level of inversion to a given point. The value Vo,> (< Veg,) happens to 
be low, so even with V.., = 0, the surface is only in moderate inversion. Increasing 
Veg above zero can then only drive the structure into weak inversion and eventually 
into depletion. Finally, Ven; (< Vgg>) is so low that the device is only in weak inver- 
sion when Vo, = 0. Increasing Vcg above 0 then will eventually drive the device into 
depletion. 

Our analysis above would seem to predict that %, just to the right of the nt 
region in Fig. 3.1 could be very different from the potential on the n* region itself 
(which, from Sec. 1.5, is Veg + &,j;), depending on Vz (Fig. 3.9). This would seem to 
indicate a discontinuity in the electrostatic potential as the n*p boundary is crossed. 
This apparent problem is, of course, caused by our neglecting the “transition” region 
extending on both sides of the boundary. In this transition region the electric field is 
not vertical, and two-dimensional analysis becomes necessary. Such analysis can be 
carried out numerically and it does, indeed, predict that the potential changes from its 
value in the n* region to the value %,, over a transition region the length of which is 
roughly equal to the depth of the depletion region under the n* region. The external 
source V,, still “communicates” with the surface through the transition region, and 
the effect of Vp, to the right of the transition region can be expected to be as has been 


116 OPERATION AND MODELING OF THE MOS TRANSISTOR 


described.t Unfortunately, two-dimensional analysis does not yield manageable ana- 
lytical results. 

The reader is urged to qualitatively produce Fig. 3.10 from Fig. 3.3, and vice 
versa. This is a good way to establish the connection between the “Vg control” and 
“Veg, control” points of view. 

Expressions for the bounds Vp, Vy, and V,, between the various regions in 
terms of Veg (see, for example, Fig. 3.9) can be developed by finding the values of 
Veg needed to make the corresponding Vig limits (in the second row of Table 3.1) 
equal to the given value of V¢g. Consider, for example, Vy. This quantity is the value 
of Vc, that brings the structure to the boundary between moderate and weak inver- 
sion. This means that if Veg in (3.4.1) is set equal to Vy, the resulting value of Vip 
must be equal to the given V,,. In other words: 


Veg + 26 + Vw + ¥V2br + Vw = Ver (3.5.1) 


Solving this for Vy gives: 


2 
oe ewan ae - - 


This quantity is an increasing function of Vez. This is because, if the structure 
is at the boundary between weak and moderate inversion and Vgp is subsequently 
increased, inversion will become heavier. To reduce inversion to its previous level, a 
larger Vcg will be needed, and therefore Vy will increase. 

The expressions for Vy and for the other two limit points are summarized in the 
last row of Table 3.1. 

The reader is reminded that V;-, is assumed non-negative, in order for the junc- 
tion formed by the n* region and the substrate not to become forward-biased. In some 
cases, the expressions in the last row of Table 3.1 can result in negative or even imag- 
inary values. This indicates that there are no positive (or zero) values of Vcg, which 
will bring the structure to the desired point. For example, consider the bottom curve 
in Fig. 3.10. In this case, Vog is so low, that even with Veg = O the structure is only in 
weak inversion. Raising Ve, above 0 can only drive the structure into depletion, as al- 
ready remarked. Thus, only V,, will come out to have a real, positive value, which in- 
dicates that neither strong nor moderate inversion is possible for the given low value 
of Veg. 

In Fig. 3.11 we show how the behavior of &, vs. Vcg, discussed above, affects 
the charges per unit area, Q; and Q3. As before, we assume that Voz is fixed. For a 


+Readers familiar with the use of quasi-Fermi levels (Appendix A) in pn junctions will recall that the electron 
quasi-Fermi level is taken practically constant from the n region through the depletion region. In our case, the 
electron quasi-Fermi level (measured from the hole quasi-Fermi level in the bulk) corresponds to the potential 
Ve, (Appendix H). 
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Iz, tat 


FIGURE 3.11 
Surface potential vs. V-, (right plot) and magnitudes of charges per unit area vs. surface potential (left 


plot). 


given V-g, w, can be found as above, and is shown on the nght. The resulting value of 
yw, determines Q; and Q;, from (3.2.86) and (3.2.5), respectively; this is shown in the 
left part of the figure. These plots are not shown for values of #, larger than #,(VGp,), 
because W, cannot attain such values; as seen on the right, w, tends asymptotically to 
t.q(Vog), aS Vog is increased. Thus, Q; is expected to tend to a constant, maximum 
value and Q; is expected to tend to 0, as Vx is raised. 

The behavior of |Q;| vs. Veg is shown in Fig. 3.12. This plot can be obtained 
from the parametric representation comprised of (3.2.7b) and (3.2.8b). The various 
regions of inversion are marked along the horizontal axis. As V;-, is raised past Vy, 
the structure leaves moderate inversion and enters weak inversion; the charge tends to 
0 as V;, is increased further. The broken line and the quantity Vp are related to ap- 
proximations, and will be discussed in the following subsection. We emphasize that 
the plot in Fig. 3.12 is for a given Vop; if Vog changes, the plot will also change, as 
shown in Fig. 3.13. 


3.5.2 “Pinchoff”’ Voltage 


Consider the accurate plot of the inversion charge magnitude vs. Vcg, shown by the 
solid line in Fig. 3.12. In strong inversion, this charge can be approximated by 
(3.4.118) with (3.4.12c) as 


Q; = -C,(Ves — Veg — Py — Veg — ¥y Go + Vee } (3.9.3) 


The magnitude of this strong-inversion approximation is shown by the broken 
line in Fig. 3.12. As seen, it is close to a straight line, although it is not exactly a straight 
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Vo Vw \ Vy 
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FIGURE 3.12 


Inversion layer charge magnitude vs. Vcg, for a fixed gate-substrate voltage. Solid line: charge sheet 
model: broken line: strong inversion approximation of (3.5.3). 
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FIGURE 3.13 
Inversion layer charge magnitude vs. Vg, for difference gate-substrate voltages, 
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line. This plot crosses the horizontal axis at some Ve, value, shown as Vp in Fig. 3.12, 
which can be found by setting (3.5.3) equal to 0 and solving for V--». The result is 


(3.5.4) 


The quantity Vp is sometimes referred to as the “pinchoff” voltage. This name 
originates in the old days, when only strong inversion was important (or known), and 
the inversion layer was assumed to be “pinched off” (its charge was assumed to de- 
crease to zero) at V-p = Vp. As seen by the solid line in Fig. 3.12, however, at that 
point the structure is in moderate inversion, where the inversion charge has a signifi- 
cant value, and nothing is “pinched off.” Thus, we can say Vp is the value of Vg, that 
would have made Q; equal to zero, if strong inversion theory were valid for arbitrar- 
ily small | Q7|. 

Another interpretation of Vp is as follows. Q; can be written using (3.4.11) and 
(3.4.12c), repeated for convenience below: 


QO; = —C..| Veg — Vie (Veg)| (3.5.5) 
Vie( Veg) = Veg + hy + Veg + ¥V% + Ver (3.5.6) 


Since Vp is the value of V-, which makes the strong inversion charge zero, it 1s 
easy to see that V, is the value of V-, which makes V;,(V-g) equal to the applied 
gate-substrate voltage, Vp. In other words: 


(3.5.7) 


Y = V, 
P cB Vrp = VGa 


Equation (3.5.4) can be written, using (3.4.16) to eliminate V,,, as follows 


(ae ee 
Vp = Veg - Vrq - | ~ Vp + ec + 4 - (4 + x) (3.5.8) 


A plot of Vp versus Vc, is shown in Fig. 3.14. The fact that the plot crosses the 
horizontal axis at V-g = Vzq is consistent with the interpretation of Vp in (3.5.7). The 
slope of the plot will be discussed in the following subsection. 


TAs already mentioned, in some treatments @, is approximated by 2¢,. In such cases, Vp becomes equal to Vy, 
as seen from (3.5.4) and (3.5.2). 
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Vp (Vop) 


Vor 


FIGURE 3.14 
The parameter V> as a function of the gate-substrate voltage. 


3.5.3 Expressions in Terms 
of the “Pinchoff” Voltage 


A comparison of (3.5.4) to (3.2.16) shows that: 
Bsa = Vp + Po (3.5.9) 


The inverse of the slope of w,, vs. Vgg was denoted in (3.2.17) by 2. Since 
Vp(Vgag) and &,,(VGa) differ by a constant, they have the same slope, so we can write 


-1 
n= f dV, (3.5.10) 
dVen 


In some treatments,!? this is used as the definition of n. The value of 7 in terms 
of Vp can be found from (3.2.18) with (3.5.9): 


y 
=) 3.5.11 
" 2./hy + Vp(Veg) ) 


Note that 2 has a well-defined value for a given Vg, independent of Veg. 

We now develop a simple approximation!” for Vp. We see from (3.5.10) that the 
slope of Vp(Vcp) (Fig. 3.14) is equal to I/n. Thus, if the plot is approximated by a 
straight line in Fig. 3.14, we can write:'° 
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Vig — V. 
aa (3.5.12) 
fl 
where, strictly speaking, » should be evaluated at the point Vc, = Vy). However, the 
approximation in (3.5.12) is used!? with n = n(Vo,), as evaluated from (3.5.11) with 
(3.5.4). The slowly decreasing n(V¢,) (see Fig. 3.4) imparts a curvature to the plot of 
Vp from (3.5.12) and approximates the curve in Fig. 3.14 rather closely. 
We now consider expressions for Q; as a function of V., and Vp. These are 
used in conjunction with several models based on the “Veg control” point of 
view, 17.19.13 


STRONG INVERSION. The strong-inversion approximation for Q; was given by 
(3.5.3), and its magnitude was shown by the broken line in Fig. 3.12. From (3.5.3) we 
have: 


et = Col + aE) (3.5.13a) 
i Veg =Vp — a Vor =Vp 
which, if we use (3.5.11) gives 
425 on (3.5.130) 
dV cp Vor =Vp 


Therefore, the strong-inversion approximation can be approximated by a first-order 
expansion around V_., = Vp as follows!*: 


, _| 4, 
9; «(#2 


| - Vp) (35140) 
Vor =Vp 


QO; = —nCo(Vp — Veg) (3.5.146) 


One may question the point around which linearization was performed above, 
as opposed to, say, the point V-p = 0 in Fig. 3.12. However, it is easy to prove that the 
latter would have resulted in a large error near Veg = Vo. 


WEAK INVERSION. In the approximation (3.5.145), Qj in strong inversion is a func- 
tion of Vp - V-,. It is easy to produce a weak inversion equation which also depends 
on the same quantity. Using #,, from (3.5.9) in (3.4.23), we obtain 


7 J2qe,.Nq (9-266 }/ db; (Yp~ Veg) dy 
i 4 : 
cma 1 ane 


where, again, Vp and n depend on Vga, as already discussed. 


(3.5.15) 
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MODERATE INVERSION. Several approximate expressions have been suggested in 
the literature for the surface potential and the inversion layer charge in moderate in- 
version.?-'4.20 The development of such expressions is either empirical or very 


lengthy, or a mixture of the two. 
Although we will not present such development here, we will show some representative re- 


sults,+ which parallel the ones we gave for the two-lerminal structure in Sec. 2.5.4. Readers inter- 
ested in the justification of such results can consult the references provided. 


As expected from Fig. 3.7, for the surface potential in moderate inversion one can use 
v, = 2¢¢ + Veg + Ad (3.5.16) 


As seen in the same figure, for success in moderate inversion Ad must be made a function of 
Von. The following approximation has been suggested!?: 


Ad = 2, In [ 4 p= Non ty = 24 (3.5.17) 
n 2¢, 


This expression is consistent with (2.5.47), reducing to the latter for V-, = 0. To make possi- 
ble continuity from moderate to strong inversion, (3.5.16) and (3.5.17) can be used also in strong 
inversion. In weak inversion, (3.4.22) should be used, as in that region (3.5.16) and (3.5.17) pro- 
duce meaningless results. 

It has been suggested that the inversion charge in moderate inversion can be approximated by": 


_ 2qe,Nq 

2d + Vp 
which is consistent with (2.5.48). At the boundary between moderate and weak inversion, the above 
equation reduces to the value given by the weak inversion relation (3.5.15), which should then take 
over. Equation (3.5.18) can be used also in strong inversion in order to maintain continuity.! 

While the expressions discussed in this section provide explicit relations for in- 

dividual regions of inversion, the use of a single equation in all regions of inversion 
is, of course, the ultimate goal of modeling and avoids “if” statements in a computer 
implementation. Thus, if the extra calculation time involved in using (3.2.7) can be 
afforded, the use of that equation and (3.2.6) is certainly appealing. 


(3.5.18) 


Q; ~ d, — 2C3.(Vp — Ven + Go — 2b — Ad) 
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PROBLEMS 


3.1. (a) For a device with N, = 10!'? cm}, ¢,, = 100 A, and Vz, =~1 V, plot &, vs. Vgp, with 


Von between 0.5 and 5 V and for V.-, = 1, 2, and 3 V. Show approximately the three 
regions of inversion on each curve. Assume that Vig = Vygz + 0.55 V. 

(b) For the same device plot ¥, vs. V-g, with V-g between 0 and 5 V and for Vez = |, 2, 
and 3 V. Show approximately the regions of inversion on each curve. 


3.2, Show how the V,-Vgp plane can be separated into five regions, corresponding to accu- 


mulation, depletion, weak inversion, moderate inversion, and strong inversion. (Hint: In 
accumulation, take into account the fact that the concentration of holes is practically un- 
affected by Vip.) 


3.3. For the device of Prob. 3.1: 
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3.4. 


52. 


3.6, 


3.7. 


3.8. 


a9. 


3.10. 


3.11. 


3.12. 


3.13. 
3.14. 
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(&) Plot rey | vs. Von for Veg between V,, and Vig +5 V. Use (3.2.6) and (3.2.76). Give 
the corresponding plot vs. Voc. 

(c) Repeat using a logarithmic axis for |Q%|. 

(d) On each of the above plots, plot lo’, | as given by (3.4.11) in strong inversion and 
as given by (3.4.285) in weak inversion. Comment on the accuracy obtainable. 

(e) Repeat (a) through (¢) for Vip, =3 V. 

Plot In |Q%| vs. %,, and verify that this plot approaches straight line behavior in the weak 

and strong inversion regions. Use the process parameters of Prob. 2.6 and Vep= 1 V. 

Determine and compare the slopes of the plot in these two regions. 

It is often assumed that there is a point below which Q’,(Vg,) is an exponential and 

above which it is a straight line. Attempt to find such a point on the plots of Prob. 3.3. Is 

this possible? How large an error is involved in such an approximation? 

it has been seen in Sec. 3.4.2 that if &%, is pinned to a fixed value, Q% plots as a straight 

line vs. Veg. Is such pinning a necessary condition for obtaining such a straight line? If 

yes, why? If not, find the necessary condition for such a behavior of w,. 

Show that a better approximation than (3,4.6) for the surface potential in strong inver- 

sion is: 


Why hou a 2b, + Veg + &, In 4 E (Vop = Vig — Veg ane br) ~ do = va 
t 

[Hiazr: Use (3.4.6) as an initial guess and perform one iteration using (3.2.74).] Compare 

the above expression to (3.4.6) and to (3.2.75). What happens if we attempt to use the 

above expressions in moderate and weak inversion? 

Equation (3.4.285) was developed by using an approximation around #, = 2, + Veg. 

Develop a similar expression using an expansion around #, = 1.5. + Vex. How do the 

two expressions compare? 

Show that for the structure of Fig. 3.1c, C; < 0.1C4, if the surface potential satisfies 

W, <p t Veg — 2.3¢,. 

For a given Va,, find explicit expressions for dy, Oy, Vy, and Vp using the procedure 

outlined at the end of Appendix G. 

Mark the accurate limits of the regions of inversion on the curves of Prob. 3.3 using the 

definitions of Appendix G. 

Prove (3.2.6). {Hint: Find the total semiconductor charge Q¢ = G7 + Q% using basic elec- 

trostatics (Appendix B) by following a procedure similar to that of Prob. 2.12. From that 

find @; by subtracting (3.2.5a).] 

Verify the entries in Table 3.1. 

Verify the entries in Table 3.2. 
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41 INTRODUCTION 


The MOS transistor is obtained by adding one more terminal to the structure of 
Chap. 3, so that the inversion layer is contacted at two opposite ends. By applying a 
voltage between these ends, a current can be caused to flow in the layer. Since the 
density of carriers available for conduction depends on the gate potential, the latter 
can be used to either create or eliminate the inversion layer (i.e., turn the device “on” 
or “off”) for digital applications or to modulate its conduction in a continuous man- 
ner for analog applications. 

The path from the conception of the basic MOS transistor principle to the 
demonstration of working devices is spread over a quarter century!~4; see also Ref. 5. 
The basic theory of MOS transistor operation was developed in the early nineteen- 
sixties.°-? Extensive treatments on the MOS transistor were published in the late six- 
ties, including investigations of the role of diffusion current and the role of substrate 
charge.!-18 Our list of references to the work of the sixties is by no means complete, 
and many more references can be found in several early texts that helped spread 
the knowledge of the device.'!:!8-20 Starting in the sixties, the industry applied the 
newly acquired knowledge to the successful fabrication of digital ICs, and the need 
arose for efficient models for computer-aided design.*!-25 At the same time, the cur- 
rent in weakly inverted channels received considerable attention.**°9 Starting in the 
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seventies, attempts have been made to produce models valid for all combinations of 
external bias voltages by including drift and diffusion currents,*°*’ but in a simpler 
manner than that of early attempts.!? The above references are only indicative of 
early work in the topics mentioned in this chapter; further references on such topics 
will be given along the way. Extensive work has also been done on mobility behavior, 
ion-implanted devices, short- and narrow-channel devices, noise, the modeling of 
charges and capacitances, high-frequency operation, and other topics, as well as on 
extensive models for computer-aided design, incorporating many different effects. 
Related references will be given as such topics are discussed in this and in subse- 
quent chapters. 

The basic structure of a MOS transistor and a brief overview of its operation 
and characteristics were given in Sec. 1.6. In this chapter, our goal will be to deter- 
mine the drain current for any combination of dc terminal voltages. Throughout the 
chapter we will assume that the channel is sufficiently Jong and wide, so that edge ef- 
fects are confined to a negligible part of it; this statement wiil become more quantita- 
tive later on. We will also assume that the substrate is uniformly doped. (The doping 
will be assumed to be p type unless indicated otherwise.) There have been many 
models proposed for this basic case, and many readers are likely to encounter several 
of them in the course of their work. In this chapter, we will introduce these models in 
a systematic way. Although each model is usually derived in the literature indepen- 
dently of the others, here we will place all of them in context, by showing how they 
can all be derived from one important model, and how they relate to that model and 
to each other. Readers who do not desire a very detailed treatment can skip certain 
sections without loss of continuity. We indicate so explicitly in the beginning of such 
sections, or set them in fine print. 

An nMOS transistor with external dc voltages applied is shown in Fig. 4.1. In 
this figure, and all related figures in this book, we show only the part of the depletion 
region extending into the substrate. The extent of this region into the heavily doped nt 
regions is much narrower and is not shown for simplicity. (The complete picture of the 
depletion region would be qualitatively similar to that shown in Fig. 1.15.) In 
Fig. 4.1a we show a common substrate connection for the voltage sources, whereas in 
Fig. 4.15 we show a common source connection; both cases will prove useful in our 
ensuing discussion, We will be able to apply at the source end of the channel the re- 
sults we developed for the structure of Fig. 3.1c or d, with Veg = Vsg. Similarly, at the 
drain end, we will be able to apply those results with Voz = Vpg- It should be empha- 
sized that normal operation of a MOS transistor requires that both pn junctions be 
reverse-biased. Thus, for an nMOS transistor it will be implicitly assumed that} 


Von 2 0 (4.1.1) 
> 0 (4.1.2) 


+In MOS transistor models used in circuit simulation, diodes must be included between source and substrate, 
and between drain and substrate. This is in order to take care of cases where (4.1.1) and (4.1.2) are not satisfied 
in the circuit, and aiso to model the leakage currents of the reverse-biased n*p junctions. The n*p junction cur- 
rents are assumed to be modeled separately in this way, and are not considered here. 
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FIGURE 4.1 
An a-channel MOS transistor. (a) Terminal voltages referred to the substrate; (b) terminal voltages re- 
ferred to the source. 


We assume that the external dc voltages have been applied for a long time, so 
that all charges have reached steady-state values. 

If Vong = Vp in Fig. 4.1a, we have a situation similar to that in Fig. 3.1c, and the 
electric field in the semiconductor is perpendicular to the surface (except at points 
too close to the n* regions). If now Vpz # Vsp, there will be a nonzero component of 
the electric field in the horizontal direction. The horizontal field component will be 
assumed to be much smaller than the vertical component. Thus the field direction is 
assumed to be practically the same as in Fig. 3.1c, and the equations developed in 
reference to that figure will be appropriately extended for use here. (This approxima- 
tion is referred to as the gradual channel approximation and can be verified with 
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two-dimensional numerical computations; however, we will also encounter cases 
later where this approximation fails.) 

In this chapter, we will view the oxide and the depletion region under the chan- 
nel as perfectly insulating layers. This means that for the gate current J, and for the 
substrate current /, we will assume: 


I, = 0 (4.1.3) 
Ip = 0 (4.1.4) 


It will be seen in Chap. 6 that this assumption can be violated if the horizontal 
component of the electric field becomes so large that it can produce very energetic 
electrons; this can cause a nonzero /,, and, most importantly, a nonzero J, which must 
be added to the channel current, to give the total drain current. Also, at high tempera- 
tures, the drain-body junction can have a significant leakage current, which must also 
be included in the drain current. Thus, in general, the drain current J, can be different 
from the channel current, or drain-to-source current, Ips. In this chapter, unless noted 
otherwise, we will assume that the above effects are negligible, and thus 


In = Ips (4.1.5) 

Whereas in Fig. 3.1c the various charges were assumed to be uniformly distrib- 
uted along the x direction (except for points too close to the n* region), this will, in 
general, not be the case in Fig. 4.1, because potentials will vary with x. Thus, charges 
per unit area should be defined locally. For example, consider a small area element 
AA of the channel (as seen from above in Fig. 4.1) centered around x, and the inver- 
sion layer charge AQ, contained in it. The inversion layer charge per unit area Q; at 
point x is defined as the limit of AQ,/AA, as AA approaches 0; similarly for Q> and 
Q7,. In other words, we define: 


/ d 

g; = 2 (4.1.6) 
» _ ae 417 
fo dQ, 

o, = Ze (4.1.8) 


4.2 TRANSISTOR REGIONS OF OPERATION 


Typical sets of dc cunent-voltage characteristics for an NMOS transistor are shown 
in Fig. 4.2a and b, corresponding to Fig. 4.1a and b, respectively. If the logarithm of 
the current is plotted on the vertical axis, plots of the type shown in Fig. 4.3 are ob- 
tained. This type of plot is more fair to the moderate and weak inversion regions, 
which are very important in low-voltage, low-power applications. 
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Current-voltage characteristics corresponding to Fig. 4.1@ and b. In both cases Vp is assumed fixed, and 
Vesi= Vas: + Vsp- 


On each curve in Figs. 4.2 and 4.3, the initial, sloped part is termed nonsatura- 
tion, With sufficiently high drain potential, the curve flattens out and we have satura- 
tion.t The bound between nonsaturation and saturation will be discussed later. 


{In some of the literature, the names “nonsaturation” and “saturation” are used in conjunction with strong inver- 
sion only. Since the same qualitative behavior is observed also in moderate and weak inversion, we will be 


using the above names in any region. 
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FIGURE 4.3 
Logarithm of drain-source current vs. drain-source voltage, with gate-source voltage as a parameter. 


TABLE 4.1 

Transistor regions of operation 

Region Channel condition 

Trek na uctinn-octtscnpsnse cman Spesl coe ewe A a Rt ae 
Strong inversion The more heavily+ inverted channel end is in strong inversion 
Moderate inversion The more heavily} inverted channel end is in moderate inversion 
Weak inversion The more heavilyt inverted channel end is in weak inversion 


a 
+If both ends are equally inverted, either end can be considered. 


In general, the drain current depends on the terminal voltages, in a complicated 
manner. However, for certain combinations of terminal voltages, simplifications be- 
come possible and relatively simple expressions can be developed for the current. An- 
ticipating this, we will define transistor regions of operation as shown in Table 4.1. 
These definitions are consistent with long-established practice, and the rationale be- 
hind them will be seen in subsequent sections. As a mnemonic aid it should be noted 


that: 


The name of a region coincides with the level of inversion at the more 
heavily inverted channel end. 


For convenience in drawing certain figures (like Fig. 4.1) or providing certain plots, 
we will be assuming that the more heavily inverted channel end is the one next to the 
source, unless noted otherwise. This does not restrict generality, since the source and 
drain terminals in Fig. 1.20 are equivalent. 
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FIGURE 4.4 
Small element of the inversion layer in the device of Fig. 4.1. 


43 GENERAL CHARGE SHEET MODELS 


43.1 Complete Charge Sheet Model 


in this section, we derive expressions for the drain current, valid in all regions of in- 
version. The term general in the title refers to this universal validity. The term charge 
sheet refers to the basic assumption in the model, i.c., that the inversion layer is of in- 
finitesimal thickness.f We note that we have already made this assumption in Chaps. 
2 and 3. We will use expressions from those chapters in our present development. 
The model we will present has been derived in several references,*04!3~ but our 
derivation will be simpler. 

A key to the generality of the results we are about to develop is the observation 
that the current in the channel can be caused by both drift and diffusion (Sec. 1.3). 
Thus, let x be the horizontal position in the channel, measured from the source end. If 
the inversion layer current at x is denoted by /(x), we will have 


I(x) = Lanitt{®) + f yige (®) (4.3.1) 


To write an expression for the drift component, consider a small element in the 
inversion layer between x and x + Ax in Fig. 4.1@, as shown magnified in Fig. 4.4. 
The potential difference across this element is Aw,(x) = w(x + Ax) - w(x). Compar- 
ing this figure to Fig, 1.5 [and assuming that the electron velocity is proportional to 


’ Note, nevertheless, that when drawing a figure it is convenient to use a finite thickness for the inversion layer. 
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the smail horizontal electric field, analogous to (1.3.8)], it is obvious that we can use 
(1.3.15) with V replaced by Aw,,(x), a replaced by Ax, b by W, and |Q’| by -Q’, where 
Q; is the (negative) inversion layer charge per unit area at x. Also, zg must be re- 
placed with a smailer mobility value because electrons move with difficulty parallel 
to the surface (the semiconductor-oxide interface), being pulled toward it by the ver- 
tical field. The corresponding mobility will be called the surface mobility and will be 
denoted by x. (This quantity will be considered in more detail in Sec. 4. 10; for now it 
can be assumed that it has roughly half the value of zg.) We will thus have 


WwW 
Tain (4) = u(-O;) Ay,(x) (4.3.2) 
x 
which, allowing Ax to approach zero, becomes 
r\ ah, 
Tein (0) = pw(-g7) (4.3.3) 
The diffusion current component can be obtained as in (1.3.20): 


do’ 
Tyig¢(x) = “WO, ma (4.3.4) 
We should note here that, if the inversion layer were assumed to be of finite 
thickness and the electron concentration in it varied with depth, (4.3.3) and (4.3.4) 
would still be valid, assuming a “laminar” electron flow. This is owing to the general- 
ity of (1.3.15) and (1.3.20), discussed in the corresponding footnotes in Sec. 1.3. 
However, this point is not of much importance here, where it is assumed that ail in- 
version layer charge is concentrated within an infinitesimal depth from the “surface.” 
In de steady state, which is the only case discussed in this chapter, the total cur- 
rent in the channel must be the same for all x and equal to the drain-to-source current 
(which, under our assumptions of Sec. 4.1, is equal to the drain current). Using this 
fact and (4.3.3) and (4.3.4) in (4.3.1), we obtain 


dys dQ; 
{+ uWod, — 43.5 
nett @, x (4.3.5) 


Ins = “W(-@;) 
Let the surface potential at the source end of the channel (x = 0) be denoted by 


wo, and Q’ there by Q’;). Let the corresponding quantities at the drain end of the chan- 
nel (x = L) be denoted by ¥,, and Q/,. Integrating (4.3.5) from x = 0 to x = L we obtain 


L Ose , Oi , 
[, Ips dx = Ww, w(-O7) db, + was). “dQ; (4.3.6) 


Since [pg is independent of x it can be moved outside the integral. Thus the left- 
hand side is equal to /p,L and we have 


WI ees Q; , 
Ips = *) * u(-O1) db, +4)” dQ) | (4.3.7) 
L sy 219 
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Thus we can view /,,. as consisting of two components Ipy., and Ipng:4*49 


where /p5, is due to the presence of drift: 


(4.3.9) 


(4.3.10) 


The interpretation of Jp, and /ps7 requires some caution. Note that, in general, 
there may not be single values of a drift current and a diffusion current in the chan- 
nel, since Jage(x) in (4.3.3) and Iage(x) in (4.3.4) are functions of position? Never- 
theless, the above development makes it clear that Jp, is there because drift was 
assumed to be present in the channel; were there no drift, there would be no Ing). 
Similarly, /p>. is there because it was assumed that diffusion was present in the 
channel. 

We now make the assumption that 4 is constant along the channel (the more 
general case will be discussed in Sec. 4.10). Then 42 can be moved outside the inte- 
gral in (4.3.9) and (4.3.10), and we have 


Ww Pep, , 

los = TI, (-O;) ay, (4.3.11) 
Ww ; ; 

Ingo = ral i ~ Qr0) (4.3.12) 


To evaluate now Iy,., and Ips5>, we need Q} as a function of %,. An appropriate 
expression has been derived in (3.2.8a) and is repeated below. (The expression is, of 
course, assumed valid here because of the ‘‘gradual channel approximation” made in 


Sec. 4.1.) 


Q; = Cl Ve — Veg — &, + £s | (4.3.13) 


where (’, is, from (3.2.55) 


oo} 


On = -7¥ C3 V¥, (4.3.14) 
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Thus Q’, becomes 
Q; = -C3.(Vos — Veg — Be ~ V4 ) (4.3.15) 


Using this in (4.3.11) gives the drain current component due to the presence of 
drift: 


Wi, — We) — 4 da? - ¥20°)| 


WH 
fps = TL uCi,| (Vou ~ Veo (Yer - to) ~ 4{ 


(4.3.16) 
Using (4.3.15) in (4.3.12) gives the drain current component due to diffusion: 
W 1/2 li2 i 
I nsa = L uci.|4 CA ~ to) + by vir _ Pro ) (4.3.17) 


The only step remaining is the evaluation of ¥,. and ¥,, from the externally 
applied voltages in Fig. 4.14. Comparing this figure with Fig. 3.lc, we note that the 
expressions developed for the latter can be used at the source end of the channel by 
replacing Veg by Vsg- Similarly, such expressions can be used at the drain end of the 
channel by replacing Vcg by Vpg. Thus, writing (3.2.75) for the source end and the 
drain end of the channel, we obtain*?*° 


Vids 


= Vos — Ves — W\ tea + elise 2bF Ys (4.3.182) 


Voy 


bs -2op-V. 
Vor — Vea — bu + ge aed (4.3.180) 


These equations can be solved for #,9 and ¥,, by iteration. This can easily be 
done with a computer. Methods to speed up the computation of %,q and #,, can be 
found in the literature, where several implementations of the charge sheet model are 
discussed .>!-5? 

A plot of &, vs. Vpg (or of wo VS. Vsg) is shown in Fig. 4.5. The symbols used 
on the figure are defined in Chap. 3. The plot saturates at a value dependent on Vga, 
as given by (3.2.16). The numbered points are in relation to an upcoming discussion. 

Note that by neglecting the edge effects near the drain we have ended up with a 
potential ¥,, at the drain end of the channel which will, in general, be different from 
the potential in the n+ region. Thus it would seem that a potential discontinuity would 
exist at the n* region boundary. As expected from the associated discussion in Sec. 3.5, 
a more detailed picture would include a transition region containing the boundary, over 
which the potential would change continuously and, eventually, would become equal to 


+The reader is warned that this equation, although theoretically sound, can cause numerical difficulties in weak 
inversion. This is explained later in this section. An improvement is suggested in Prob. 4.2. 
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FIGURE 4.5 
Surface potential at the drain (source) end of the channel vs. drain-substrate (source-substrate) voltage for 
a given gate-substraie voltage. 


the potential in the n* region. The length of this transition region may be expected to be 
roughly the same as the depth of the depletion region under the drain. In this region, 
one cannot assume that the electric field is practically vertical. Similar comments apply 
to the source end of the channel. Based on such a picture, one could interpret Z in the 
above analysis as representing the length of the channel, excluding the source and the 
drain transition regions, and y,, and w,, as the surface potentials to the right and left of 
these regions, respectively. Then (4.3.18) would again be used, assuming the effect of 
Vsp and Vpp at the two points remained essentially the same. However, for the long 
channels assumed in this chapter we can continue viewing L as the total source-drain 
spacing. Note that in our analysis we are forced to neglect the above effects since they 
cannot be handled by the “gradual channel approximation,’ which we have adopted to 
be able to obtain simple analytical results. An investigation of the above effects would 
have made necessary the use of two-dimensional analysis requiring a numerical solu- 
tion, or at least a pseudo-two-dimensional analysis (Chap. 6). 

We now fix Vop, keep Veg as a parameter, and vary Vp,. We find the corre- 
sponding ¥,, and #,, from (4.3.18) and substitute them in (4.3.16) and (4.3.17). 


tReaders familiar with quasi-Fermi levels (see Appendixes A and H) will recognize this assumption as equiva- 
‘em to assuming that the electron quasi-Fermi levels remain essentially constant over the transition regions; a 
corresponding assumption is often made in pr junction theory. !®8 
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Adding Ip., and Ips, produces Ips as in (4.3.8), and gives the plots of Fig. 4.2a, 
where the current is shown vs. Vp, with Vgp as a parameter. These plots can be con- 
verted to the ones in Fig. 4.2b, where we show the current vs. Vig = Vag — Vog, with 
Vos = Veg — Vsg aS a parameter. Plotting In /ps, rather than Ips, produces Fig. 4.3. In 
these figures, the regions of operation are marked according to Table 4.1, with the 
values of V;, or Ve, delineating these regions denoted by the symbols defined in 
Chap. 3. These values are not of interest at this point. What is important is to note 
that the single expression (4.3.8) predicts the current in all these regions. Experi- 
ments agree well with this expression.436>!~56 

Note that all curves in Fig. 4.2a saturate for large Vp,. This can be understood 
by relating the drain current for one of the Vg, values (say, Vga, in Fig. 4.2a) to the 
corresponding surface potential w,, at the drain. This is shown in Fig. 4.6: increasing 
Vig eventually drives the drain end of the channel into weak inversion, where #,, be- 
comes practically constant at a value dependent on Veg = Voggq only, for reasons ex- 
plained in Chap. 3 {see (3.2.16) and Fig. 3.12]. Increasing Vpg further has little effect 
on &;. Thus Ipc, and Zs in (4.3.16) and (4.3.17) also become independent of Vpg. It 
is seen then that, although the source end of the channel can be, say, strongly inverted 
with a large |Q’,| and with w,,) strongly dependent on V,,, the drain end of the channel 
can be weakly inverted with a small |Q’,| and with %,, practically independent of Vp, 
However, the current at the two ends (and throughout the channel) is the same. This 
should not be surprising since, as follows from (4.3.5), the current at any point in the 
channel is not determined only by the value of Qj at that point. This will be discussed 
further later on. 

Consider now a value of Vp, corresponding to the saturation part of the curves 
in Fig. 4.2 or 4.3. If Ip, and its components are plotted for that value vs. Vg, we ob- 
tain the curves of Fig. 4.7.49 To include a large range of currents, a logarithmic verti- 
cal axis is used. The regions of inversion across the horizontal axis have been marked 
according to the definitions of Table 4.1. Here Vp, is larger than V5,, so that the more 
heavily inverted channel end is the one next to the source. The region of inversion at 
that end can be determined as in Chap. 3. We note here that in transistor literature the 
weak inversion region is often not bounded from below; i.e., everything below mod- 
erate inversion is called weak inversion, as long as the current does not become so 
low as to be masked by leakage currents (Sec. 4.6). 

It is seen in Fig, 4.7 that in strong inversion Ip, = Jpg, SO the current is mainly 
due to the presence of drift. In weak inversion, the current is mainly due to the pres- 
ence of diffusion, since /y, = [p.9. However, in moderate inversion both Ips, and Ing 
are important; both drift and diffusion play an important role in this region. Similar 
conclusions can be reached for other Vpz values. 


SYMMETRY. It is clear from (4.3.8), (4.3.16), and (4.3.17) that Ip, can be written in 
the form 


(4.3.19) 
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(a) Drain-source current for a transistor operating in strong inversion vs. drain-substrate voitage for fixed 
source-substrate and gate-substrate voltages; (6) surface potential at the drain end of the channel, corre- 


sponding to (a). A drain-source voltage axis is shown at the bottom of the figure. 
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FIGURE 4.7 
Drain-source current /ps, its component due to drift Jpg). and its component due to diffusion Jpg. vs. gate- 
substrate voltage for a large drain-substrate voltage corresponding to the saturation part of the character- 


istics in Fig. 4.2a.*? A logarithmic axis is used for the current. 


where 


Be -tyhP + dyK? || 43.20) 


1 
2 


fv.) = HCl (Vos — Ver +O) - 


Equation (4.3.19) is in a form which emphasizes the symmetry of the transistor. 
If the potentials at the source and drain are interchanged, the only difference will be 
that Ip, will change sign. That /ps must be in the form of (4.3.19) can also be de- 
duced directly from (4.3.7). In fact, this form, with f(w,) an appropriate function, will 
be valid even if 4 depends on y, in that equation. 


NUMERICAL ISSUES. We now come to a numerical problem associated with (4.3.17) 
in weak inversion, where Ips = ps2. Consider a transistor operating in this region, 
with Vsp and Vp, corresponding to two points between Vy and V, in Fig. 4.5. As 
seen, w,, is then nearly equal to Yo (no difference can be seen in the figure). Thus, 
even a very small error in the values of w,, and ¥,9 can mean a large relative error in 
the differences on which (4.3.17) relies; thus, the resulting relative error in the cur- 
rent can also be large. One can then hope to get Ips from (4.3.17) only if %,, and Yo 
are known extremely accurately, which requires several iterations when solving 
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(4.3.18). Approximate explicit expressions for %, will not work with (4.3.17) in weak 
inversion. (A way to circumvent this drawback is suggested in Prob. 4.2.) We also 
note that high-precision arithmetic 1s required in evaluating [p<> from (4.3.17).7 

The general charge sheet model we have presented is often developed in the lit- 
erature by using the concept of quasi-Fermi potentials (Appendix J). This results in a 
more complex derivation*®-+!43~6 than the one we have presented. It is also possible 
to calculate the current without making the charge sheet approximation, allowing for 
the spreading of the inversion layer below the surface, and even allowing for the pres- 
ence of holes in the depletion region; this was done quite early by Pao and Sah!° (Ap- 
pendix J). Although their analysis is recognized to be very general and accurate, it in- 
cludes the numerical evaluation of a double integral and is, thus, computationally 
inefficient. It has been shown that the double-integral formulation can be reduced to 
an equivalent single-integral one,*” but numerical integration is still required. The 
charge sheet model we have presented is known to be in excellent agreement with 
these general formulations and does not require numerical integration. 


SURFACE POTENTIAL AND INVERSION LAYER CHARGE VS. POSITION. For visu- 
alizing transistor operation and for calculating certain quantities, it will be useful to 
relate the surface potential y%, to the position along the channel x. The part of the de- 
vice in Fig. 4.la between point x and the source can be viewed as a transistor by it- 
self, with point x playing the role of the “drain” and ¢&,(x) playing the role of the sur- 
face potential at the “drain” end; the channel length of this transistor will be x. Thus, 
in lieu of (4.3.19), we will have for this transistor 


W 
Ios = —[FY.(4)) - F(U0)] (4.3.21) 
where, of course, the current is the same as in the complete device owing to current 
continuity in the channel. Eliminating J», between the above equation and (4.3.19), 
we obtain 


x _ fil) = Abo) 
L f(y.) ~ F(4,0) oe) 


This equation gives the relation between x and %,(x). The easy way to get re- 
sults from it is to give values to %,(x) between &,, and ¥,,, and determine x. In strong 
inversion, plots obtained in this way have the form shown in Fig. 4.8. In moderate 


{A numerically robust form for fp, = ps, + ps2 can be obtained*’ by factoring out ¥,, ~ %,» from (4.3.16) and 
(4.3.17). This gives 


W bs, re egy oe 
fos = 7 #Cox Vow — Veg — + (Use + Yao) — ey Re eet hoo eer Psp — t50) 


U2 
Be” + bso SL 0 


This form is less sensitive than (4.3.16) and (4.3.17) to limitations caused by finite precision arithmetic. 
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FIGURE 4.8 
Surface potential vs. distance from the source for given Veg and Vs,, for two values of Vpg (strong inver- 


sion is assumed}. 


inversion, the variation of ¢, with x for Vpg > Vsg would be less pronounced. In weak 
inversion, the two curves would practically coincide since, in that region, the varia- 
tions of the surface potential along the channel is negligible even when Vpg > Vsg. 

The variation of charges with position in the channel can now be determined. 
One can, for example, consider (4.3.15) and (4.3.22) as a parametric representation 
of Q' vs. x. For each value of u(x) (between ¢,, and %,;) given to (4.3.22) and 
(4.3.15), a point (x, Q)) is obtained. Thus one can plot Q’, vs. x. For the case illus- 
trated by the upper curve of Fig. 4.8, one finds from (4.3.15) that | Q‘| as predicted by 
the charge sheet model decreases monotonically along the channel as we go from the 
source toward the drain. 

One can similarly evaluate df,/dx and dQj/dx as a function of position x, and 
substitute them into (4.3.3) and (4.3.4). It is found that Jyig(%) decreases with x, 
whereas [ji¢(x) increases.’ The values of these two current components at every x 
are such that their sum is constant and equal to Ing. 


4.3.2 Simplified Charge Sheet Models 


The “complete” charge sheet model of (4.3.8) and (4.3.16) to (4.3.18) is very accu- 
rate, but is too complicated for some applications; this becomes apparent when the 
same formulation is extended to charge evaluation, which is needed in transient re- 
sponse calculations (Chap. 7). Part of this complexity is due to the 3/2 power and 1/2 
power terms in (4.3.16) and (4.3.17), respectively. It is clear from the development 
presented that the origin of these terms is the square root in (4.3.15). This square root 
is, in turn, due to the expression for Q’, in (4.3.14). Figure 4.9 shows a plot of 
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FIGURE 4.9 
The quantity -Q,,/C,,, vs. surface potential. 


~Q,/C.,, vs. w, from that equation. The surface potential in the channel will be be- 
tween ¥,, and #,, (see our discussion above on surface potential vs. position, and 
Fig. 4.8). As seen in Fig. 4.5, the surface potential at the drain, w,,, can be no higher 
than ¥,,, and in fact it can only approach the latter asymptotically, for very large 
drain-substrate voltages. Since the slope of the plot in Fig. 4.9 does not vary much, it 
is reasonable to attempt to approximate —Q/,/C¢, by the first two terms of its Taylor 
expansion around a convenient expansion point ¥, = ¥,, (choices for %,, will be dis- 
cussed shortly). This gives, from (4.3.14): 


~&a . aa ee 
C. 0 Le + 2a), (y, Yoo ) (4.3.23) 


Let us define, for later use, a quantity a as follows: 


¥ 
a= 1+ ——= (4.3.24) 
24) Ge 
In terms of this quantity, (4.3.23) can be written as 
_ Qe _ Ai = 
ct mae bse - (a Iv, de) (4.3.25) 


Ox 


Using this in (4.3.13), gives the inversion layer charge: 
Q; = ~C,,| Ven — Veg ~ Yo ~ ¥\ tre — @ (v, = V,.)| (4.3.26) 
We see that under the above approximation, Q; for a fixed V¢, varies linearly 


with variations in w,. This approximation for Q; is more satisfactory than it is for Q}, 
as Q; already contained a linear term to begin with [see (4.3.13)]. The nearly linear 
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variation of Q7 with &, for a fixed Vg, can be also be observed in Fig. 3.11. Differen- 
tiation of (4.3.26) gives 


dQ; 

=aC,, 4.3.27 

a, 0 ( ) 
This is a key relation for simplifying the expression for the current. Indeed, 

using it in (4.3.11) to perform a change of variables from w, to Q;, we obtain 


W On i 
— _Q’\)—— do; 4.3.28 
ojo | 0) ac 2; ( ) 


O-8 


Ips) = L sa 
which gives: 


(4.3.29) 


whereas I, is still given by (4.3.12), repeated below: 


W , , 
nso = TL ud,( Qi, _ Oro) (4.3.30) 


Adding these two expressions gives a result similar to ones derived by various 
means elsewhere.®.70.7!.64.65.62 Ways to evaluate Q’, and Q7o, either iteratively or 
using explicit approximate expressions in terms of external 


proposed. 70.71.6465 
In the above equations, we can use Qj, and Qj, as obtained from (4.3.26), with 


b=, and , = ¥,,, respectively. This gives 


bias voltages, have been 


Ww, _- 
Ips) = LE ulin} (Vor ~ Veg ~ VV Lee ~ Use + abs. (Yor ~ ef, ) ~ 5 (si ~ #) 
(4.3.31) 
W 
lps = TL UC,.a b, (We — t,o) (4.3.32) 


Although it is tempting to further simplify (4.3.31) by taking advantage of the 
form of (4.3.24), we will not do so as the value of a will have to be modified in some 


cases, as we will see. 


ee 
+For improved numerical robustness (&,, — iq) Can be factored out. 
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0 


FIGURE 4.10 
Solid line: -O,,/C;, vs. surface potential. Line a: approximation (4.3.25) with (4.3.33) and (4.3.36). Line 
b; improved approximation obtained by slightly lowering the value of a. Line c: approximation @ = I. 


Our discussion so far has been in terms of an arbitrary expansion point, ¥, = 
¥,, Two choices for %,, have been proposed in the literature. These are considered 
below. 


1, EXPANSION AROUND #9: SOURCE-REFERENCED MODELS. Let us choose:6!,62 
Use = Yo (4.3.33) 


This corresponds to approximating -Q,/C., [see (4.3.23)44.3.25)] as shown 
by line a in Fig. 4.10. This choice of %,, was originally suggested for a strong inver- 
sion model in Ref. 24. Using the above value in (4.3.31) and (4.3.32) we obtain 


al — Veg — &q — ¥V 4,0 \ ber — %, ) ~ 5 (a ~ bo) 
(4.3.34) 


W A 
I n59 = nb ta ~ to) (4.3.35) 


where the nominal value to be used for a, which we will denote by a@,, can be found 
by using (4.3.33) in (4.3.24): 


4 
=]+——— (4.3.36) 
24/byo 


it 
R 


As seen, in the current equations the drain surface potential appears only in a dif- 
ference with the source surface potential. This is typical of source-referenced models 
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FIGURE 4.11 
Solid line: -Q,/C,, vs. surface potential. Broken line: approximation (4.3.23) with (4.3.37). 


and will be seen to lead to popular strong-inversion modeis in Sec. 4.5. On the other 
hand, the inherent symmetry of the ideal MOS transistor is not apparent in the above 
equations. Certain refinements are needed before the above approach can lead into a 
fully developed model. 

It has been seen that (4.3.25), with @ as in (4.3.36), results in the approximation 
shown by the upper broken line in Fig. 4.10. One can improve the overall accuracy of 
O%, vs. w,, by replacing a above by a slightly smaller value. This corresponds to the 
type of approximation shown by line b in Fig. 4.10. We will see examples of this 
practice in Sec. 4.5. The slope of line b can be made a function of #,; — W, for even 
better accuracy. For future use, Fig. 4.10 also shows the poor approximation result- 
ing from assuming @ = 1 in (4.3.25) (line c). 


>. EXPANSION AROUND ¢/,,: SYMMETRIC MODELS. A different choice for ¥,, 1564.65 


Uo = Weg (4.3.37) 


This leads to the approximation shown by the broken line in Fig. 4.11. This 
choice gives an accurate Qj, and thus an accurate Q;, when &, ~ W,q. It will be re- 
called that at such values of w,, Q; becomes negligible in comparison to Qp (Fig. 


a 
+As seen from line a in Fig. 4.10, the choice in (4,3.33) results in an expansion which is most accurate near the 
source. Near the drain, Q% and thus Q% will be somewhat in error. In the complete charge sheet model, as Vpg 
was raised, ¥,, approached J,, and Q’, approached 0, leading to “saturation” of the Zp, curves as in Fig, 4.64 
Here, though, because of the above smail error Q', approaches 0 at a value of w,, slightly different from ¢,,. 
This should be taken into account.*! It tums out that this is not a serious problem, as for real devices the satura- 
tion value of ¥,, has to be modified anyway to take into account other effects such as velocity saturation 
(Chap. 6). 
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3.11), and we are in weak inversion or depletion. Thus, this approximation provides 
best accuracy for Q, when Qz is dominant. At the other extreme, i.e., when Q; is 
dominant, inaccuracies in Q; matter little anyway, since this charge contributes a neg- 
ligible amount to the total semiconductor charge.® Using (4.3.37) in (4.3.24), one 
finds that a a becomes equal to the quantity n in (3.2.18): 


a=n=1+— (4.3.38) 


a v)| 


(4.3.39) 


Wo 
Ips = Moths tae _ 9) (4.3.40) 


These equations make apparent the symmetric role of the source and drain, just 
like the complete charge sheet model in Sec. 4.3.1. The values of #,, and %,, can be 
calculated, for given Veg, Veg, and Vg, from (4.3.18). 


FORWARD AND REVERSE CURRENTS. From (4.3.8), (4.3.29), and (4.3.30) we can 
write [below we assume that a =n, from (4.3.38)): 


tos = tps + los2 (4.3.41a) 
W i . 
= Fal te ro ~ i) + (Qn _ 2) (4.3.41) 


W r2 #2 
= 7 y= _ 40% 7 ud 4( ain 40%, (4.3.41c) 


(4.3.42) 


where:§.65 


(4.3.43) 


146 OPERATION AND MODELING OF THE MOS TRANSISTOR 


(4.3.44) 


In the saturation region, as Vpg becomes large and &,, approaches w,,, Qj, ap- 
proaches 0 and so does [, (see Fig. 3.12). The drain current then approaches a con- 
stant value, as expected. We thus have 


(4.3.45) 


1s, saturation = I 


Similarly, if V>_ becomes large and ¢%,) approaches ¢%,,, Qj) approaches 0 and 
so does /,. We can interpret this as reverse saturation. We thus have: 


I ys.rev-saturation = —!R (4.3.46) 


We see then that the drain current in (4.3.42) can be interpreted®*° as the 
sum of a forward component, /,, and a reverse component, I,. The first of these 
components depends only on V,, and V.,; the second depends only on Vg and 
Vog- A similar interpretation 1s possible for the complete charge-sheet model of 
Sec. 4.3.1. 


CURRENT-BASED MODEL. It was seen above that /p, can be expressed in terms of 
the forward saturation current /, and the reverse saturation current /p. Similarly, other 
quantities of interest in the transistor, such as charges and small-signal parameters, 
can also be expressed in terms of these currents.®-®:”* For example, one can ex- 
press’? Q4, and Q4, in terms of /, and /p, by solving (4.3.43) and (4.3.44). One thus 
ends up with a model in which all quantities of interest, instead of being functions of 
bias voltages, are functions of J, and /,. Since these are, respectively, the forward and 
reverse saturation currents, they are easily measurable and are the currents that are 
often used to bias the transistors in practical circuit design. The reader is referred to 
the literature for further information on this concept.®°*.74 


4.3.3 Model Based on Quasi-Fermi Potentials 


All of the above models are based on (4.3.5), which expresses the total channel cur- 
rent as a sum of a drift and a diffusion term, proportional to Q%,(dy,/dx) and dQj/dx, 
respectively. It can be shown that these two terms can be combined into a single term 
proportional to Q}(dV/dx), where V is the so-called “quasi-Fermi potential.” This for- 
mulation ts outlined in Appendix J and is quite general, in that it 1s also valid without 
making the approximation that the inversion layer is a charge sheet of negligible 
thickness.!° Unfortunately, the models this formulation has lead to are complicated 
(Appendix J). 
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FIGURE 4.12 
Definitions of regions of inversion in terms of gate voltage, for a given Vg, (it is assumed that Vp, 2 Vea). 


44 REGIONS OF INVERSION IN TERMS 
OF TERMINAL VOLTAGES 


It was seen in Sec. 4.2 that the transistor is said to operate in a certain region of inver- 
sion, if its most heavily inverted channel end is in that region of inversion. On the 
basis of this definition, the regions of inversion have been defined as in Table 4.1. We 
now define these regions in terms of externally applied voltages. 


DEFINITIONS IN TERMS OF GATE VOLTAGE. Let us assume arbitrarily that the 
drain end is no more heavily inverted than the channel end. This is equivalent to 
assuming: 

Vor = Vsp (4.4.1) 


This assumption can be written in terms of Vp, as follows: 
Vns 2 0 (4.4.2) 


Then we can give the condition for operation in a certain inversion region, in 
terms of the inversion level at the source end of the channel. We can use appropriate 
conditions developed in Chap. 3 for the structure of Fig. 3.!c or d, simply by replac- 
ing terminal C by the source terminal S. Thus, from Fig. 3.2 or Table 3.2 (second and 
third rows), the regions can be defined in terms of Vg or Vg, as shown in Fig. 4.12 
{in drawing this figure, we have arbitrarily assumed that V,, is greater than Q). We re- 
mind the reader that the quantities marked on the V,, axis are given by (Table 3.1): 


Vip = Veg + 2b + ¥f2bp + Veg (4.4.3) 
Vi = Vu + Vz (4.4.4) 


tWe make this convenient assumption just in order to be able to draw some figures and give some equations in 
a specific way. This does not really restrict the generality of our discussion. If Voy < Vsq (Vs < 0), the role of 
the source and drain are interchanged: then simply replace Vpg by Vs, and vice versa, and Vp, by Vsp, in the 
equations that follow. See Prob. 4.7 for other ways to define regions of operation. 
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with the value of V, being several tenths of a volt (0.5 to 0.6 V at room temperature for 
practical devices, Vz decreases slightly with increasing Vs,). The corresponding Vez 
limits can be found by simply adding V5, to the above values, as indicated in Fig. 4.12. 

Recail that in Chaps. 2 and 3, a Jower limit for the weak inversion region was 
also defined at Veg = Vg. However, when dealing with a complete transistor, this 
lower limit is rather academic, for two reasons: (1) Nothing really special happens at 
that limit. As seen in Fig. 3.2, the various plots are smooth, and their shape does not 
change drastically below Vez = Vg. For this reason, some of the equations we will 
develop in this section can hold even below that limit. (2) In a real MOS transistor, 
the observable (and usable) drain current is the sum of the rea} drain current and a 
reverse-junction leakage current (which can include the leakage of the drain-substrate 
ntp junction as well as leakage across the depletion region under the channel). Thus, 
a “pragmatic” lower limit for weak-inversion operation can be taken to be at a point 
where the leakage current can be neglected, requiring 


In > J (44.5) 


where J; is the leakage current. This current is difficult to predict; it depends on fabri- 
cation details and increases rapidly with increasing temperature. Often, at room tem- 
peratures and above, (4.4.5) will restrict the usable weak-inversion region width to a 


value smaller than Viyg — Vrz- 


DEFINITIONS IN TERMS OF SOURCE AND DRAIN VOLTAGES. For a given Vgp, the 
surface potential at the drain (or source) end of the channel can be plotted vs. the 
drain (or source) voltage with respect to the substrate, as shown in Fig. 4.5. It is clear 
that one can determine the level of inversion at the source and drain ends of the chan- 
nel by comparing each of Vsg and Vpg to the quantities Vg and Vy, which were dis- 
cussed in Sec. 3.5 and given in the last row of Table 3.1. For convenience, we repeat 
the values of these quantities below: 


Slee oe a + Vop — Veg — Vp | — 2 (4.4.6) 


baat 
Vy = — + en EV Vey | SOes (4.4.7) 


where, in (4.4.6), V, is the same quantity discussed above. 

Thus, for example, it follows from Table 4.1 that if the conditions at the source 
and drain correspond respectively to points 1 and 2 in Fig. 4.5, the transistor operates 
in weak inversion, and the same will be true for points 1 and 3. For points, respec- 
tively, 5 and 2 or 5 and 3, it operates in moderate inversion. The transistor operates in 
strong inversion for points 4 and 5, or 4 and 1, or 4 and 3, etc. Note that if point 3 
corresponds to the source and point 4 to the drain, the transistor is still said to operate 
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FIGURE 4.13 
Definition of regions of operation for a MOS transistor in terms of source-substrate and drain-substrate 


voltages for a given Vig. 


in strong inversion, according to Table 4.1. However, now the most heavily inverted 
channel end is the one next to the drain; here Vpg < Veg (Vp, < 0), which results in 
Ing < 0. This sort of operation can be termed as reverse, whereas forward operation 
can refer to the opposite case, for which most of our equations have been written. 

Using the above observations, it is easy to see that a general way to define the re- 
gions of inversion is as shown in Fig. 4.13. As an example, a transistor with Vs, < Vp 
and Vy < Vig < Vy can correspond to, say, point A. The transistor is then in (forward) 
strong inversion. 

Note that in accordance with the discussion above, we prefer not to specify a 
mit between weak inversion and depletion. Rather, we take a transistor to operate in 
weak inversion if it corresponds to a point in the upper right-hand corner in Fig. 4.13 
as long as the current remains well above the leakage current. 

In the next three sections, we will discuss each region of inversion separately, 
looking for possible simplified expressions for the drain-source current. Such simpli- 
fication is sought for several reasons. An obvious one is computational speed. Having 
to solve (4.3.18) numerically makes the general charge sheet model unsuitable for 
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hand calculations and not very efficient for computer simulation of large circuits. 
Another reason for seeking simplification is that, by concentrating on the dominant 
phenomena in each region of inversion and by making certain approximations, the re- 
sulting form of the drain current expression can “display” these phenomena in an ob- 
vious manner in some cases. Certain easily identifiable or measurable parameters can 
be made to appear in the expression. Finally, if the form of the functional dependence 
of the drain current on the terminal voltages is made apparent in a simple, explicit ex- 
pression, a circuit designer may be able to take advantage of this form in creating 
new circuits. 


4.5 STRONG INVERSION 


A transistor is said to operate in strong inversion if at least one of the two channel 
ends is strongly inverted. Several models have been developed for the strong inver- 
sion region. Each has something going for it. Historically, each strong inversion 
model was developed from ground zero, starting with appropriate strong inversion as- 
sumptions. However, in order to make clear where these models fit in the overall 
modeling framework, we will develop them starting from the charge sheet models of 
Sec. 4.3. 


4.5.1 Complete Symmetric Strong-Inversion Model 


NONSATURATION. With strong inversion guaranteed at the source end of the chan- 
nel, if Vox = Vsp (Vps = 0), the drain end will also be strongly inverted. If now the 
drain potential is raised, the level of inversion there will decrease and, eventually, 
strong inversion at that point will cease. For the present, we assume that the drain po- 
tential is sufficiently low so that this does not occur. With both channel ends strongly 
inverted, the corresponding surface potentials at these ends will be, from (3.4.6), 
using Ve, = Vsp and Veg = Vos, respectively, 


45.1) 
(45.15) 


The most commonly used value for dp is 2¢,. However, this is not accurate, for 
reasons discussed near the beginning of Sec. 2.5.2. Thus, bo = 2¢y + Ad should be 
used: for the uniform substrates we are assuming here, Ad = 64, is a good compro- 
mise value for ¢p, for common ranges of substrate doping concentration and oxide 
thickness. 

Strong inversion at both ends ensures strong inversion throughout the channel 
since the surface potential varies monotonically from ¢,o at the source to #,, at the 
drain (Fig. 4.8). As established in Sec. 4.3.1, in strong inversion the current is almost 
totally due to drift. Thus, we use (4.3.16) to model it, with #,, and #,, as in (4.5.1). 
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- Denoting by Jnsy the current in the case we are presently considering (both channel 
ends strongly inverted), we have then the classical model®-!4 


losy = FHC Ya - Vee \ Vg - Via) ~ $1(Von + dy) ~ (Vsp + 4) | 


-4y(4 + Von) ~ (ty + Von) 


(4.5.24) 
or, after some manipulations, 


— Veg - to )(Voe ~ Vs5) ~ 3 (V5 ~ Vin) 


y? — (by + Va)" ]} (4.5.2b) 


Thus, the drain current becomes an explicit function of the terminal voltages, a 
very desirable result, which is to be contrasted with the general models of Sec. 4.3.1. 
_ Note also that [psy is of the form”? 


W 
losw = TL [s(Voe. Vor) — s(Voa: Vsa)] (4.5.3) 


- which shows the symmetry of source and drain.t Another form of (4.5.2) is consid- 
_ eed in Prob. 4.8. Equation 4.5.2 is the basis of the “level 2” model in the Berkeley 
~ Spice simulator.’3 


DERIVATION DIRECTLY IN STRONG INVERSION. In classical treatments, (4.5.2) is 
- derived directly®-!+ (rather than from the general case of Sec. 4.3.1), as follows. For 
any point x in the channel, where the surface potential is %,(x), a quantity V-,(x) is 
— defined such that 


U(x) = Po + Veg(*) (4.5.4) 

Thus, using (4.5.1), we obtain 
Veg(O) = Vop (4.5.5a) 
Veg(L) = Vop (4.5.55) 


’ FExpeessions (4.5.2) can be written in terms of source referenced voltages by using in it Veg = Veco + Veg and 
* Vay = Vag + Voq. This, however, destroys the symumetry in the equations. We will postpone our discussion of 
* sonrce-referenced models until Sec. 4.5.3. 
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Recalling now the view of the strong-inversion layer as an n* region, which 
along with the substrate forms a field-induced n*p junction (see Sec. 3.3), an easy in- 
terpretation becomes possible for Vcg(x). It can be viewed as the “effective reverse 
bias” between the inversion layer at point x and the substrate, changing from Vsp at 
the source to Vpz at the drain. We have used the symbol Vc, so that the equations of 
Sec. 3.4.2 become directly applicable here. 

Since @p is assumed constant, from (4.5.4) we have dy (x)/dx = dV og(x)/ax. 
Thus, the drain current, assuming it is due only to drift, can be written from (4.3.3) as 
follows:T 


low = BW(-O;)-—S (4.5.6) 


Integrating from x = 0 (where Veg = Vsq) to x = L (where Veg = Vpg) produces} 


W fv , 
Insw = “7 i z(-Q;) aVcp (4.5.7) 


The expression for Q} can be obtained by using (4.5.4) in (4.3.13): 


Q; = ce Vo ~ Veep ~ dy ~ Vos + a (4.5.8) 


where Q» is, from (4.3.14) and (4.5.4), 
On = —¥CuxvP + Ves (4.5.9) 


fWith V,, defined as in (4.5.4), (4.5.6) gives only the drift current and is thus not valid in weak or moderate in- 
version. However a more general quantity V can be defined such that, when replaced for Veg in (4.5.6), that 
equation gives the total current (drift plus diffusion)" and thus becomes valid in all three regions of inversion. 
The quantity V is in general different from Vcg as defined in (4.5.4) and tends to the latter only in strong inver- 
sion (in an energy band context, V is the potential corresponding to the difference between the electron quasi- 
Fermi level in the inversion layer and the hole quasi-Fermi level in the bulk). This approach is common in the 
literature. '040-6 Its details will be left for Appendix J, since we have already been able to derive general expres- 
sions including both drift and diffusion without having to employ this approach, in the simple manner presented 
in Sec. 4.3. 

+In some treatments a variable Vcs(x) = Vog(x) — Vsp is defined. It is easily seen that V-s(x) is equal to the 
potential at point x in the inversion layer with respect to the source end of the channel. Then (4.5.6) and (4.5.7} 
become 


dV, 
Ing = uW(-;) —2 (45,6a) 
ax 
W fps : 
fosy = rT i u({-;) Ves (4.5.7) 


eee | 


THE FOUR-TERMINAL MOS TRANSISTOR 153 


Vo 


—“— Nonsaturation —|.__ Saturation 


FIGURE 4.14 
Fngy computed from (4.5.2), and extension of its maximum value to the range Vpg > Vp. The solid curves 
taken together represent the complete strong-inversion mode! of (4.5.13). 


Using this in (4.5.8) gives 


QO; = -Ci, (Ve — Vig — Py — Veg — ¥\% + Vex) (4.5.10a) 
= —C3.[ Vea — Vre(Vcg)] (4.5.10) 


where V7_(Vcp) is the gate-substrate extrapolated threshold voltage for an effective 
~ reverse bias Vp, as given by (3.4.12c). Using (4.5.10a) in (4.5.7) and integrating 
gives exactly (4.5.2) again, assuming 4 is constant along the channel. (The more gen- 
eral case where wz varies along the channel is discussed in Sec. 4.10.) 

_ A graphical interpretation of [p., based on (4.5.7) and (4.5.10b) is examined 

elsewhere, 14.74.75 

| Equation (4.5.2) is plotted in Fig. 4.14 for the same Vg, and Vo, values as 
~ Fig. 4.6. We have extended the plot to Vpz, values smaller than V5, to show that the cur- 
rent equation is valid for such values. In fact, the smaller the value of Vpp, the stronger 
the level of inversion at the drain end. Thus, the channel remains strongly inverted 
everywhere for such values, and our development remains valid. Note that Vp, is not 
used below 0, as then the drain-substrate junction would become forward-biased.t 


Tit should be noted, though, that the models we are presenting work even with V,, and/or Vp, slightly negative, 
provided that the junction currents are negligible. 
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FORWARD SATURATION. Assume now that Vpg > Vsg, and consider increasing 
values of Vg. On the horizontal axis in Fig. 4.14 we show the values of Vpp from 
Fig. 4.6. Strictly speaking, (4.5.2) is valid only for Voz < Vp. Above Vo the chan- 
nel is not in strong inversion near the drain, and thus that equation is not valid. Some- 
times, nevertheless, (4.5.2) is used up to the point where the slope of the curve 
becomes zero; the resulting error may be tolerable in some applications. By setting 
dIpc/dV pz = 0 from (4.5.2), we find that the slope becomes 0 at the following Vp, value: 


2 
2 
Y 4 
Vp = 2 + ia + Veg - vs] — & (4.5.11) 


The value of the drain current predicted by (4.5.2) with Vp, = Vp is denoted by 
Ips, a8 Shown in Fig. 4.14. Thus, 


Tbs = LpsnlVpg=Vp (4.5.12) 


The quantity V> is the “pinchoff voltage,” which has been encountered in Sec. 
3.5.2. According to the derivation and discussion there, it is easy to show that Vp is 
simply the value of Vpz which makes the gate-substrate threshold voltage at the drain 
end of the channel, V;g(Vp,), equal to the applied gate-substrate voltage Vgp.? It is 
clear that the value of Vp depends on Vg, but has nothing to do with Vo,, as con- 
firmed by (4.5.11). The value of Vp is close to the quantity Vy in (3.5.2) (which, we 
remind the reader, is the value of Vp, needed to bring the drain end of the channel to 
the boundary between moderate and weak inversion), as can also be seen in Fig. 4.14. 
If dy = 2¢, is assumed, V, reduces to Vy. 

As may be concluded from the above derivations, using Vpg values up to Vp in 
(4.5.2) implicitly assumes that the strong-inversion charge expressions are valid for 
Q’, arbitrarily close to zero, predicting Q7 = 0 at the drain end of the channel at Vp, = 
Vp. (The channel is said to be “pinched off” at that point.) This corresponds to as- 
suming that the broken line in Fig. 3.12, which is a plot of (3.4.11), actually repre- 
sents Q% all the way down to Q/ = 0, which is clearly incorrect. In addition, if at the 
drain end of the channel Q’ = 0 at Vpz = Vp, the carriers would have to travel with in- 
finite drift velocity in order for a nonzero current to be possible, as seen from (1.3.7). 
(We talk about drift velocity in order to be consistent with the assumption on which 
the strong inversion model is based, i.e., that all current is due to drift.) To make 
more physical sense, we will allow for a very small, but nonzero, value of Q’ at the 
drain end of the channel in the following discussion; then the carrier speed must be 
large but finite nevertheless. For Vpg > Vp, a narrow region is taken to exist between 
the pinched-off tip of the channel and the drain, with very small | Q7,| in it; the carri- 
ers pass through this region with very high speed. The above region is actually 
viewed practically as a depletion region, with the excess voltage Vnz — Vp dropped 
across it. The inversion layer then need only support along its length the voltage it 
supported when Vpg = Vp. AS Vpp is increased, the length of the above depletion re- 
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gion must increase to support the excess voltage, but its length is still assumed very 
small in comparison to the channel length. Thus, the inversion layer length remains 
practically at the value Z, and, since the voltage across it is still the same as when 
Vig = Vp, the current is still Zp>. We thus have, assuming always that the source end 
of the channel is strongly inverted, 


(4.5.13a) 
(4.5.13) 


corresponding to the solid curve in Fig. 4.14. Note that Zp.) should not be used for 
Vig > Vp, because then a completely meaningless behavior is obtained, as shown by 
the broken curve in the figure. The region Vp, < Vp is the nonsaturation region and 
the region for Vp, > V> is the saturation region.} Note that despite the fact that 1n sat- 
uration the drain end of the channel is not strongly inverted, strong-inversion theory 
has been used in this simple model to predict /,, over the whole range covered by 
(4.5.13). This explains the reason for the common practice of saying that the transis- 
tor “operates in strong inversion” for the entire range. 

The above explanations concerning the current around Vp, = Vp and in satura- 
tion are obviously not very satisfying. They have to be used because of the oversim- 
plifying assumptions inherent to the model, as already discussed. Obviously, when 
this model is used in the transition region between V_ and Vy or above it, some error 
can be expected. This will be more apparent in applications where the slope 
dIpc/dVpp, in the above transition region must be known accurately.’ Let us recall, 
after all, that the electric field distribution next to the drain region is two- 
dimensional, and the “gradual channel approximation” does not hold there in the first 
place. However, no simple equation exists for the transition region between Vp and 
Vy, and so (4.5.13) is often used. A comparison of (4.5.13) to the complete charge 
sheet model of Sec. 4.3.1 is considered in Prob, 4.11. 

If the horizontal depletion region length discussed above cannot be neglected in 
comparison to L, increasing Vp, — Vp will increase the length of that region, and thus 
it will decrease the “effective” channel length, resulting in non-negligible increase in 
the drain current. Then (4.5.13) will not be adequate. Such effects become important 
when L is not too large, and they are treated in Sec. 6.2 where a more careful look at 
the saturation region is taken. 


REVERSE SATURATION. In describing (forward) saturation above, we have assumed 
Vig > Von. If, instead, Veg > Vong and Veg is raised to Vp and beyond, the phenomena 
~ discussed above will take place at the source rather than the drain. This is termed 


?The nonsaturation region in strong inversion is alternatively called the triode region, because the /p.-Vps char- 
ateristics in it remind one of the characteristics of a triode electron tube, Similarly, the saturation region in 
strong inversion is (rarely) referred to as the pentode region. 
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FIGURE 4.15 
Complete strong-inversion model. 


reverse saturation. In that case, what we have said above will apply to the current en- 
tering the source terminal with the role of Vpg played by Vsz, and vice versa. The re- 
verse saturation current, in analogy with the results above, will be given by 

(4.5.14) 


ef _ / 


COMPLETE STRONG-INVERSION MODEL. Combining the three expressions we de- 
veloped above (for nonsaturation, forward saturation, and reverse saturation), we 
have a complete strong-inversion model as shown in Fig. 4.15. Notice that, to guaran- 
tee strong inversion at least at one channel end, we keep insisting that at least one of 
Ving and Ve, be smailer than Vo. In some of the literature this is not done; instead, the 
only restriction imposed is that one of Vpg and V;, be smaller than V,. With such re- 
laxed assumptions one cannot expect much accuracy of the model we have presented. 


45.2 Simplified Symmetric Strong- 
Inversion Model 


The above strong-inversion model was seen to result from the complete charge sheet 
model. Simpler strong inversion expressions will now be seen to result if we start from 
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the simplified charge sheet models discussed in Sec. 4.3.2. Consider the expression in 
(4.3.415). It is clear from the development of that expression that the last term in the 
sum is the contribution of diffusion currents. Consistent with our practice in the previ- 
ous subsection, we will neglect this contribution in strong inversion. We thus have 


Wk 2 2 
Ins = — = (210 - Q; 4.5.15 
DS TF Once ( 10 it | ( ) 
where Q}, and Q/, are the inversion charges per unit area at the source and drain 
ends of the channel, respectively. In nonsaturation, both ends are strongly inverted, so 
we will use for these charges the strong inversion approximation (3.5.145). This 
gives the following expression for the nonsaturation current:®8.67.6? 


Ww on 2 2 
Ipsy = Pas “| 7 Ve) ~ (V, ~ Vos) (4.5.16) 
where V, and n depend on Vg and are given by (3.5.4) and (3.5.11), repeated here 
for convenience: 


2 
2 
V> = [2 é ia dV gia ve] — (4.5.17) 


ts (4.5.18) 


n=1+———— 
26) + Vp 


To extend the above results into the saturation region, we follow an approach similar 
to that of the previous subsection. It can be easily verified that, as Vp, is raised, satu- 
ration is obtained at Vpg = Vp, at which point the slope d/p./dVp_ becomes zero. 
Using Viz = Vp in (4.5.16), we obtain the value of the forward saturation current as 
follows: 


, W ht 2 
Ins = — #C3, = (Vp — Vou) (4.5.19) 
L 2 
Similarly, if Vc, is raised instead, we obtain reverse saturation when Vo, = Vp, 
and the reverse saturation current is 


In, = -= uC, 5 (Vp i) (4.5.20) 

The nonsaturation equation (4.5.16) should not be used on the saturation re- 

gions, as it predicts meaningless results in them. This is because the derivation of this 

equation relied on the assumption that both channel ends were strongly inverted. This 

assumption is not valid in saturation. The above results can be combined into one 
strong inversion model as in Fig. 4.15. 
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An even simpler model can be derived as follows. It was seen in Sec. 3.5 that 
an approximation for Vp is (3.5.12), repeated below: 


Vp = Voe = Vro (4.5.21) 
nn 


where V7, is given by: 
Vro = Vin + by + vo 4.5.22} 
Using (4.5.21) in (4.5.16) gives a model derived by different means else- 
where:?7.67.68 


Won 
losn = HAC (Ver ~ Veo) Vos ~ Veg) ~ (Von ~ v3)| (4.5.23) 


By setting dijs,/dVpp = 0, it can be easily checked that forward saturation is 
reached at Vp, = Vp, with Vp as given by (4.5.21), Using this value for Vp, in 
(4.5.23), we obtain the forward saturation current as follows: 


WwW , 1 2 

Ibs = — HOox — (Von — Veo — 2Vsp) (4.5.24) 
L 2n 

Similarly, if Vp is raised instead, reverse saturation is attained at Vsp = Vp, and the 

reverse Saturation current 1s 


s, W el 2 
Ibs = + MCon =~ (Von ~ Vro ~ V8) (4.5.25) 


Again, the complete model is as in Fig. 4.15. 

The reader may wonder whether, following the several approximations that had to 
be used in order to derive the above simple models, these models provide satisfactory ac- 
curacy. The answer depends on how the parameters in the equations are chosen. If the 
values dictated from physics are used in them [e.g., if dp is calculated from (1.4.2}], the 
accuracy these models provide may not be adequate. If, instead, an optimizer is used to 
vary these parameters, as if they were free variables, until] minimum [pg error is obtained, 
the accuracy may be improved. This is often done during “parameter extraction,” a 
process considered in Chap. 10. However, this practice is not always without penalty. 
Choosing a parameter value in order to minimize the error in one quantity in one region 
can sometimes increase the error of the same quantity in other regions, or of other quan- 
tities (e.g., capacitances). We will have more to say about this problem in Chap. 10. 


4.5.3 Simplified, Source-Referenced, 

Strong-Inversion Model 

The model discussed in Sec. 4.5.1 resulted from substituting the strong inversion sur- 
face potential at the source and drain ends of the channel, in the drift component of 
the complete charge sheet model. 
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A simpler strong-inversion model** can be developedt by substituting %,9 = 
Go + Veg and W,, = by + Vpg from (4.5.1) into the expression for the drift component 
of the simplified source-referenced charge sheet model, (4.3.34). This gives 


WH Ty 
losw = MH Ca Vas — Veg — Vig — Pp ~— ¥V Gp + Vsp Vos — Veg) 


-5(p - vo) (4.5.26) 


where a has nominally the value given by (4.3.36) with %,) = dp + Vos; the value of 
this quantity will be discussed in detail later. 

Substituting Vpg — Vsg by Vps and Voz — Vsg by Ves in the above equation 
gives 


W sa, a 
Ipsy = © wl (Vo 7 Vel vee WV, my vis (4.5.27) 


where Vrly,, is the gate-source extrapolated threshold voltage, obtained from 
(3.4.14) with Veg = Von. 


DERIVATION DIRECTLY IN STRONG INVERSION.“ The complexity of (4.5.2) is 
caused by the awkward 3/2 powers in it. It is clear that the origin of these powers is 
the square-root term in (4.5.10a), which, in turn, is due to the expression for Q%, in 
(4.5.9). Figure 4.16 shows a plot of -Q,/C(, from that equation. Since the slope of 
this plot does not vary much, it is reasonable to attempt to approximate —Q,/C4, by 
the first two terms of its Taylor expansion around the convenient point Veg = Vgg.Ft 
This gives 


~ <2 = vib) + Veg + (a - 1) Ven — Ysa) (4.5.28) 


where a, — 1 is the slope of -Q,/C,, vs. Veg, evaluated at Vog = Vsg; a value for a, 
will be given later. The right-hand side of (4.5.28) is shown by broken line a in Fig. 
4.16. It provides the correct value and slope at Veg = Vsg, but overestimates -Q3/C 4, 
everywhere else. A better approximation can be obtained by lowering the value of the 
slope by using some value a < @,, as shown by broken line b: 


2s ¥Vb + Voge + (a - 1 Veg - Vse) (4.5.29) 


Readers who have skipped Sec. 4.3.2 can go directly to the traditional strong-inversion derivation below. 


This is equivalent to approximating the threshold voltage along the channel since, from (3.4.14a), V-(Veg) = 
Vint Ho “ On(VeaVC G,- 
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_ O's (Yeu) 


Ox 


FIGURE 4.16 
The quantity —Qj,/C{, in strong inversion vs. effective reverse bias in the channel. Solid line: accurate 


calculation; line a: first-order approximation from a Taylor expansion at Vey = Vsz; line b: improved 
first-order approximation; line c: zero-order approximation. 


Using Q% from (4.5.29) in (4.5.8), we get 


O:(Vea) = -C;,[ Vee — Veg — Vig — bo — ¥V Go + Ve — Vex - Vsu)| (4.5.30) 


The drain current can be obtained by using (4.5.30) in (4.5.7) and performing 
the integration. Substituting Vpz = Vos + Vsg and Vog = Ves + Vsp in the result and 
assuming 4 is constant gives (4.5.27). 

In most of the literature, the fact that the threshold voltage is taken at the source 
is not indicated explicitly. For simplicity, we will comply with this practice. Thus, we 
will write (4.5.27) as 


Woe 
losy = L Cin) (Vos ~ Vr Vp ~ 5 Vis (4.5.31) 


where, for the rest of this book, V; will be defined as the gate-source extrapolated 
threshold voltage given by 


V, = Vex + by + ¥V% + Vee (4.5.32) 


or 


Vr = Vro + ¥(V bo + Vez — Vo) (4.5.33a) 
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FIGURE 4.17 
fogy a8 computed from (4.5.31), and extension of its maximum value to the range Vp, > Vas. The solid 


curves taken together represent the strong-inversion model in (4.5.37). 


Vig = Veg + Py + vb (4.5.33b) 


Clearly, V; depends on V,, owing to the body effect. In fact, in many treatments 
the term body effect implies only the dependence of V; on V,,. A more general point 
of view was provided in Sec. 3.3. The parameter ¢, is often taken equal to 2¢,, but 
this is not justifiable, as has already been explained near the beginning of Sec. 2.5.2. 

A plot of [psy from (4.5.31) is shown in Fig. 4.17. The value Vj. of Vpg at 
which the maximum occurs is found from (4.5.31) by setting dIpgv/dVp, = 0 and 
solving for Vs = Vis: 


with 


Ves — V; 
a 


Vos = (4.5.34) 
The corresponding value of the drain current Jj, is found by using Vps = Vig 
from (4.5.34) in (4.5.31): 


Ws, (Vos - Vy 


- (4.5.35) 
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eo Vos 7 V; 
Ins Vos = 
| 
Nonsaturation +" Saturation 
/ Vos = Vesa 
/ 
/ 
i 
Ves = Yess 
/ 
/ 
/ 
/ Ves = Ves 
/ 
/ Vos = Ves 
a“ 
0 Vos 
FIGURE 4.18 


Ins-Vps characteristics as obtained from the simplified strong-inversion model of (4.5.37). 


As in the accurate model, this is taken to be the value of Ips for Vps > Vps also. 
The complete model then becomes, in analogy to (4.5.13): 


{ls Vos < Vi, (4.5.36a) 


i = 
PS libs. Vps > Vos (4.5.36b) 


Thus, using the equations developed for [psy and Ths, we have 
(4.5.374) 


(4.5.37b) 


This corresponds to the solid line in Fig. 4.17. A set of Ips-Vps characteristics for 
various Ve, values is shown in Fig. 4.18, Such characteristics depend on Vg, through 


V; in (4.5.33). This is illustrated in Fig. 4.19. 
The above model24 is the basis of the “level 3” model in the Berkeley Spice 


simulator. 7? 
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0 Vos 


FIGURE 4.19 
Ins-Vng characteristics for two different Vs, values. 


0 ¥ ‘DS 


FIGURE 4.20 
Parameter 77 vs. Vs. 


Equation (4.5.37) can be put in a very compact form by defining a convenient 
parameter 7 as follows:78:7 


Vos S Vis (4.5.38a) 


0, Vos > Vos (4.5.38) 
This parameter is plotted in Fig. 4.20. The drain current can now be expressed 
as follows: 
Ins = Ips 1 - 7), both nonsaturation and saturation (4.5.39) 
where Ip, is given by (4.5.35). 


It is easy to verify that at Vp. = Vp, (4.5.30) predicts Q; = 0 at the drain end of 
the channel. The reason for this unrealistic result is as discussed for the accurate 
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strong-inversion model, and will not be repeated. Similarly, the comments made for 
that model concerning possible inaccuracies in the neighborhood of Vps = Vis apply 
here as well. Special “smoothing functions” are often used to improve the transition 
from nonsaturation to saturation 80-82 

We now return to the problem of choosing an appropriate value for a in (4.5.29) 
and, therefore, in (4.5.37). The derivation of MOSFET characteristics in the early 
days implicitly assumed the following value for a: 


ay = | (4.5.40) 


This corresponds to line c in Fig. 4.16, which is a very poor approximation to 
the solid line in the same figure. This approximation is equivalent to assuming that 
the depletion region depth is the same all along the channel and equal to its actual 
value at the source. The result is that |Q%| is underestimated everywhere except at the 
source. This, from (4.5.8), results in an overestimation of |Q‘| and a resulting over- 
estimation of Ips. The error in [ps can be large for devices in which 7 is not small; we 
will come back to this point later. Note also that, since [Q’,| is overestimated, an arti- 
ficially large value of Vx would be needed to reduce |Q’| to zero at the drain. This 
value of Vps is Vps, a8 already mentioned, under the simplified assumptions in the 
present model. The overestimation of Vs is also seen from (4.5.34) with a = |, 
rather than with a more realistic value of @ larger than unity. 

The next value we will consider for @ is the one that results from the Taylor ex- 
pansion leading to (4.5.28).74 This value corresponds to line a in Fig. 4.16 and is 
given by 


—— 


=1+——"_— 
“1 2b + Vsp 


It is clear from the figure that this would be a good value to use for @ only if 
Vos = Vong — Vsx were small. In the general case, though, it results in overestimating 
[Q’,| and, hence, underestimating |Q/|. Thus, Jp and Vig will be underestimated, ie., 
the errors here are in the opposite direction from those for a = a. Clearly, one should 
seek values for a between a and ay, resulting in the approximation indicated by line 
b in Fig. 4.16. Several such values have been proposed in the literature, and they usu- 
ally correspond to modifications of (4.5.41) to lower its value. One such modification 
has the form 


(4.5.41) 


(4.5.42) 


y 
ae, =1+4a,——_ 
3 2 2 Iby + Ver 


where d, is a correction factor. Values used”4*? for d, vary between 0.5 and 0.8. In 
another approach, this correction factor is allowed to depend on Vg, for better fit, 


+t is interesting to note here that, as can be verified by using (4.5.32), we have 


a =1+ 2% 
d¥Von 
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and the expression d, = 1 — [k; + ko(bo + Vsg)}7! is suggested, with &, and ky being 

constants chosen to minimize overall error.t This, however, detracts from the sim- 
plicity of the model. 

| Another value suggested for a is®° 


y (4.5.43) 


a= 1 
2A; + dy + Von 


where @, = 1 V. This is a good empirical expression, both for its accuracy and for its 
- simplicity, and gives satisfactory results for practical situations. 

Finally, one can seek a zero-order estimate for a for rough calculations, which 
is even independent of V,,. One such estimate is®® 


a, =1+7 % (4.5.44) 


All the above three expressions for a have been arrived at with the goal of pro- 
viding satisfactory accuracy over a reasonable range of bias voltages in strong inver- 
~ gion. One should not be very surprised if they do not work very well in extreme cases 
~ {eg., for Vis in excess of 10 V). However, they do provide satisfactory accuracy for 
most practical cases. In general, which expression is best to use for a depends on the 
accuracy sought, the desired speed of calculations, and the range of bias voltages ex- 
. pected. The final criterion is how well the model predicts the drain current. One can- 
not judge this easily by looking at the error in predicting Q’,. Of course the errors in 
Q, aud Ips are related, but not in a very direct manner. For example, one can have a 
iarge relative error in Q’, and still have a small error in Jp, if Q’, is small in the first 
place [so that |Q’,/C;,| is small in comparison to the other terms in (4.5.8)]. This will 
be the case for devices with thin oxides and lightly doped substrates; then y is small, 
_ heading to a small value of |Q%,| in (4.5.9a). 

Since the final criterion of success is how well Ips is predicted by the approxi- 
mate model, one could have considered deriving (4.5.27) directly from the accurate 
current expression in (4.5.2). This is indeed possible but amounts to little more than a 
_ Mathematical exercise, not revealing the underlying physical assumptions in the ap- 
proximate model. The approach is considered in Prob. 4.12. 

A comparison of the various values of @ is suggested in Prob. 4.14. 

Note that when y is srnail, the values of @ in (4.5.41) to (4.5.44) are all close to 
1; Le., the value in (4.5.40) is then reasonable. In this case, (4.5.37) becomes 


Wd Stay , 
5 uCo| (Ves 7 Vr )Vps =e Vos]. Vos S Vos, small y (4.5.45) 
Ins = 2 
Vos — Vj 
= Ws Wes Wo) ’ Vos > Vis small ¥ (4.5.45b) 


* {The values of &, and &, depend on the error criterion chosen and the range of voltages over which small error is 
desired. Values used®-87.88 include k, = 1.744 with &, = 0.8364 V-!, and k, = 1.41 with k, =0.43 V-!. 
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fps 


4 FIGURE 4.21 

Ins V8. Vps for fixed Vsq and Vg. =5 V. 

2 Curve 1: measured characteristic of 

n-channel transistor on a heavily doped 

substrate (taken from a 14007-type 

CMOS inverter); curve 2: approximate 

Measured model with a = 1, adjusted for good 
matching in the saturation region, 

curve 3: approximate model with a= 1, 

adjusted for good matching at very low 

Vps values; curve 4: approximate 

model with @ = 1.7, chosen for good 

matching at very low Vps and in the 

0 Vos — saturation region. 


where Vps = Vgs — Vr. These equations have been used widely for approximate 
hand calculations for circuit design, and even for quick computer calculations,” 
and are the basis of the “level 1” model in Spice.”? However, in circuits literature 
these equations are often used indiscriminately even for devices with large y, 
which can result in serious error. As an example, consider the measured character- 
istics shown in Fig. 4.21 by curve 1. The device used was chosen to have a large y, 
in order to prove our point. Curve 2 represents (4.5.45), with the value for 
(W/L)uC’, adjusted for good matching in saturation. The model clearly fails in 
nonsaturation, and it predicts a Vp, which is too large. If (W/L)uC%, is instead ad- 
justed for a good fit in the low nonsaturation region, then the model gets out of 
hand in saturation, as shown by curve 3. If the model of (4.5.37) is used instead, we 
have the additional flexibility of choosing a; with a = 1.7, we obtain curve 4, 

For very crude modeling work, the strong-inversion equations are sometimes 
taken to be valid for Ves as low as V7, where they predict Ip, = 0. In such cases, the 
moderate- and weak-inversion regions are not considered. 


POTENTIAL VS. POSITION. In strong inversion, one can develop a rather simple re- 
lation between the position x in the channel and the effective reverse bias Veg(x) at 
that point, extending an idea developed in Sec. 4.3.1. All strong-inversion expres- 
sions we have given for the nonsaturation current can be written in the form 
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FIGURE 4.22 


Channel “effective reverse bias” with respect to the substrate vs. distance from the source for the simpli- 
fied strong-inversion model and for four Vp, values. 


Ww 
losw = L h{ Vos Vsp5 Voz) (4.5.46) 


with the function A depending on which model is being used. If we consider point x 
in the channel as the drain of a fictitious transistor with length x, we will have 


Ww 
losw = _ A Veg, Veg Ven(x)) (4.5.47) 


Eliminating J5., among the two equations gives 


x _ AV, Ve» Veal) (4.5.48) 


L h( Veg: Veg. Vor) 


_ This equation gives the relation between x and V,.,(x). As an example, using the 
approximate model developed above, results in a simple expression. Extending this 
expression to include the saturation region, and using the parameter 7 in (4.5.38), we 
can put it in the form (Prob. 4.17) 


— | 
Veo(2) = Veg + 8 —"2] 1-1 - 2(- 77) (4.5.49) 
a Vo£ 


This relation is plotted for various values of Vp, in Fig. 4.22 (0 < Vis) < Vps7 < 
Vps3). As seen, for small Vp, values V-p is nearly proportional to x. This is because 
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for such Vpg values the inversion layer is nearly uniform, so the voltage is distributed 
almost evenly along its length. At larger Vps values, this is no longer the case. This 
can be explained easily. For a given Vps, say Vps = Vps3, one can find from the plot 
the voltage drop across a chunk of the inversion layer of length Ax between two 
points x, and x,. The drop will simply be AVcg = Von (%) — Veg(2,). If another chunk 
of the same length A. is taken closer to the drain, the voltage AV cp across it will be 
larger, for the following reason. The second chunk contains a smaller inversion layer 
charge per unit area, since the surface potential increases, and thus |Q’,| decreases, as 
one goes from the source toward the drain {this follows, for example, from (4.5.30)]. 
Thus a larger voltage will be needed across the second chunk to support the same 
current (Sec. 1.3.2). From this argument, it is clear why the slope dV-,/dx increases . 
with increasing x. A related observation concerns the drift velocity of electrons. As 
follows from (1.3.7), to carry the same current the electrons must move faster at 
points where the inversion charge magnitude per unit area is smaller. Since the elec- 
trons are in abundance at the source end of the channel, they can carry the required 
charge per unit time (current) while moving slowly. As they approach the drain, they 
gain speed. Thus, in a given small element of length Ax near the drain, fewer elec- 
trons are to be found at any given instant than within a corresponding element near 
the source. If Vpz is large, the electrons can be traveling so fast that “velocity satura- 
tion” can occur near the drain. The effect of this on the transistor /-V characteristics 
can become significant in short-channel devices, and is considered in Chap. 6. 

If Veg(x) were plotted for Vins = Vig using (4.5.49), the slope would be infinite 
at x = L. This physically impossible result, corresponding to an infinite electric field 
at that point, is simply a result of the limitations of the model as Vpg = Vpg is ap- 
proached. As already discussed, the model implicitly assumes Q/ = 0 at the drain for 
Vis = Vas; this is wrong as already explained. In addition, the model fails to take inte 
account the presence of diffusion currents. Whereas, in strong inversion, the Ip, com- 
ponent due to diffusion is smail, the portion of the channe! current that is due to dif- 
fusion, [yj(x) in (4.3.4), increases with increasing x at the expense of J4n(x), as has 
already been remarked.*? Thus, any conclusion reached at Vp = Vos, based on the 
assumption of drift current only, is subject to question. 


COMPARISON TO THE COMPLETE STRONG-INVERSION MODEL. In strong inver- 
sion, if the complete strong inversion model introduced in Sec. 4.5.1 is compared to 
the complete charge sheet model of Sec. 4.3.1, the agreement is found to be very 
good. Compared to these models, the simplified strong-inversion model of Sec. 4.5.3 
is somewhat in error (e.g., up to 5 percent or more in terms of current values). In 
practice, though, several factors contribute to the simplified model being favored over 
the complete one in a variety of situations. These factors are summarized below: 


1. The simplified strong inversion model 1s simple. This is a desirable feature when 
very large circuits must be analyzed by computer or when quick hand calculations 
are needed. 

2. Practical devices exhibit high-order effects which are not taken into account by ei- 
ther model: for example, the substrate is never exactly uniform, owing to fabrica- 
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tion details (Chap. 5). This tends to make the difference between the two models 
less significant, in terms of accuracy. 

3. The assumptions behind each model will be seen later to lead to corresponding ex- 
pressions for the total charges (Chap. 7) and the capacitances (Chap. 8) of the de- 
vice. In the case of the simplified strong-inversion model, the expressions for these 
quantities are simple. In contrast to this, the expressions for some of these quanti- 
ties, as derived for the complete strong-inversion model, are so complicated as to 
be totally impractical. In addition, the assumptions behind the simplified model 
ate known to lead to simple models suitable for very high-frequency operation 
(Chap. 9); this is not known to be possible for the complete model. 

4, The simplified model contains explicitly the threshold voltage V7. This is an im- 
portant parameter that is widely discussed, used, and measured.7 In fact, even for 

_ short-channel and/or narrow-channel devices, use is made of the simplified model 
with V; replaced by an effective threshold (Chap. 6). A large amount of work has 
been done on how to estimate and measure this quantity in such cases. In contrast, 
the complete model does not contain the threshold explicitly, and it is more diffi- 
cult to adopt it for use with short- and/or narrow-channel devices. 


Thus, the more versatile simplified model is favored for general use in strong 
inversion. In cases, however, where the nuances of strong inversion need to be stud- 
ied, the complete model is to be preferred. 


RELATION TO SYMMETRIC MODEL. The source-referenced model we have dis- 
cussed in this subsection is related to the symmetric models of Sec. 4.5.2. To see this, 
in (4.5.23) use Vix = Ves + Veg and Vip = Vong + Veg. Then the equation can be ma- 
nipulated to take the form of (4.5.37a), with Vp = Vrg + (2 - 1)Vog fin heu of 
(4.5.33)] and with 7m in lieu of a (Prob. 4.16). 


454 Model Origin Summary 


Several models have already been discussed. To help place these models, and their 
conceptual origin, as derived in this book, in perspective, we provide the chart of 
Fig. 4.23.4 Note that the term charge sheet model, if no specific region of inversion is 
mentioned, commonly implies a model valid in all regions of inversion. All models 
mentioned in Fig. 4.23 are today in use, and one or the other may be preferable de- 
pending on the application. 

In Fig, 4.23 we also show models for weak inversion, which are the subject of 
the next section. 


#in this book, the term threshold voltage will always imply extrapolated threshold voltage unless stated other- 
wise. Unfortunately, in the literature on MOS devices the term “threshold voitage” is used with several different 
meanings. This is discussed in Sec. 4.15. 

}We note that, historically, the derivation of these models did not follow the flow indicated in Fig. 4.23. Refer- 
ences to the historical origins of each model have been given in the corresponding sections. 


170 oPERATION AND MODELING OF THE MOS TRANSISTOR 


Complete Symmetric 
Charge-Sheet Model 
(Sec. 4.3.1) 


a 


Simplified Symmetric Simplified Source-Referenced 


Charge-Sheet Model* Charge-Sheet Model 
(Sec. 4.3.2) (Sec. 4.3.2) 
Complete Symmetric Simplified Symmetnc Simplified Source-Referenced 
Strong-Inversion Model Strong-Inversion Model Strong-Inversion Model 
(Sec, 4.5.1) (Sec. 4.5.2) (Sec. 4.5.3) 


Weak Inversion 
Models (Sec. 4.6} 


T Includes the charge-based and current-based 
versions discussed in Sec. 4.3.2. 


FIGURE 4.23 
Model hierarchy. 


4.66 WEAK INVERSION 


As seen from the last entry in Table 4.1, for a transistor operating in weak inver- 
sion2®-39 no part of the channel is moderately or strongly inverted. The conditions for 
weak inversion operation have been given in terms of terminal voltages in Sec. 44. 

The general model developed in Sec. 4.3.1 can be used to produce a simplified 
equation for [p, in the weak-inversion region. This will be discussed later. For the 
present, we prefer to show the classical approach for obtaining such an equation to 
provide some independent intuition about this region of operation. 

As follows from the material in Sec. 3.4.3, for a weekly inverted point in the 
channel, the surface potential satisfies 


b, = Wal Ven) (4.6.1) 


where 


2 
Ural Vea) = “3 + | 7 + Vap — Ver (4.6.2) 


Let us assume for the sake of simplicity that y, is exactly equal to &,,(Vgp); this 
will not affect the forthcoming analysis. Since the surface potential depends only on 
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Qi(x) 


FIGURE 4.24 
Inversion layer charge per unit area vs. distance from the source in weak inversion. 


Vop it is independent of the position along the channel. This implies two important 


1. Q;, will be independent of position along the channel, as seen from (4.3.14). This 
means that the depletion region depth does not change along the channel. 

2, Since all points at the surface are assumed at the same potential with respect to the 
substrate, the potential difference between such points is zero. Therefore, the elec- 
tric field has a zero horizontal component. If there is current through the channel, 
then, it cannot be caused by drift; thus, all current must be caused by diffusion. 


it follows then from the material in Sec. 1.3.3 that the plot of Q4 vs. x must be a 
straight line (Fig. 4.24). Thus, (1.3.22) gives, with QO’ = Q/, b= W, anda=L: 


WwW ¥ ra 
Ips = — = Me, (Oro - Qi) (4.6.3) 
Indeed, this is the same as (4.3.12), which was seen to give the contribution of 
diffusion current to [p.. Thus, (4.6.3) can be considered as resulting directly from the 


charge sheet model of Sec. 4.3.1. 


SYMMETRIC MODEL. The two values of Q) in the above equation can be found 
from (3.4.23), which is valid in weak inversion and even in depletion: 


a (4.6.4) 
2 Ysa Veg) 
Op, = — VEREMA og l¥sa\Yan)-24r Vr. -Voni a (4.6.5) 


2 sa (Vos ) 
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Using these in (4.6.3) we obtain 


(Vane te’ — 0") “ee 


where 


J 2qe,Na 2¢ltsa\Von)- 26x | br (4.6.7) 
; 6. 


= pb ee 
24) Usa (Von) 


Readers familiar with bipolar transistors will recognize the similarity of (4.6.6) 
to the Ebers-Moll equations.5® This should not be surprising, as similar mechanisms 
are responsible for current flow in the bipolar transistor (under common assumptions) 


and the weakly inverted MOS transistor. 

Since (3.4.23), which was used in the above development, is valid even in de- 
pletion, (4.6.6) will be valid even if Vpg is so large that the drain end of the channel is 
less than “weakly” inverted. 


ALTERNATE EXPRESSIONS. In order to provide continuity with the technical litera- 
ture, we give here two alternate expressions for [p5.°°? The first one is obtained 
from (4.6.6)-(4.6.7), by using (3.4.3), (3.5.9), and (3.5.11): 


C(n- pel on 24F1/41 2 ltr Yanl _ elt Yon] (4.6.8) 


The second expression is obtained by using in (4.6.8) the approximation for Vp 
in (3.5.12). This gives 


los = = uli — pelo 2414.2] lon Veo —7¥sp)!(nby) elYes- Vro moat) 


(4.6.9) 
with 7 as given by (3.5.11). 


SOURCE-REFERENCED MODEL. Equation (4.6.3) can be rewritten as follows: 
W , Q; 
Ins =~ ws Qi| - 2.) (4.6.10) 


From (4.6.4) and (4.6.5) we have 


Qi. 
Qi 


_ eo (Ypa-Vsn)/ br — ge Vps! tr (4.6.11) 
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Thus, Zp, becomes 
_W , —Vps! 
Ips = = #4, (-QjoX{1 ~ € ) (4.6.12) 
which can be evaluated by using (4.6.4). A compact expression®> can be developed 


by using the approximation in (3.4.286), with subscript C replaced by S. Using this in 
(4.6.12) gives 


(4.6.13) 


where V,, is the upper limit of weak inversion in terms of Voy, for the given value 
Of Vex: 


Vu = Veg + 266 + 7/26, + Vex (4.6.14) 


J2ge.N 
| a es ia | (4.6.15) 


BED Dba, 
and with the quantity 7 evaluated from (3.4.25) at %,, = 2, + Vo, (see Fig. 3.7): 


Z (4.6.16) 


n= 1+ ————— 
2 2hp + Vse 


It is emphasized that this equation, along with (4.6.13), is useful for studying 
the approximate variation of J,, with V,,, when Vp is fixed at some value denoted 
_ by Vig. Trying to use this equation to study the variation of Ip, with Vs, is not advis- 
able, since several quantities in the equation (Vy, 74, n) depend on Vs, in a compli- 
cated manner. In such cases, (4.6.6)-(4.6.7) should be used. It is clear from (4.6.6) 
that ,, depends on V,, only through the quantity exp (-V.,/d,). 

In is plotted vs. Vpy by using (4.6.13) in Fig. 4.25, with V. as a parameter, for 
- afixed V,9. Ip ts practically the same as Jp, if the latter is much larger than the leak- 
age currents (see below). As seen, the curves become horizontal for Vp, larger than a 
few @,, since the last exponential in the equation becomes negligible compared to 1. 
- This happens at Vp, values which are independent of Vgs, a fact which is in sharp 
- contrast to the case of strong-inversion operation (Fig. 4.18). 

Using equal V,, steps, the vertical spacing of successive curves in Fig. 4.25 
. for a given Vp, increases nearly exponentially. This exponential behavior is 
brought out clearly by plotting log Ip vs. Vg with Vp fixed, as shown in Fig. 4.26. 
‘The result is nearly a straight line in weak inversion. Above this region we have 
* moderate inversion, where Zp; does not vary exponentially with Vg,. At the bot- 
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{p-Vps characteristics in weak inversion, with V;s a parameter. 
log fp 
Charge-sheet model 


Weak-inversion / 
equation ? 
q NY 

é 
f 


p—. Strong-inversion 


equation 


Vas fixed 
Veg fixed 


i 
[ 
{ 
| 
| 
| 
| 
} 
| 
| 
log /, | 


Weak Moderate | Strong 


FIGURE 4.26 
log fp vs. Vgs for fixed Vps and Vsg, and comparison to weak- and strong-inversion equations. 


tom, Ips is so small that it is masked by the leakage current I, At room tempera- 
tures or below, where /; is small, the weak-inversion region can span several 
decades of current. 

The slope of log [ps vs. Vgs determines how well a transistor can be turned off 
by reducing V¢s, for digital applications. An often-used measure for this is the “gate 
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swing” S,{ defined as the amount by which V,, must be reduced, in order for the 
weak inversion current to be reduced by 1 order of magnitude (usually expressed in 
“mV/decade”). It is easily seen that S is the inverse of the slope of the weak-inversion 
part of the plot in Fig. 4.26, 1.¢., 


5 = Mes _ (4.6.17) 
d(log Ips) 
which, using (4.6.13), gives 
S = 23nd, (4.6.18) 


We emphasize that (4.6.13) is only approximate, and that Jp, is not exactly an 
exponential in weak inversion, as evident from the more accurate equations, 
(4.6.6)-(4.6.7). The minute deviations from exponentiality are important to keep in 
mind when small-signal parameters are considered (Chap. 8). 

In Fig. 4.26 we also show the behavior of the strong inversion model of Sec. 
4.5.3, as well as of the charge sheet model of Sec. 4.3.1. 

We can now return to the question of obtaining simplified weak-inversion ex- 
pressions starting from the general model of Sec. 4.3.1. Since in weak inversion the 
current is predominately caused by diffusion, we can work with (4.3.17) and assume 
Ing * Ins). Unfortunately, if we use (4.6.1) and substitute ¥,9 = #,, and #,, = ,, in 
(4.3.17), we obtain Ip, = 0! This is owing to a weakness of the form of this equation. 
In weak inversion it relies on differences of nearly equal quantities; thus, approxima- 
tions such as the above are inadequate. Of course, ¥,, and %,, are not exactly equal; 
¥, only reaches %,, asymptotically in Fig. 4.5. To preserve appropriately the minute 
difference between the two quantities, we can employ (4.3.18). The procedure is out- 
lined in Prob. 4.22 and produces exactly (4.6.6)-+(4.6.7) again. 


_ 4&7 MODERATE INVERSION 


As defined in Table 4.1, a MOS transistor is said to “operate in moderate inversion” 
if its more heavily inverted channel end is moderately inverted. 

The Ips-Vps characteristics of the transistor in this region have a shape roughly 
similar to that in strong inversion, but are not described accurately by strong inversion 
equations since, as shown on Sec, 4.3, in moderate inversion both drift and diffusion 
- gontribute significantly to the value of the drain current. Convenient simplifications 
. afe not known for this region. One can use the charge sheet models of Sec. 4.3, which 
. ae valid in all regions, or use semiempirical models (see next section). 

The moderate inversion region is sometimes completely ignored in the litera- 
ture. This region is instead assumed to be the bottom of the strong-inversion region, 


: tAlso called subthreshold swing or subthreshold slope. The term subthreshold is often used to mean weak in- 
__ Version operation. 
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and the strong-inversion equations of Sec. 4.5 are used in it. However, not even a sin- 
gle point in the channel is strongly inverted in this region; hence, equations such as 
(4.5.1) will be in error, and so will the models based on them. In an attempt to 
“stretch” the validity of the strong-inversion equations, sometimes the parameters in 
them are made functions of the gate voltage, for example, @y or Vz in (4.5.32).* In 
developing expressions for the moderate-inversion region, care should be taken that 
the drain current be continuous at the boundaries between weak and moderate 
inversion, and between moderate and strong inversion. It is also very important to 
make sure that the derivatives of the drain current with respect to any terminal volt- 
age are also continuous at these boundaries, otherwise, severe errors can result in the 
evaluation of smal! signal parameters at these boundaries (Chap. 8), and convergence 
problems can occur during computer simulation (Chap. 10). 


4.8 INTERPOLATION MODELS 


Due to the difficulties mentioned above in developing moderate inversion expres- 
sions, and the need for continuity of Jp, and its derivatives, several semiempirical 
“single-piece” expressions have been proposed, 66:68.69,80-82.89.90 These are de- 
signed to do an acceptable, or even good, job in moderate inversion, and to reduce 
to acceptable weak and strong inversion expressions in the corresponding regions. 
An example of this approach is the EKV model, which is based on the following 
expression: 


2 2 
lps = = WC (ony [nf + elie vanlid)] - ia + elve-Nonv24)) 


(4.8.1) 


This “single-piece” model can be used in all regions, for both nonsaturation and 
saturation. It has a smooth behavior which approaches asymptotically the weak and 
strong inversion models in the respective regions. In weak inversion, both exponen- 
tials have a magnitude much smaller than 1; then by using the approximation In (1 + 
x) = x for |x} « 1, it is easily seen that the model reduces to the weak inversion sym- 
metric model of (4.6.8), only with 27 in place of (n — Leo ~ 244: (this problem will 
be discussed shortly). In strong inversion and deeply in nonsaturation, both exponen- 
tials are much larger than 1. Using now the approximation [In (1 + &)? = (In ey =y 
for e’ >> 1, we see that these exponentials produce square-law terms and the model 
reduces to the strong inversion expression (4.5.16). In moderate inversion no simpli- 
fication is possible, and the entire expression (4.8.1) must be used. 

As Vpp is raised, the second exponential in (4.8.1) becomes negligible; satura- 
tion is then naturally obtained, and in strong inversion the equation reduces to 
(4.5.19). If Vc, is raised instead, then it is the first exponential that becomes negligi- 
ble and we enter reverse saturation. 
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If, in the above equation, we approximate V, using (3.5.12), we obtain the fol- 
lowing form®.5.6 


los =  uCix(2n\4| [in (1 + ¢lVoa- fro- ma) (24) 


2 


= jin (1 + carter stonions) (4.8.2) 


Proceeding as above, it is easy to verify that this equation reduces to (4.5.23) 
(with V,,, replaced by V;,) in strong-inversion nonsaturation, and to (4.6.9) in weak 
inversion, again with (27) in place of (n — 1)e(0 ~ 2#F/#r, 

Given the semiempirical nature of the above models, some error can be ex- 
pected when correct physical values are used for their parameters. In such cases, a 
proper choice of parameter values is key to the success of the model. Consider, for 
example, (4.8.2), which in weak inversion reduces to (4.6.9), only with 27 in place of 
(n — 1)eo- 24r¥%:, The latter disparity can cause an error in /p.. If the value of V;o in 
(4.6.9) is artificially increased, J, can be brought back to its correct value. Since Vr 
appears in an exponential, it only needs to be changed by a few tens of millivolts for 
this to happen. One should of course be very cautious with such a practice, since such 
“fixes” could produce errors somewhere else. In particular, V;p also affects the cur- 
rent in strong inversion; for example, in strong-inversion saturation (4.8.2) reduces to 
(4.5.24), repeated here: 


w _, 1 2 
Tos = — BC 5, Vow — Vio — nVsy) (4.8.3) 


Fortunately, in strong inversion the quantity in parentheses is rather large, so a 
small error in V;, does not result in a large error in Jp.. In practice, during “parame- 
ter extraction,” several parameter values are adjusted for a best overall fit (Chap. 10). 
It has been shown that for the EKV model satisfactory results can be obtained in this 
way.” The reader is cautioned, however, that using nonphysical values for model pa- 
rameters can be a dangerous process in general, and that “fixing” a model problem in 
one aspect in this way can cause problems to appear in other aspects (e.g., fixing the 
accuracy in [y, can worsen the accuracy in the prediction of small-signal capaci- 
tances). What is worse, it is not always clear where such problems might be caused, 

if one focuses only on fy, accuracy during parameter extraction. Thus, a model based 

on physical considerations, in which physical values can be used for all its parame- 
ters, is the ideal situation. At the time of this writing, no such model exists, at least 
not one which expresses I, explicitly in terms of the terminal voltages in ail regions 
of inversion. 

One can extend the above ideas to a model that uses voltages referenced to the 
source, using the same type of interpolation as above, but modifying the expression 
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so that it reduces to familiar results in weak and in strong inversion.?! The resulting 
model is © 


2 
Ins = — uce,(an\é (2 + eves ¥r)2eh)}] 


= [in (1 + gves~ eee) 


This model makes explicit use of the threshold voltage V;, given for each Vig 
value by the familiar expression (4.5.33). Since V, is explicitly used in the model, if 
desired, one can use for this quantity a value found from more elaborate Vp models, 
e.g., to take into account effects related to ion implantation (Chap. 5) or to small- 
channel dimensions (Chap. 6). The model is valid in all regions, including moderate 
inversion. In weak inversion, with both exponentials much smaller than 1 and, as be- 
fore, In (1 + x) = x for |x| « 1, the mode] can be shown to reduce to (4.6.13) within a 
multiplicative constant (see above for a discussion of the error caused by this). Con- 
sider now strong inversion. Here the first exponential is much larger than 1. If Vos is 
very small (i.e., we are in deep nonsaturation), the second exponential is much larger 
than I, too. Using then the approximation [In (1 + e’)|? = (In ef = y’, valid for & > 
1, and after some algebra, we obtain (4.5.37a), with n in lieu of a. If, in strong inver- 
sion, Vpg is raised, the second exponential becomes negligible, whereas the first ex- 
ponential remains much larger than 1. We are then in saturation, and the expression 
simplifies to (4.5.375), again with 7 in lieu of a.t 

Independent of the region of inversion, aS Vps is raised the second exponential 
in (4.8.4) becomes negligible. We thus have 


(4.8.4) 


2 
hes Ww uC. (2n | In {1 + elas eva \enet) saturation, all regions of inversion 
Dd i. ° f g 

(4.8.5) 


In analog circuit design, where most devices operate in saturation, this expres- 
sion can be found handy for approximate calculations in any region of inversion. 
However, it will mostly be adequate for low-voltage work, unless 7 is allowed to re- 
duce to @ as strong inversion is entered. 

Interpolation models of the type discussed above can be a big improvement 
compared to models which ignore moderate inversion altogether. They achieve a bal- 
anced compromise between accuracy and simplicity, and are sometimes preferred to 
complete charge sheet models (see Sec. 4,3) for reasons of computational efficiency. 


+The accuracy of the model can be extended if one uses 7 = 1 + (2 Jb + Veg ), where @ increases as Vos is 
raised, so that n changes from the value in (4.6. 16) to the value in (4.5.43),°9"! 
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49 SOURCE-REFERENCED VS. BODY- 
*. REFERENCED MODELING 


In this chapter we have discussed a variety of models. Some were symmetric with re- 
‘ spect to the substrate and gate, and the independent variables in them were Vey, Vpp, 
and Voz. Others were source-referenced, with Vg, Vns, and Vo, as the independent 
variables. Several advantages are often claimed for each approach, but it should be 
~ poted that, in principle, the two approaches are, or can be, equivalent. This is obvi- 
- Qus, since a body-referenced model can be converted to a source-referenced one by 
. replacing Veg by Vas + Vg and Vpg by Vos + Vog. Thus, all “advantages” of the 
 body-referenced model would carry over to the new “source-referenced” model. 
: However, in practice each approach is often combined with a different set of prac- 
tices, and it is those practices that are responsible for some of the ways each ap- 
- proach is viewed. Let us now list the advantages of each approach. We will take this 
_ Opportunity to include issues which pertain not only to modeling, but also to points of 
__ view of the MOSFET as a circuit element. 


Advantages of source-referenced models: 


1. Physically and intuitively, the real ‘driving forces” that cause the current to flow 
_ in a MOSFET are Vg, (to create the inversion layer) and Vp, (to apply a potential 
- . géross that layer). They are not Vo, and Vp, per se. For a device with a desirably 
| very smalt body effect, variations in V;,, with Vgs constant, have a very small ef- 

fect on Ips, whereas variations of Va., with Vez fixed, have a major effect. In prin- 
_. ¢iple, for a substrate with negligible doping concentration the B terminal would 
: become irrelevant, and it would not make much sense to refer the voltages to it. 
Silicon-on-insulator MOS devices have no conducting substrate, and V,. is what 
causes an inversion layer in them (the same is true for junction FET devices). The 
semiconducting substrate is a layer we would ideally do without; referring all volt- 
ages to a terminal we would rather see disappear is not easily accepted. 

4 In the history of electronics, all previous major devices (vacuum tubes and bipolar 

transistors) were usually viewed with “input” voltages corresponding to Vg, (the 
_ gfid-cathode voltage in tubes, and the base-emitter voltage in bipolar transistors). 
_ © There was no “fourth” terminal (unless the parasitic substrate on which bipolar de- 
vices sit counts as one). Using Vg, as the variable for MOS devices is a natural 
-  ¢arryover, and the intuition developed over many decades of experience with other 
. devices can be extended to use with MOSFETs. All these types of devices can 
then be viewed in a unified way for the purposes of circuit design (this can be es- 
_ pecially convenient in BiCMOS technology, where both bipolar and MOS transis- 
- tors must be dealt with). 

4 By referring all voltages to the source, and going through a linearization of the 
bulk charge, the threshold voltage occurs naturally in the device equations, as we 
have seen [see, for example, (4.5.37)]. The threshold voltage is one of the most ex- 
 tensively studied and characterized MOSFET parameters, and it is convenient to 
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have it as an explicit model parameter. In particular, its functional dependence on 
Vs, has been extensively studied, and the associated expressions for V7(Vo,) can 
be used directly in the model equations. 

As we have seen, the body acts as a second gate and is referred to as a “back gate” 
for this reason. It is thus natural to treat it similar to the way we treat the gate. In 
fact, there are analog circuits in which the body is actually used as a second gate 
(given that we cannot get rid of the substrate, we might as well use it for some- 
thing). With the source as the reference, the “inputs” now are Ves and Vps. This can 
be handled naturally by a source-referenced model. For a body-referenced model, 
using the reference (or “‘ground’’) node B as an input is not as convenient. 

Effects related to carrier transport from source to drain, such as velocity saturation 
(Chap. 6), are easier to handle in terms of Vpg, rather than in terms of Vp, and 
(separately) of Vop. 

Although, if a transistor is laid out symmetrically, it has symmetric characteristics, 
often transistors are not laid out symmetrically. For example, some gate geome- 
tries are not rectangular, and the source is made to partially surround the drain (or 
vice versa). In such cases, the plots of current vs. drain voltage are not exactly the 
same as the plots of current vs. source voltage, and the drain capacitances are cer- 
tainly very different from the source capacitances. In such cases, keeping track of 
which terminal is the source is important, and it may be necessary to extract para- 
meters with this in mind. Such distinction is natural to a source-referenced model. 
A body-referenced model can, of course, also be employed, but it will have to be 
made asymmetric for this purpose. 

For work at very high frequencies, several modeling approaches have been pro- 
posed for source-referenced models (Chap. 9), whereas very little has been done in 
this respect for body-referenced models. Standard radio-frequency (RF) design 
techniques and measurements are also source-reference-based. 


Advantages of body-referenced models: 


The symmetry inherent in body-referenced models is intellectually satisfying. 
The symmetrical nature of symmetrically laid out MOSFETs is sometimes taken 
advantage of in some analog circuits. A body-referenced model is well suited to 
use in such cases. 


. In body-referenced long-channel models, current saturation is attained at values of 


Ving Which are independent of Vs,, as expected from basic considerations. 

Weak inversion is very well handled by body-referenced models. For example, the 
quantity #,, in Sec. 4.6 depends only on Vg,. A design culture has developed 
using such models for circuits operating in weak inversion.?? 

Some effects, like effective mobility, which are associated with transverse fields, 
can be very well handled in a body-referenced model. 


. A body-referenced model does not, by its very nature, exhibit discontinuities of [ps 


or its derivatives at Vp, = 0. This property is very desirable in the implementation 
of models for computer simulation (Chap. 10). In contrast, source-referenced 
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' models can present such problems, unless one is very careful. Note, though, that 
-: @ffects related to carrier transport from source to drain (such as velocity saturation, 
_. Chap. 6) are often handled through Vp, even in body-referenced models; in such 
_». formulations, these models can also present discontinuities at Vos = 0. 


|. Despite the above differences, and as already indicated in the beginning of this 
“subsection, source-referenced and body-referenced models can in principle be equiv- 
‘alent. Either approach can, in principle, do an equally good job, and the user of a 
‘model implemented in a circuit simulator may in fact not even need to know whether 
the internal structure of the model is source-referenced or body-referenced. It is the 
‘practices usually associated with each type, as well as differences in circuit design 
cultures, that are responsible for preferring one or the other type of model in several 
instances. We find it appropriate to discuss both types of model in this book. 


410 EFFECTIVE MOBILITY 


In Sec. 1.3.2, we briefly looked at the mobility of electrons in the bulk. We men- 
tioned that the value of this quantity is determined by several scattering mechanisms, 
through which the electrons exchange momentum and kinetic energy with their envi- 
fonment. One such mechanism is due to the energy of lattice vibrations, which is 
modeled by using energy quanta called phonons. The electron-phonon interaction is 
referred to as phonon scattering. Another mechanism is related to the electrically 
charged ionized impurity atoms, and is called Coulomb scattering. 

In a MOS transistor, electrons in the inversion layer flow near the semiconductor- 
- oxide interface (the “surface” of the semiconductor). The electric field component per- 
© pendicular to the direction of current flow (referred to as the transverse, or normal, 
‘ component) tends to accelerate the inversion layer electrons toward the surface and 
- subjects them to additional scattering.'7.?* Now there is Coulomb scattering not only 
- due to ionized impurity atoms, but also due to interface trapped charges, and to 
: Charges trapped within the oxide. It is interesting to note that the inversion layer 
. charge itself, if it is significant, tends to partly “screen” itself from the effects of 
- Coulomb scattering. Additional scattering occurs due to surface roughness. All these 
- tad to lower the mobility of electrons in the inversion layer (called surface mobility) 
* @ values smaller than the bulk mobility considered in Sec. 1.3.2. 

Surface mobility has been the subject of many studies,!7.92-!3955,62 In most of 
: these, surface mobility is studied as a function of an average transverse field; while 
- this quantity can be defined in more than one way, we will assume for now that it is 
- the mean between the values of the transverse field at the top and at the bottom of the 
_ inversion layer. A typical behavior of surface mobility vs. average transverse field 
#8 as shown in Fig. 4.27. Qualitatively, this behavior can be described by taking into 


- fin short-channel devices, things get further complicated due to the large field along the surface (the parallel, or 
Jongitudinal field); this will not concern us until we get to Chap. 6. 


182 oPpeERATION AND MODELING OF THE MOS TRANSISTOR 


(log scale) 


Ey ave 


{log scale) 


FIGURE 4.27 
Surface mobility vs. average transverse field. 


account the fact that, while all the above mechanisms may be present simultaneously, 
and while each tends to limit the surface mobility value, different mechanisms tend to 
dominate the behavior in different ranges of field values. At low fields, Coulomb 
scattering due to impurity atoms and oxide charges tends to be dominant in limiting 
mobility.!21.13!-133 As the field is increased, the inversion layer charge becomes sig- 
nificant and tends to screen the impurity and oxide charges, thereby lessening their 
effect; this is why the mobility shows an initial increase in the figure. This trend does 
not continue as the field is increased further, since phonon scattering becomes impor- 
tant and mobility begins to drop. Finally, at stall higher fields, the strong “pull” of 
electrons toward the surface makes surface roughness the dominant scattering mecha- 
nism, and mobility begins to drop faster, as seen toward the right. 

Increasing the doping concentration tends to shift the point where Coulomb 
scattering becomes nondominant to higher field values. This is because there are now 
more ionized impurity atoms, which makes Coulomb scattering more prominent; 
also, higher substrate dopings mean that a larger substrate charge must be depleted 
[see (3.2.5a)] before an inversion layer can be formed, which means that the inver- 
sion layer charge will not become significant (so that it can screen the effects of 
Coulomb scattering), until higher field values.'2” Thus the peak of the mobility curve 
shifts to the right if doping is increased, as shown. We should note here that the liter- 
ature is not consistent as to how serious the mobility drop is at low electric fields, and 
in fact some or all of this drop, as observed by some authors, has been claimed by 
others!98:!24 to be the result of experimental error, or of errors in data interpretation. 

It has been reported that to the right of their peak, the curves for different dop- 
ing concentrations and different oxide thicknesses tend to merge and to follow a uni- 
versal curve, %%!00,101,103,109,127.139 although surface orientation and surface preparation 
can make a difference.!28 A simple approximate equation for this “universal” behav- 
ior will be presented later in this section. 


THE FOUR-TERMINAL MOS TRANSISTOR 183 


We will now study ways to incorporate the above behavior in MOS transistor 
models. Recall that, in steady state, the drain current is equal to the current at any 
point in the channel; including drift and diffusion components we have (4.3.5), re- 


peated below: 


| uw(-o7)4 oo uw, —<! “e (4.10.1) 


In Sec. 4.3, we integrated the above equation from x = 0 to x = L, obtaining 


W 
Ins = al 


ts, Oi 
7 I, * w{-O1) dbs, + &, J wage! (4.10.2) 


sO 
We then made the assumption that 4 was constant along the channel; thus u« 
could be moved outside the integral, and we obtained 


W #st, 
lps = oa fe (- Q;) dy, + d, (On - O'0) (4.10.3) 


However, we now know that 4 depends on the transverse field, Since this field, 
in general, varies along the channel, 4« will also vary. If its variation is not negligible, 
one cannot move 4 outside the integral. One can then attempt to determine yz as a 
function of the variables of integration in (4.10.2), and try to include this function in 
the integration. This is very difficult analytically.24 Another approach taken is to de- 
fine an effective mobility 42.., such that, when used in the expression 


Ins = © self (-O;) dé, + (Qi - 0%0)| (4.10.4) 


the current is predicted correctly.? Since the electric field at each point in the channel 
and, thus, ze in (4.10.2) depend on the terminal voltages, one should expect that to 
make (4.10.4) give the same result as (4.10.2), 4. should be made a function of the 
terminal voltages. This function is often determined empirically, but sometimes a 
more analytical approach can be used, as will be shown. Comparing (4.10.4) to 
(4.10.3) we see that, when the effective-mobility approach is taken, Ip, will be given 
by the same expressions found in Sec. 4.3, if in them yz is replaced by fog: 


= 1 


ri 


(4.10.5) 


DS, including mobility DS, assuming constant | “= Weft 


dependence on normai field mobility 


A formal definition of 4,,- can be obtained by equating the right-hand sides of (4.10.4) and (4.10.2), and solv- 
ing for gg. However, this is not useful for evaluating w,;- since, if one can evaluate the integrals in (4.10.2) 
with adequate simplicity, then 42 ..¢ is not needed; one would, in this case, have found Ip, directly from (4.10.2). 
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We now describe a way to determine //._ in principle; this is an extension® of 
classical techniques to the charge sheet model. If both sides of (4.10.1) are divided by 
4, and then integration is performed from x = 0 to x= L, we obtain 


dx irs 
Ing a = wif (-Q; } dy, + bLOn - 0%0)| (4.10.6) 


so 


Solving this for J,,, we find an expression which is exactly of the form of 
(4.10.4), with 


(4.10.7) 


As a check we note that, if 2 is assumed constant, the above equation gives 
Mere = #, as expected. 

For the real case where 4 depends on %,, one can in principle express @, in 
terms of the surface potential, and relate the latter to the position x through (4.3.22). 
Whether this will give manageable results from (4.10.7) depends on the form as- 
sumed for 4(@,), and on the assumptions made along the way. 

As an example, we now show a popular way of doing this in strong inversion. 
In this region, mobility is assumed to follow the “universal” behavior shown to the 
right of the peaks in Fig. 4.27, and is written as a function of oe 


é,, + 
Cs a (4.10.8) 


where €,, is the value of the normal field at the surface and @,, is its value “just 
below” the inversion layer; these values will be discussed shortly. 
Experimental data can be approximately modeled by the following relation: 


- Mo 
HAT, ie (4.10.9) 


y ave 


where 44) and ag depend on temperature and can be considered fitting parameters.t 
For practical conditions, 429 is roughly half of the bulk mobility (as evaluated for 
lightly doped substrates) and az is of the order of 10 cm/V at room temperature. 


a 
+It is interesting to note that the form of (4.10.9) is not totally empirical. It can be made plausible by starting 
from the so-called “Mathiesen rule” for combining mobiliry contributions, which gives Ve = Ve, + lie, with 
#4, the mobility due to bulk scattering and yz, the mobility due to surface scattering; contributions to bulk mobil- 
ity are combined in a similar manner.'6*8 If we assume that 2 is inversely proportional to ,,,y_ (which, in 
turn, can be made plausible under certain physical assumptions),? it is easily seen that the form of (4.10.9) re- 
sults. However, the values of the parameters in that equation are difficult to justify rigorously. A semiempirical 
discussion is given elsewhere.°? Note that (4.10.9) does not model the post-peak behavior at very high fields.’ 
A better fit to experimental data is claimed to be obtained by # = Ao/(1 + a;65) ye + 2:6"? 4¢), where a, and a, 
are fitting parameters, b, is close to 0.3, and b, is approximately 2 for electrons and 1 for holes.'2!76 We note, 
however, that the stronger degradation of mobility at very high fields 1s not universally accepted.!0! 
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_ The electric field at the surface can easily be related to the total charge per unit 
area below the surface from basic electrostatics (Appendix B)?: 


6, = Qi * QW (4.10.10) 


yr 
€s 


where Q', and Q’, are the inversion layer and depletion region charges per unit 
area, respectively, and e¢, is the permittivity of the semiconductor. Similarly, the 
__ field just below the inversion layer can be determined by assuming a very thin in- 

version layer, so that the total charge per unit below the inversion layer is practi- 
caily all of OQ’: 


éy, = _ Ye (4.10.11) 


Using the above equations in (4.10.8), we obtaint 


Of + 0.507 
Svave = ae lai (4.10.12) 
and thus (4.10.9) becomes 
pe (4.10.13) 


1 = (agle,)(Q% + 0.507) 
Substituting this in (4.10.7) we have: 


Hy 
bee = ap (4.10.14) 
= |, [} - (@ole,\(Qs + 0.507)] ax 


Unfortunately, the calculation of this is not easy since Q) and Q’, depend on 
x through the channel-substrate effective reverse bias V-,(x), which is, in general, 
given by a complicated expression; see, for example, (4.5.49). It is here that a sim- 
plification is made: For the purposes of evaluating (4.10.14), it is assumed! that Vz, 
varies approximately linearly with x. (As seen from Fig. 4.22 this assumption is 


fDue to the gradual channel approximation (Sec. 4.1), the electric field component parallel to the direction of 
current flow is assumed negligible compared to the transverse component. Hence, a one-dimensional analysis 
can be used, 

{The appropriateness of the above simple definition of Sy ave in (4.10.8) and the resulting expression for it 
in (4.10.12) has been questioned.' For p-channel devices, it has been found that the “universality” of the 
mobility-field behavior is wider if the factor of 0.5 in (4.10.12) is replaced by a smaller factor>? in the range of 
0.25 to 0.38. The limits of mobility-field “universality” have been discussed. !!8-127.128.130 We note that such uni- 
versality is less valid for heavier substrate doping. !27 
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mostly satisfactory for low values of Vps.) Then we can write AV epldx = (Ving — VopL. 
Using this to perform a change of variables in the integral of (4.10.14), we obtain 


Ho 


Lee ——_—__ 
. [}/ (Vos — va)lf. {1 — (a,/e, (Qs + 0.507)} dcx 


(4.10.15) 


The integration can be completed by using Q', and Q, from (4.5.10a) and 
(4.5.9) for the complete strong-inversion model;!°? for the simplified strong- 
inversion model, the corresponding equations to use are (4.5.30) and (4.5.29). After 
some algebra, we obtain 


(4.10.16) 
where 
p= -2C., (4.10.17) 
2€, 
and f,, is given by the following expressions. 
For the complete strong-inversion model:'3? 
3/2 3/2 + 
Siu = (Von — Veg by) ~ ~(Vpp + Vsp) + 2 (0 + Vow) ~ (to + Yoo) 
2 3 Vop — Vsp 
(4.10.18) 


For the simplified strong-inversion model: 


Vos ~ Vep — Po + ¥VG + Von - ( — a (4.10.19a) 


Vos — Ve + 2¥¥% + Vop - ( - = Vos (4.10.19) 


where V,is given by (4.5.33). 
As seen, the effect of the gate voltage is dominant. For this reason, it is some- 
times said that 4,,, “depends on the gate field.” It is more correct, though, to say that 


fu 


The fraction in this equation becomes 0/0 for Vpg = Vsg- To avoid this problem, one can factor out (py + 
Vg)? = (bg + Vsq)' from both numerator and denominator, and replace the fraction by*? 


(do + Voa} + (dp + Von) (hy + Ven) + (to + Vee) 
(bo + Vos) + (bo + Ven) 
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He depends on the transverse field, which, in turn, depends on all terminal voltages, 
as has been seen. We should note here that in the denominator of the expression for 
fe another term proportional to Vpg is often included to model “velocity saturation” 
effects. This is not related to the Vp¢ terms in the above equations, and will be con- 
sidered in detail in Chap. 6. 

Using 4. from (4.10.16) and (4.10.18) in lieu of w in the accurate strong- 
inversion expression (4.5.2) has been shown to result in an accurate model with ex- 
cellent agreement to experiment.!9? One can also use (4.10.16) with (4.10.19) in con- 
junction with (4.5.31). In either case, of course, one must use the approach indicated 
in Sec. 4.5 to extend the characteristics into the saturation region. In the latter case, 
for example, one needs to determine the value of Vps at which saturation is obtained. 
This value, denoted by Vj,, is the value of Vp, at which d/psy/dVps = 0. Note that, 
because of the presence of Vp, in the expression for 4,¢, a new differentiation is re- 
quired to obtain the value of Vis. The Vps expressions of Sec. 4,5 will not be valid 
here, since they were obtained by assuming a constant mobility. This results in addi- 
tional complications which are often avoided by neglecting the dependence of se-g, on 
Vps. For example, consider (4.10.196). In that equation the last term is usually 
dropped.t In addition, the term dependent on Vs, is sometimes replaced by a term 
linear in Vs». Thus the following form has been suggested for (4.10.16), 854 


eS ee :! ee (4.10.20) 
in 1+ Ves = Vr) + @gVsp 


By now several approximations have been made, and one should expect that the 
values of {¢9, 9, and @, used in the above equation may have to be chosen by fitting to 
measurements, to minimize the error. A typical value for sp is 600 em4/(V - ns) for 
n-channel devices at room temperature. For p-channel devices, jo is typically smaller 
by a factor of 3. The parameter @ is of the form fy/t,, with f,, the oxide thickness, 
and f, typically 5 to 20 A - V-!.§ The value of @, is usually small (for example, a few 
hundredths of 1 V-!), and often the V.,-dependent term in (4.10.20) is omitted alto- 
gether. This can cause problems, as then increasing V5, would imply an increase in 
Hep Since V;- would be increasing owing to the body effect. However, ig should ac- 
tually decrease with increasing Vcp. This is most easily seen from (4.10,16) with 
(4.10.19a) and is also expected intuitively. Let us refer all voltages to the source. 
Then increasing V;, means making the voltage at the substrate terminal more nega- 
tive. This would tend to increase the normal field and “push” the electrons more 


Often the effect of this term is absorbed into a similar term that results from “velocity saturation” effects; these 
are considered in Chap. 6. 

$A term containing V2, is sometimes added!!4.''8 to the denominator of 2,4, to help model the strong decrease 
of mobility due to surface roughness at high fields, such as those encountered in transistors with very thin ox- 
ides, although the presence of this effect is not universally accepted. 

§The value of # is sometimes adjusted to help model an effect quite unrelated to the field dependence of mobil- 
ity, Le., the effective drain-source voltage reduction due to the voltage drop across the series resistance of the 
source and drain regions. This effect is discussed in Sec. 6.8. 
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FIGURE 4.28 
Ing VS. Vag for fixed Veg and fixed, very small Vp, for constant effective mobility and neglecting moder- 
ate and weak inversion (broken line), and V,.,-dependent effective mobility and including moderate and 


weak inversion (solid line). 


toward the surface, which is the same effect an increase in the gate voltage would 
have; thus 4,,_ should be expected to decrease. This is verified experimentally 
and is found to be more evident in p-channel devices (Sec. 4.1).85 Thus omitting the 
V.,-dependent term in (4.10.20) can have a serious effect, especially in the small- 
signal modeling of analog circuits (Chaps. 8 and 9). If, in addition to omitting the 
V,,-dependent term in (4.10.20) V; is replaced by V7» [as given by (4.5.33)],* seg 
appears independent of Vop. 

The effect of mobility dependence on Vz, is shown in Fig. 4.28. Ip, is plotted 
vs. Vas for a fixed V,, and very small Vp,. Then, as seen from (4.5.37), we will have 
Ins = (WAL) UCS, Vos( Vos — V7). If w is constant, a straight line is obtained in strong 
inversion, as shown by the broken line (the bottom, curved part of the solid curve is 
caused by moderate inversion). If z is replaced by y.4, which varies with Vo, as sug- 
gested above, the plot becomes as shown by the solid line. In some devices this effect 
is so strong that one never really gets to see a straight-line part in the characteristic. 
Note that very smali V,, is not a necessary condition for obtaining a straight line in 
nonsaturation. However, such pilots are usually obtained for very small Vpg since, 
then, nonsaturation is observed even at small V,, values, at which one can hope fo 
see the initially straight part of the curve where mobility degradation is not strong. 
Also, for very small Vps, the intercept of an extension of the straight-line part with 
the horizonta! axis is approximately V,. This is a convenient method for determining 
the threshold voltage experimentally. 

The parameter z., is often simply referred to as the mobility instead of the 
more complete effective mobility, and is denoted by yz for simplicity. For conve- 
nience, we will adopt this notation in the rest of this book. No confusion should arise 
because it should be understood that, every time 4 is encountered in expressions that 
give the drain current as a function of the terminal! voltages, it will be the effective 
mobility. 


THE FOUR-TERMINAL MOS TRANSISTOR 189 


As already pointed out, the results obtained in the above example are valid in 
the strong-inversion region, where the normal electric field is not very small and 
(4.10.9) is valid. At very low fields (e.g., corresponding to moderate or weak inver- 
sion) this equation is no longer claimed to be valid.!?* It has been suggested that the 
_ electron density in the inversion layer at such fields is no longer large enough to 
~ “screen” the ionized acceptor atoms, or that it can show significant fluctuations due 
- to the presence of localized charges at the oxide-semiconductor interface.%93 De- 
_ Vices have been reported to exhibit a drop in effective mobility when operating in 
- weak inversion,?*2,99.96.129 although not all results reported in the literature show 
such behavior. !°8-!34 In contrast to strong inversion, not much work has been done to- 
_ ward developing simple expressions for the effective mobility in weak inversion. 

For readers who plan to search the literature on the important topic of effective 
- mobility, we would like to offer some warnings: 


1. What is often called “effective mobility” in the literature is not meant in the 
general sense we have used it above, which allowed us to write (4.10.5) for all ter- 
minal voltage combinations, including the effect of large Vp, on the transverse 
electric field. Rather, what is often meant by this term is only the mobility at a 

_ point in the channel, and it is measured indirectly, by applying a very small Vp, 

— (eg., 10 mV) on a transistor, in an attempt to make the channel uniform. 

_ 2. Some of the data on effective mobility vs. field behavior published in the literature 

are distorted due to experimental errors. 

3, Some studies are inconclusive, and different studies contradict each other; we gave 

-_ some indication of this wherever possible. 

 & Many of the detailed results on effective mobility vs. field are not usable in devel- 

ping a device Z-V model of manageable simplicity. Thus, one often ends up using 

simple approximations such as the ones we have presented. One should not be sur- 

_ prised, therefore, if these do not provide very accurate results, or if the parameters 
used must be given nonphysical values in order to help make up for the lack of ac- 


curacy. 
_ 411 TEMPERATURE EFFECTS 


. MOS transistor characteristics are strongly temperature-dependent. !8.83.85.57.58,118, 
_ M14 One of the main parameters responsible for this is the effective mobility, 
. which is known to decrease with temperature. An often used approximation is 


u(T) = alt} F | | (4.11.1) 


. Where T is absolute temperature, T, is room absolute temperature, and k, is a con- 

. stant, with various values used for it#557.58.94.118 between 1.2 and 2.0, 

_ Other temperature-dependent parameters are @ and Vr, [the latter is temperature- 
dependent through ¢,,; in (2.2.6), assuming Q’, is fixed]. These effects are manifested in 
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FIGURE 4.29 


Ips in saturation vs. Vgs, for three different temperatures. 


the value of V; in (4.5.32), which is found to exhibit an almost straight-line decrease 
with temperature!857.118,140.141.143,144 and can be approximated by 


VHT) = V-(T,) — kT - T,) (4.11.2) 


where k, is usually between 0.5 mV/K and 3 mV/K, with larger values in this range 
corresponding to heavier doped substrates, thicker oxides, and smaller values of Voz. 

As an example of the effect of temperature on transistor characteristics, con- 
sider a device operating in the saturation region. From (4.5.37) we have 


1wc 
JIps = YH(T) xT 7 [Ves — V;(T)] (4.11.3) 


Thus, a temperature increase should tend to increase the drain current through 
Vos - V7(T), and to decrease it through 4(7). A set of Alps vs. Vag curves in satura- 
tion is shown in Fig. 4.29. At high currents, the decrease of (7) with temperature 
dominates; the opposite is true at low currents. In certain cases a value of Ves can be 
found at which the current becomes practically temperature-independent over a large 
temperature range.!*!40.143 This effect is evident in the figure. The bottom, curved 
part of the curves is due to moderate and weak inversion; the curving of the upper 
part is due to the dependence of effective mobility on Ves (Sec. 4.10). 

As can be deduced from the figure, in weak inversion and for given Vgg the drain 
current increases with temperature. Typical plots of log Jp vs. Vgs are shown for vari- 
ous temperatures in Fig. 4.30. As seen, increasing temperature decreases the slope of 
the curves. Also, the junction leakage (the effect of which is shown by broken curves) 
drastically increases with temperature and masks the weak-inversion current, thus di- 
minishing the range of currents over which near-exponential behavior is observed. 
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FIGURE 4.30 
log [y v8. Vos at low currents for various temperatures. The broken part indicates the effect of leakage. 


The reader is referred to the literature for considerations applying to operation 
at very low!45!46 and very high!*3 temperatures. 


412 BREAKDOWN 


The value of the various voltages that can be applied to a MOS transistor should be 
limited to avoid several forms of breakdown.!®83 One such form is junction break- 
down. The junctions formed by the substrate and the drain or source regions will con- 
duct a large current if the reverse bias applied to them exceeds a certain value (be- 
cause the field in the junctions near the surface is influenced by the presence of the 
gate, the above value depends on the gate potential and can be different from that pre- 
dicted by common pn junction theory). Junction breakdown will occur even with the 
device off. When the device is on, carriers moving fast in the channel can impact on 
silicon atoms and ionize them, producing electron-hole pairs; this is referred to as 
impact ionization. The newly generated pairs can gain enough energy to impact on 
silicon atoms and produce more electron-hole pairs, etc. This is called the avalanche 
effect and is more pronounced in the pinchoff region near the drain where fields can 
be high. Currents larger than those predicted by common device models will then 
flow, and the phenomenon is referred to as channel breakdown. More details on this 
phenomenon are given in Chap. 6. 

The above forms of breakdown are nondestructive. Once the large voltages pro- 
~ ducing them are removed, the device will function properly as long as no permanent 
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FIGURE 4.31 
y; Effect of breakdown on Ip-Vpg charac- 
0 DS teristics. 


damage caused by overheating has occurred. The effect of such breakdown on device 
characteristics is shown in Fig. 4.31.T 

A destructive breakdown mechanism is oxide breakdown. It occurs when the 
electric field in the gate insulator exceeds a certain value [about 7 x 10° V/cm 
(0.07 V/A) in silicon dioxide]. The result is a permanent short circuit through the insula- 
tor. Static charge, such as that transferred to gates by handling devices with bare hands, 
is known to cause oxide breakdown. For this reason, protective devices are used at those 
input terminals of an MOS integrated circuit that are connected to transistor gates. 


4.13 THE p-CHANNEL MOS TRANSISTOR 


If the substrate is made of n-type material, and the source/drain regions of p*-type 
material, we have what is known as the p-channel MOS transistor or PMOS transis- 
tor. Figure 4.32 shows such a device. An example of p-channel transistor characteris- 
tics is shown in Fig. 4.33. 

The operation of the p-channe! transistor is the “dual” of n-channel operation. 
The role of electrons is played by holes, and the role of ionized acceptor atoms is 
played by ionized donor atoms. Statements made about n-channel devices can be 
adapted to the case of p-channe] devices with simple modifications. For example, in 
Fig. 4.32, the more negative the gate-source voltage the heavier the concentration of 
holes near the surface. The more negative the drain-source voltage the heavier the 
flow of holes from source to drain; hence, the more negative the drain current (as- 
suming the reference direction is chosen as before, i.e., from the drain through the 
channe] to the source). The more negative the source-substrate bias the larger the 
- number of donor atoms that are depleted. The body effect coefficient y is given by 


_ N29€sNp (4.13.1) 


ce 


where N, is the concentration of donor atoms in the substrate. 


+QOur discussion here is limited to long-channel devices. An additional form of breakdown, called 
punchthrough, is encountered in short-channel devices; this effect is considered in Sec. 6.4. 


THE FOUR-TERMINAL MOS TRANSISTOR 193 


9 02,9 Gg® © © 2 


99 O28 SC) 


FIGURE 4.32 
Ap-channe! MOS transistor. 
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FIGURE 4.33 
Ing-Vpg characteristics for a p-channel MOS transistor for two different V., values. 


In describing p-channel devices, there are some rather obvious sign changes in 
the model equations; for example, instead of (4.5.31) we will have 


Ww 
losy = 7 uC | (Yo - Vz)Vps5 - ; = ¥3s| (4.13.2) 


where instead of (4.5.33a) we will have 


Ve(Vsa) = Veo - x J- Vsp — Py — #6) (4.13.3) 


where V,, and ¢p are negative and, instead of (4.5.33), we will have 


Vig = Veg + So — ¥V~-%o (4.13.4) 
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The value of the effective mobility for p-channel devices at low gate voltages is 
smaller than that in n-channel devices by a factor of 2 to 4; a typical value is 250 
cm?/(V-s). 


4.14 ENHANCEMENT-MODE AND 
DEPLETION-MODE TRANSISTORS 


Consider the simple model of (4.5.37). Depending on the sign of Vro, MOS transistors 
are separated into two categories. The n-channel transistors with positive V7, are called 
enhancement-mode (or “normally off”) devices, whereas n-channel transistors with 
negative Vro are said to be depletion-mode (or “normally on”) devices. These names 
originated in the days when weak inversion was neglected, and the n-channel transistor 
was viewed as being on for Ves > Vro and off for Vgs < Vo (with Vsp = 0 assumed). 
Thus, if V7 is positive, an n-channel device is assumed off at Vas = 0, and it takes a 
positive V5 to “enhance” the channel and tum the device on. If Vz is negative, the 
n-channel device is already on with V,,=0, and it takes a negative V¢s to “deplete” the 
channel and turn the device off. For p-channel devices, a negative Vro corresponds to 
the enhancement mode and a positive V;p to the depletion mode. The / 'p- Vag character- 
istics for the four types of devices for a very small |Vp.| are shown in Fig. 4,34. 


fos Ips 
* 
Ves Ves 
(a) (b) 
!ps !ps 
V, Vro 


(c) (d) 


FIGURE 4.34 
Ins VS. Vgs for Vsp = 0 and very small |Vpsl. (@) n-channel enhancement device; (b) n-channel depletion 
device; (c) p-channel enhancement device; (@) p-channel depletion device. 
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The value of Vro can, in principle, be set by a very shailow ion implantation 
during fabrication. In such a process, the device is bombarded with high-energy ions. 
If all such ions could end up at the oxide-semiconductor interface, their effect would 
be the same as that of Q' in (2.2.6). Hence, the value of Vz, could be adjusted, 
which, in turn, would adjust the value of Vr, in (4.5.33b). In practice, however, ion 
implantation cannot be that shallow. The spreading of ions into the substrate can cre- 
ate second-order effects, and then the resulting device cannot be modeled accurately 
as in this chapter. Jon-implanted devices are considered in Chap. 5. 


415 MODEL PARAMETER VALUES, 
MODEL ACCURACY, AND MODEL COMPARISON 


In the models we have developed, some parameters do not have an exact theoretical 
- yalue. For example, such is the case with @g, which represents the supposedly 
_ “pinned” value of the surface potential in strong inversion (with Vs, = 0). Since the 
_ surface potential is never exactly pinned but instead varies with bias, the best single 
value to be used for ¢, will depend on the bias range we are interested in. The same 
is true for V-p, which contains py in its definition. Even parameter values which have 
been specified “exactly” (e.g., the body effect coefficient y) are actually exact only 
for the fictitious, idealized device corresponding to the simplifying assumptions we 
have made (e.g., that the substrate doping is “exactly” uniform). Thus, when a model 
is used to represent a real device, the parameter values that will result in minimum 
error between model predictions and experiment are not necessarily dictated by a 
_ simple theory. For this reason, what is usually done is to assign values to these pa- 
- gameters in such a way as to provide “best matching” between model predictions and 
measurements. In this process, the “theoretical” values for the parameters might sim- 
ply play the role of an initial guess. Of course, what constitutes “best matching” 
_ is subject to interpretation. One might desire good matching for devices with L = 
- 05 wm and Vp, from | to 2 V; or, most likely, for devices of various lengths in a 
_ wide range of bias voltages. The sets of parameter values to be used in these two 
~ cases will not necessarily be the same, and the matching is likely to be better in the 
first case, assuming the same model is used. Also, if the same parameter appears in 
~ two different models (e.g., 6) appears in both the complete model and the simplified 
. gtrong-inversion model of Sec. 4.5), different values for it might have to be used in 
: each model for best results. For this reason direct comparison of model equations is 
~ difficult and should be taken with a grain of salt. 

| Let us offer an example of problems that can arise when model predictions are 
~ compared to experiment. Let us say that the weak-inversion model of (4.6.13) for 
_ given terminal voltages and process parameters predicts a current 4 times larger than 
. the measured value. Is the model bad? Not necessarily. The problem may just be that 
. the process parameters are not accurately known. This is notably true of Vpg, for 
’ example, which appears in the exponential term in (4.6.13) through V,,. With n = 1.3, 
» a 50-mV error in the value of Vpp is enough to give 4 times the actual current! This, 
* of course, happens because in weak inversion the log Ip, vs. Vg, curves (e.g., Fig. 
_ 4.26) are so steep that a slight shift horizontally corresponds to a large current 
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change. Note that, if /-V plots were compared rather than numbers, the above prob- 
lem with Vp, could have been spotted immediately. One would see that the curves 
produced by the model had the same shape as the measured ones, only they were 
shifted somewhat horizontally. Thus, V;, would be suspected and a new value would 
be tried for that parameter. In general, blind number comparison can be extremely 
misleading. 

In the above example, the error in the value of V; could have been the result of 
inadequate knowledge of process parameters, for example oxide thickness or sub- 
strate doping. In other cases, though, Vg, or some other parameters may have to be 
given a wrong value on purpose, in order to make up for model deficiencies. This 
should be alarming. /f a model is good, the optimum parameter values which provide 
best fit to measurements should be close to the values expected from theory. This 
point is discussed further in Chap. 10. 

The determination of parameter values is done by using sophisticated auto- 
mated systems devoted to data acquisition and parameter extraction. Under the cen- 
tral control of a computer, measurements such as /-V or C-V characteristics are per- 
formed on many devices of a certain type. The data obtained are then used as input to 
software which contains the algorithms for the determination of parameter values. 
Crucial in this process is the minimization of a certain error (e.g., mean square error) 
between the measured data and the values predicted by the model used. The selection 
of an appropriate error criterion depends on the application for which the model is in- 
tended. For example, for analog applications the error should involve small-signal 
parameters. Values for model parameters are extracted from /-V characteristic regions 
where such parameters have a strong effect. For example, if nonsaturation drain cur- 
rent values are plotted vs. V,s for a very small Vps, we obtain a curve of the form of 
Fig. 4.28; if, in the region of maximum slope of that curve, we draw a tangent and 
extrapolate to the V5 axis, we obtain the value of V;.} Parameter extraction is dis- 
cussed in Chap. 10. 

We shall take the opportunity here to emphasize that in this book V; is the ex- 
trapolated threshold voltage, a term originating in Sec. 3.4.2 and also justified by the 
construction we have just described. Unfortunately, the term threshold voltage is used 
in the literature with at least three other meanings. Sometimes it is taken to denote 
the quantity Vig + 2¢¢+ 2b + Veg. This quantity is actually Vy, the value of Vgg 
at the lower limit of moderate inversion, as has been seen in Sec. 4.4. It is different 
from V; in (4.5.32), simply because @, is different from 24, (Sec. 2.5.2). Elsewhere, 
“threshold voltage” is used to imply what is sometimes called constant current 
threshold voltage. This is the value of Vcs needed to reach a set value of Ipns/(WA), 
which often happens to fall somewhere in the moderate-inversion region or even in 
the weak-inversion region. Finally, sometimes threshold voltage is taken to mean 
vaguely “the value of V;s at which strong inversion begins.” The name “threshold 


+More accurately, as can be verified from (4.5.37a), the Vgs axis intercept of that tangent gives V;+ (al 2}Vps. 
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- voltage” is often used indiscriminately for all these quantities, and sometimes during 
| ‘parameter extraction it is attempted to match calculated values of one of these 
~ “thresholds” (e.g., Veg + 2p + {2G + Veg) to measured values of another thresh- 
~ old (e.g., the extrapolated threshold). All this originated in the early days, when V¢-> 
_ values of, say, 15 V were not uncommon; compared to these, an ambiguity of, say, 
0.2 V in the value of threshold was not a problem. Today, however, when the trend is 
~ clearly toward low-voltage circuit operation, a distinction of the above quantities is 
. important. In this book “threshold voltage” will always imply extrapolated threshold 
voltage unless stated otherwise. The extrapolation can be in terms of current, as in 
_ this section, or in terms of inversion layer charge, as in Fig. 3.2d. 
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PROBLEMS 


4.1, Plot the total drain current, the component due to drift, and the component due to diffu- 


sion, using relations from Sec. 4.3.1, for an n-channel transistor with N, = 5 x 10!” 
em, t,, = 60 A, Veg =—I V, 4 = 600 cm’(V - s), W= L = 2 um, biased with Vey = 1 V 
and Vpg = 3 V, for Ve, between 0 and 3 V. Use a log current axis. Identify the three re- 
gions of inversion on the plot, and evaluate the percentages of the current due to drift 
and due to diffusion at the limit points between weak and moderate inversion and be- 


tween moderate and strong inversion. 
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4.2. 


4.3. 


4.4 


45. 


4.6. 


4.7. 


48. 


4.9. 
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As explained in Sec. 4.3.1, in using (4.3.17) in weak inversion a smal] error in each of 

w,, and 9 can cause a large relative error in Ipso, since ¥,, and #9 have nearly equal 

values. Show that if &., — wo in (4.3.17) is substituted by the difference of the right- 

hand sides of (4.3.18a) and (4.3.185), an expression much more immune to error 
results.52 Explain why the new expression obtained may not be acceptable for use with 

(4.3.8) in strong inversion if ¥,, and ¥,, are not known accurately. (See also Prob. 4.4.) 

Compare the simplified charge sheet model of (4.3.39) and (4.3.40) to the complete 

charge sheet model of Sec. 4.3.1, by constructing current plots for the parameters and 

voltage values specified in Prob. 4.1. 

Consider the device of Prob. 4.1 with Vsx = 1 V, Vpg = 3 V, and Vg, corresponding to 

0.2 V below the upper limit of weak inversion. Find ¢,9 and %,, from (4.3.18) to very 

good accuracy (é.g., to eight significant digits) by using a computer or calculator with an 

equation-solving ability. Then, find ps. from (4.3.17) and from the expression of Prob. 

4.2, assuming ¥,, and ¥,, are known to only five, four, three, and two significant digits 

each. Which expression is more immune to limited accuracy? Explain the reasons by 

using specific numbers from the computation. 

Plot the inversion layer and depletion region charges per unit area vs. distance from the 

source for the device of Prob. 4.1, with Voz = 1 V, Vpg =2 V, and Vgp=3 V. 

For the device of Prob. 4.1, indicate the regions of inversion 

(a) In the manner of Fig. 4.12, for Veg = 0 V and 1 V. 

(b) In the manner of Fig. 4.14, for Veg = 2 V and 3 V. 

This problem deals with various ways of defining regions of operation. 

(a) Without restricting Vps to positive values, define V = min (Vsz, Vpg) and give gen- 
eral definitions for the regions of inversion as described in Table 4.1, in terms of V 
and Voz. 

(6) Repeat, in terms of V and V,,, where Vg, = max (Ves, Vp). 

Starting from (4.5.2a), prove (4.5.25), as well as the following equation: 


losn = ~ oe {4 (Vs — Veg — bo) ~ (Veo 7 "re ~ do) | 
— 4 |(Yoe + do) — (Vsp + .)”” |} 


Starting from (4.5.2), show that the nonsaturation strong-inversion current can be writ- 
ten in terms of Ves, Vas, and Vs, as follows: 


WH 
psy = Tr BCe| Vos — Vip - do) Vs ~ 4V55 
— 4 r(¢o + Vop + Vos) — (py + Ven) 


and find an expression for Vs, the value of Vp at the boundary between nonsaturation 
and saturation. 


4.10. For the device of Prob. 4.1, plot Jps v8. Vpg (O to 3 V) in strong inversion, for Vga val- 


ues of 2 and 3 V, assuming V,, = 0, and for the following models: 
(a) The complete model of (4.5.2) 
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(b) The simplified model of (4.5.16) 
{c) The simplified mode! of (4.5.23) 
along with their saturation extensions. Comment on the agreement of (b) and (c) with (a). 

4.11, For the device of Prob. 4.1 with Vop = 0 V and Ve, = 3 V (strong inversion), plot 
Ins VS. Vong, from Ving = 0 to Vos = 3 V, using (a@) the general model of Sec. 4.3.1 and 
(b) the strong inversion model of (4.5.13) and (4.5.2). Discuss the effect of the value of 
pq in (0). 

4.12. Consider the bracketed quantity containing the 3/2 powers in Prob. 4.9. Starting from an 
expansion of this quantity into a Taylor series around Vp, = 0, derive (4.5.31). Prove 
that the value to be used for @ should be less than a, in (4.5.41). 

4.13. Show that, for (4.5.28) to correspond to line a in Fig. 4.16, a, should have the value 
given in (4.5.41). 

4.14, For the transistor in Prob. 4.1, assume Vs, = 0 V and plot Ip, vs. Vos for Vo, = 2 and 
3 V, using (a) (4.5.13) with (4.5.2) and (6) (4.5.37) for each of the five values of @ con- 
sidered in Sec. 4.5.3. Comment on the accuracy obtained for each value of a. Can this ac- 
curacy be improved if a is allowed to be chosen at will? What value wouid you choose? 

4,15, Show that the assumptions made in order to derive the simplified strong-inversion 
model of Sec. 4.5.3 lead to the conclusion that Q4 = 0 when Vp. = Vps. Comment on the 
validity of this conclusion. 

4.16, Show that the simplified source-referenced strong-inversion model of Sec. 4.5.3 is re- 
lated to the symmetric models of Sec. 4.5.2. Start by writing (4.5.23) in terms of Vgc, 
and show that the resulting equation can be placed in the form of (4.5.37a), with V; and 
a defined accordingly. 

4.17. Prove (4.5.49). 

4.18, For the simplified strong-inversion model of Sec. 4.5.3 and for the device of Prob. 4.1 
with a = a3, V5g = 1 V, Vos = 3 V, and Vps = Vps — 0.6 V, plot (a) QO, and Q) as func- 
tions of Vip, and (b) Ves, On and QO; as functions of the distance from the source. 

4.19, For the device of Prob. 4.1 in weak inversion, plot (a) Ips V8. Vos, with Vs, = 0, for Vig 
between O and | V, and for V,, values of Vy — 50 mV and Vy — 100 mV. Use 
(4.6.6)-(4.6.7); (2) log Ing vs. Ves with Vos = 1 V, for Vsg = 0 V and Veg =2 V. 

4.20. Plot log Ins vs. Vs, for values as stated in Prob. 4.19, using (4.6.6}-(4.6.7) and (4.6.13). 
Compare the results. Can the agreement be improved if the values of V,, and n are 
slightly modified? 

4.21. Show that a simple approximate expression for the current in weak inversion is 


_ W a, (¥as-Ve)é (aby) ~Vps iby 
where V, is the value of V,, corresponding to a surface potential of 1.5@, + Von, and 


N= uCid& ‘4 elderly 
x iM ox 9 5d, + Veg 


Propose an appropriate expression for ». Comment on the accuracy of this equation in 
comparison to (4.6.13), and show that both equations can provide similar resuits if the 
values of the parameters in one of them are slightly modified. 
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4.22. 


4,23. 


4.24, 


4.25. 
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Show that (4.3.17) in weak inversion can be reduced to (4.6.6}(4.6.7) as follows: Re- 
place ¥, — WU, in (4.3.17) by the difference of the right-hand sides of (4.3.18) and 
(4.3.18a). In this difference expand the square roots of the form ys + € in a Taylor 
series around ¢ = 0 and keep only the first two terms (justify this), in the resulting ex- 
pression for Ips, USC Wg = Wu = Vso 

Plot /ps in nonsaturation vs. Vgs with Vsz = 0, Vps = 10 mV, and V,. between 1.5 and 
3 V, assuming (W/L)uC’, = 14 wA/V?, Ny =5 x 10" cm, t,, = 60 A, and Vip =I V. 
Now repeat, assuming a mobility dependence on Vgz as given by (4.10.20), with # = 0.2 
V-!. Can V; be obtained from the second plot by extrapolating to Ip. = 0 from the point 
of maximum slope? 

For the device of Prob. 4.23, plot Ips vs. Vps with Vps between 0 and 3 V, for Vgg=2 
and 3 V. 

(a) Assume a constant mobility. 

(b) Assume a V,.-dependent mobility as given by (4.10.20) with @=0.2 V-. 

Rewrite the framed equations in this chapter for p-channel transistors. 


CHAPTER 


5 


MOS 
TRANSISTORS 
WITH ION- 
IMPLANTED 
CHANNELS 


5.1 INTRODUCTION 


In the previous chapter, we assumed that the transistors we considered had a uniform 
substrate, as indicated in Fig. 5.1a. In real devices this assumption does not hold; the 
substrate doping is locally changed in the region between the source and the drain, as 
shown in Fig. 5.1b. This is achieved through ion implantation, a process in which the 
substrate is bombarded with ions during fabrication. The effective substrate doping 
concentration is changed in the areas where these ions land, and thus the substrate con- 
centration varies as one goes from the surface toward the bulk.= A matn aim of this is 
to set the threshold voltage of transistors to a desired value, but channel implantation is 
also used to modify other characteristics (notably the punchthrough behavior). 

Since its early application to MOS transistors,'+ ion implantation has been used 
extensively and is currently a standard part of device fabrication.5* Ion implantation is 
used for more than doping the channel; for example, in Chap. 1 we encountered its use 
in forming the source and drain regions.* nMOS devices like the ones in Fig. 5.1 are 
formed by using ion implantation to dope the source and drain regions n*; during this 


Even for unimplanted channels the assumption of a uniform substrate is not strictly correct, because of some 
impurity redistribution which takes place during oxide growth. 
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Implant 


p substrate p substrate 


(a) 


FIGURE 5.1 
nMOS transistors. (a) With unimplanted channel; (b) with implanted channel. 


process, the polysilicon gate acts as a mask, preventing the ions from landing in the 
channel area. In this process, the gate itself receives the ions, and is thus doped n* as 
indicated in the figure. However, in this chapter we will concentrate on the effects of 
ion implantation of the channel region. 

The characteristics of devices with ion-implanted channels have been the sub- 
ject of extensive studies.2-° The purpose of this chapter is to present some represen- 
tative models which are simple enough to provide manageable analytical results, and 
to predict most of the important effects associated with implanted channels. Our 
quantitative results will be limited to drift currents, for which most of the analytical 
results in the literature have been obtained. 

While a general analysis of devices with ion-implanted channels is possible, we 
prefer to introduce the principles involved by considering the typical use of this 
process in modern device fabrication. Thus, ion implantation is mainly used for mak- 
ing (1) enhancement nMOS devices, (2) depletion nMOS devices, and (3) enhance- 
ment pMOS devices. We will consider each case separately. 


5.2 ENHANCEMENT nMOS TRANSISTORS 


5.2.1 Preliminaries 


Let us first consider the unimplanted nMOS device of Fig. 5.1a. The 0-V<, threshold 
voltage, Vro, is given by (2.5.27), repeated here: 


Vio = Pus - &. + dy - os. (5.2.1) 


where Q is the depletion region charge in strong inversion, given by (2.5.25): 


QO, = —f2ge.Nidy (5.2.2) 


This equation can thus be written as in (2.5.28): 


Vro = Veg + By + yb (5.2.3) 
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with 


Veg = Ous — & (5.2.4) 


Ox 


and 


Ce * 
If V5 is not 0, the value of the threshold voltage V; is changed from the above 
value due to the body effect; it is now given by (4.5.32) or (4.5.33), repeated here: 


Veg + By + ¥V\ Py + Voz (5.2.6) 


Vig + Ado + Vip — db } (5.2.6b) 


For the enhancement-mode devices used in digital circuits, the value of Vr 
should be large enough to make sure the device current will be negligible with V,., = 
0 (for which the device will be in weak inversion). This is needed in order to keep the 
static power dissipation of large digital circuits low, or to make sure that the charges 
used for capacitative storage in dynamic memories will not leak out. At the same 
time, Vr) should not be too high, so that with the maximum possible value of Vg, 
large currents can be provided to charge parasitic capacitances fast (as required for 
high-speed operation). The maximum possible value of V.. is normally equal to the 
power supply voltage, and the latter is only a few volts in modern technologies 
(Chap. 6). Thus, a compromise value must be chosen for Vro, say 0.4 V. 

To see what values of V;, can be expected from the above equations, one can 
estimate V;, in (5.2.4) as shown in Sec. 2.2. For modern devices Q’ is small and 
C’,, is large (since the oxide is as thin as 30 or 40 A); thus, 0/,/C’, can be neglected 
to first order. The value of d,,, depends to some degree on the substrate doping 
(Secs, 2.2 and 1.4), but not strongly; for n* poly gates, a typical value for d,4,. is 
0.85 V. If we use for J, a typical value of 0.75 V, we can see that Vr, + dp in 
(5.2.3) is about -0.1 V. Thus for this equation to give a sufficiently positive Vro, a 
large value of y will be needed. In modern technologies, where oxides are thin and 
- thus Cé, is large, this means that the substrate doping will have to be high, as fol- 
— Jows from (5.2.5). 

The use of a large y, though, creates problems. As follows from Sec. 4.6, such a 
_ Value results in a large value for the quantity n, and this causes a small value for the 
' slope of log Jp, vs. Vs in weak inversion. Thus, when Vg, is made 0, it may not be 
-. possible to turn the device adequately off in digital circuits. In analog applications, a 
. large y causes large variations of V; when V5, changes [see (5.2.6)], which can cause 
- complications in circuit design. Finally, the high substrate doping needed in this solu- 
- tion causes large junction capacitances (Sec. 1.5), which reduces circuit speed 


; (Chaps. 7 to 9). 


Vr 
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Thus using a large N, is not an attractive way to set the value of V;>. What can 
be sought instead is to implant acceptor ions (e.g., boron) very close to the surface. 
Ionized acceptor atoms have a negative charge, which would be effectively added to 
Q, in (5.2.4), thus changing the effective V;, and providing the required threshold in- 
crease. On the other hand, the substrate concentration would not be increased at 
points below the p-type implant where most of the depletion region is located. Thus 
the body effect coefficient and the junction capacitances would be kept small. 

Unfortunately the location of the impiant close to the surface, although optimal 
for threshold adjustment, is not optimal for handling a different problem encountered 
in short-channel devices. As will be discussed in Chap. 6, in such devices the deple- 
tion region lengths become significant in comparison to the channel length, resulting 
in several two-dimensional effects including a form of breakdown known as 
punchthrough. To prevent punchthrough, the depletion region widths should be con- 
tained at points between source and drain below the surface at a depth slightly 
smaller than the source and drain junction depth, where punchthrough currents can 
flow. This can be achieved by using ion implantation to selectively increase the sub- 
strate doping there, as is evident from (1.5.12). The substrate doping below the 
source and drain areas can still be kept low, thus keeping the junction capacitances 
small. 

As is obvious from the above discussion, the design of an implanted device is 
not an easy problem.>-* One generally ends up with an implant, the characteristics of 
which are a compromise due to the above considerations.7 

An nMOS transistor with a p-type implant is shown in Fig. 5.2a. The corre- 
sponding three-termina!l structure is shown in Fig. 5.2b; consistent with our practice 
in past chapters, we will be using the study of this simpler structure as an intermedi- 
ate step toward developing a mode] for the complete transistor. 

An ion implant is characterized by the “effective dose” (number of implanted 
ions within the semiconductor per unit area, typically 10!! to 10!3 per cm?) and by 
the average kinetic energy of the ions as they leave the ion implanter (5 to 300 keV), 
which determines how deep they enter the semiconductor. The distribution of ion 
concentration within the semiconductor is initially nearly gaussian with respect to 
depth; after diffusion caused by high-temperature fabrication steps, it assumes the 
general shape shown by N,(y) in Fig. 5.3a, where y is the depth measured from the 
SiO, interface and N,, is the doping concentration of the unimplanted substrate. Also 
shown in Fig. 5.3a is the total effective substrate doping, N,, + N;(y). Because of the 
complicated shape of this profile, a detailed analysis is difficult.?°® However, it has 
been found that practical and useful results can be obtained by approximating this 
profile as shown in Fig. 5.35,'° where N, and d, are appropriate constants choser: to 
make the resulting models as accurate as possible. As a starting point, d, is some- 
times chosen at the point where N;(y) = Nyp in Fig. 5.3a, or at a depth equal to the 


+Two implants are sometimes used, to allow some degree of independence in setting the threshold voltage and 
controlling the punchthrough effect. 
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FIGURE 5.2 
(a) An nMOS transistor with an ion-implanted channel; (4) three-terminal structure used to facilitate the 
study of (a). 
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FIGURE 5.3 


(a) Substrate doping concentration before implant, V,,, implant concentration V,{ y), and total doping con- 
centration VN,» + N,(y) vs. depth from surface; (6) step approximation for the total concentration of (a). 
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mean plus the standard deviation of the distribution N,;(y), assuming an initially 
gaussian shape; d, can be, for example, 0.1 4m. N, is then chosen so that N;d, is 
equal to the total effective dose [the integral under N,(y) in Fig. 5.34}. We emphasize 
that these choices represent only a starting point. The best values for these parame- 
ters depend on what aspects of /-V characteristics need be modeled and the bias range 
over which reasonable accuracy is desired (see below). 


5.2.2 Charges and Threshold Voltages 


Consider first the corresponding three-termina] structure of Fig. 5.2b, assuming a 
very small Viz. As Veg is increased, a depletion region is formed at the surface. Its 
width increases with V¢, until a strong inversion layer is created, at which point the 
depletion region width becomes practically pinned to a certain value dz,,,. Assume 
that this value is smaller than the effective implant depth d,, as shown in Fig. 5.4a. If 
now V,, is increased while strong inversion is maintained, the depletion region will 
widen and its bottom will eventually reach the bottom of the simplified implant pro- 
file. The critical value of V-p at which this happens will be denoted by V, and will be 
evaluated shortly. For V., < V, we can think of the gate oxide/implanted region as a 
device by itself, and consider the material below it as part of the substrate contact. 
The effective substrate doping of this device will be, from Fig. 5.38, 


627 


We can use then the results of Chap. 3, with N, replaced by N45. The width of 
the depletion region in strong inversion will be, from (3.4.8), 


2€ 


dom = Van, vido t+ Ven, Veo SV (5.2.8) 


AS 


where ¢p, will be somewhat larger than that corresponding to a substrate doping of 
Nay (Sec. 2.5). The depletion region charge per unit area can be found as in Sec. 
3.4.2: 


O5 = Qa = ~":Cin VG + Ver» Veg SV, (5.2.9) 


where 


(5.2.10) 


fNote that the depletion region around the n* region is not shown for simplicity. 
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FIGURE 5.4 
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The structure of Fig. 5.2 ( p-type implant on a p-type substrate) in the strong-inversion region. (a) Small 
Veg (depletion region totally within the implant); (6) large V-, (depletion region extending outside the 


implant). The depletion region around the 2* region is not shown for simplicity, 
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The inversion layer charge per unit area will be, again from Sec. 3.4.2, 


OF = -Ci,(Var — Ver - Ved. Ver S Vy (5.2.1) 
where 
Viv = Vee + Gor — a (5.2.12a) 
= Vig + Poy + NV + Vea (5.2.125) 
with 


Vegi = Veg (5.2.13) 


where Veg is the “flat-band” voltage corresponding to the unimplanted substrate} 
given by (5.2.4). The critical value V,; of V., at which the depletion region bottom 
reaches the bottom of the implant can be found by setting Vo, = V; and dg, = d; in 
(5.2.8), and solving for V;. This gives 


(5.2.14) 


Increasing Vcp above V, (assuming Vz is large enough to maintain strong in- 
version) will move the depletion region bottom outside the implanted region, as 
shown in Fig. 5.46. The results obtained above obviously do not apply in this case 
since they were obtained on the assumption that a single doping concentration char- 
acterizes the depletion region. In contrast, here we have a region with doping N,;, 
followed by a region with doping N,,. Let &, be the surface potential, taken across 
both regions. A detailed analysis can be performed along the lines of Sec. 3.2; in fact, 
(3.2.2) to (3.2.4) hold unmodified. Such analysis leads to similar conclusions as in 
Sec. 3.2. In particular, in strong inversion we have again #, ~ }g + Vog, and we will 
use the value dg = dg, a8 before for simplicity. The resulting total depletion region 


+We are neglecting here the small contact potential between the implanted region and the unimplanted sub- 
strate. This is consistent with the overall level of approximations in the present analysis. We should note hers 
that even when Vc, is such that the surface is neutral, one cannot expect that the electrostatic potential will be 
constant in the vertical direction throughout the substrate, because the dopant and mobile carrier concentration 
varies in that direction {see (1.2.11)]. Thus the corresponding energy bands (Appendix A) will not be “flat” 
throughout, in contrast to the case of uniform substrates (Sec. 2.2 and Appendix D). In implanted device work 
the name “flatband voltage” is a carryover from uniform substrate device discussions, and does not imply such 
flatness. 

If the depletion region is within the implant for V-, = 0 (as we have assumed in the beginning of this subsec- 
tion), V, will be positive. If, instead, the depletion region is deeper than the implant even for Veg, = 0, Y, will 
come out negative. This would indicate that the results obtained above for Ve, = V; are irrelevant for common 
applications (in which V-, 2 0), and we should instead consider the results for V-, > V,, which follow. 
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charge per unit area (as contributed by both regions in Fig. 5.4b) can be found using 
basic electrostatics (Appendix B), and is given by (Prob. 5.11) 


Q; = O5) = -qM - 72Co ~ oe + Veg» Veg 2 V (5.2.15) 
5 
where 
J2GEN ap 
%2 = oo (5.2.16) 
- and 


2.10 


is the implant “dose” corresponding to the rectangular shape of the distribution in 
Fig. 5.3b, measured in ions per cm? (or in cm~’). It is seen that (5.2.15) with M =0 
reduces to the corresponding equation for an unimplanted device (3.4.10). 

One can find the inversion layer charge per unit area from (5.2.15), (3.2.2), 
(3.2.3), and (3.2.4) by eliminating among these equations the quantities OG, w,,, and 
Q, and using #, = do, + Veg as before. This gives 


O7 = -Cy.Ven - Ves - Vro). Veg 2 V, (5.2.18) 
with 

Vr, = V, _ Qin 

rT. = Veg + Do C! (5.2.19a) 


Ox 


M Mad 
= Vig + do + a + Ye, a - £+Vip (5.2.19b) 


As acheck, let us consider the case where d, is negligibly small. Then (5.2.195) 
reduces to (5.2,12b), with the only difference being that V-, is augmented by the 
quantity gM/C,,. This makes sense, since d, = 0 implies that all of the implanted ions 
are at the surface. Thus they act like the effective interface charge Q” in (5.2.4). Since 
these ions have a negative charge, their charge per unit area is (-7)M; thus Vj» is ef- 
fectively augmented by gM/C%,. 

It is seen that (5.2.18) is of the same form as (5.2.11). Also, (5.2.19b) has the 
same form of functional dependence on Ve, as (5.2.12b). Equation 5.2.19b can be 
written as follows: 


lod Md | Md 
Veo =| Veg + QM] — +—o +| bp, - 4% Al + by, - 4 | + Veg 
Cy. «OE; 2é 2€, 


i 


(5.2.20) 
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In fact, consider a fictitious unimplanted device with a threshold voltage given 
by 


Veo = Vewr + bor + ¥2V P02 + Vee (5.2.21) 
Then it is easy to see that such a device will have a threshold behaving identi- 
cally as (5.2.20) if we choose 


(5.2.22) 


and 


(5.2.23) 


It is emphasized here that V,,> is the flat-band voltage of the fictitious unim- 
planted device and should not be thought of as a flat-band voltage of the real one 
(similarly for the quantity ¢g)). Nevertheless, we can take advantage of the conve- 
nient, familiar functional form of (5.2.21) and use it to describe the actual implanted 
device under consideration for V-g = V;, viewing @o2 and Vpg2 as mere symbols de- 
fined by (5.2.22) and (5.2.23). Note that 


Ven. > Vert (5.2.24) 
doo < P01 (5.2.25) 
n<n (5.2.26) 


In conclusion, we can write Q’, as follows: 
Q', = -C,lVen - Ves — Vr(Vcp)] 3.2.27) 
with 
Vii(Vep) Vor < Vi (5.2.28a) 
Vro(Ven) Veg 2V; (5.2.28b) 


#One should not, for that matter, be surprised if for some combination of process parameters gy, is found to 
have a negative value. This simply means that the implant is such that gMd,/(2e,) > bop, from (5.2.22). It is easy 
to check that the quantity under the square root in (5.2.21) never becomes negative in the domain of definition 
of that expression (V¢, 2 V;). 
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where: 
Veil Vow) = Ves: + Oo + %V Go + Veg» 2 = 1,2 (5.2.29) 


TRANSISTOR THRESHOLD. In a transistor (Fig. 5.2a), the gate-source threshold 
voltage can be found by using the fact that, at the source, the role of terminal C in 
Fig. 5.2b is played by the source terminal S; thus, replacing V-, by Vsp in the above 
equations gives 


(5.2.30a) 
(5.2.30b) 

where 
Vei(Vse) = Vea + Por + Viv Goi + Veg, 8 = 1,2 (5.2.31) 


Since two regions are distinguished, and a number of approximations were 
made in deriving V; for each region, it is important to check for possible anomalies at 
the critical point V;, = V;. A simple calculation shows that both V;(Vs,) and 
dV-/dV., are continuous at this point. Thus, no troublesome “kinks” will be caused 
in the transistor /-V characteristics by using this model for V; (see below). 

The quantity V;(V>,) is plotted in Fig. 5.5a. Two regions are clearly distin- 
guishable.!6 This behavior is verified by experiment. To obtain some intuition about 
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FIGURE 5.5 
Threshold voltage vs. source-substrate bias for a p-type implant, p-substrate MOS transistor (Fig. 5.2). 
(a) For a step-approximated implant; (4) for three limit cases. 


218 opERATION AND MODELING OF THE MOS TRANSISTOR 


this behavior,'® consider an unimplanted device with uniform doping N,, throughout 
the substrate. Then V; = V7, for all V,, values, resulting in curve a in Fig. 5.50, char- 
acterized by y,. Next, consider a device with uniform substrate concentration Ny, (no 
implant), Then V;(Vsg) will look as shown by curve 6 in Fig. 5.5, and will be char- 
acterized by a body effect coefficient +. as given by (5.2.16). Finally, consider the 
substrate concentration unchanged from the value N,,, and assume that the device 
has been subjected to an extremely shallow implant such that all ions end up practi- 
cally at the oxide-semiconductor interface; the dose is assumed to be M = N,d,, the 
same as for Fig. 5.35. Now, the total charge per unit area of these ions, (~q)M, simply 
serves to modify the value of the effective interface charge Q’, as already discussed. 
From (5.2.4) it follows that this will only result in a positive shift in Vp, by an 
amount gM/C<,. Hence, for this case, the plot of V; vs. Vo, will be as shown by curve 
c in Fig. 5.5b, This curve results from a vertical shift of curve b by an amount equal 
to the change in V,-,. The substrate doping is still V4, and, thus, the body effect coef- 
ficient is still y,. The plot of V; in Fig. 5.5a foilows curve a for Vo, < V, and is close 
to curve c if Vc, is large. If d, is reduced, the “transition point” in the plot will move 
to the left. For extremely shallow implants the curve in Fig. 5.5a will become practi- 
cally the same as curve c in Fig. 5.5b. The device can then be characterized as 
discussed in previous chapters, with only a shift in V;-,. Comparing the curve in 
Fig. 5.5a@ to curve b in Fig. 5.55 (unimplanted device), it is seen that a p-type implant 
on a p-type substrate increases the extrapolated threshold voltage (for a given Vog).t 

The simple model we have presented is adequate for demonstrating the impor- 
tant threshold effects associated with the devices we are considering. (Other models 
are discussed elsewhere.?°) Of course, since a number of approximations were made 
in the course of deriving the model, one should allow for the adjustment of parameter 
values, notably M and d,, to attain satisfactory agreement with measured results. A 
related discussion was presented in Sec. 4.15. Since the above model will be used in 
deriving /-V expressions, the final values of M and d, one ends up with will depend 
on what aspects of the /-V characteristics must be modeled most accurately, over 
what range accuracy is desired, etc.t “Doping transformations” have been proposed 
for choosing the effective values of N,, (or N,) and d, for good accuracy.27°442914 Ip 
some of these techniques, these effective values are made functions of Vs,. 


+This threshold-adjust implant is often in addition to a punchthrough contro) implant mentioned before. Since 
the latter would extend below the former, to depths where punchthrough would normally occur, the doping 
below the threshald-control implant considered in this chapter may not be N,, as assumed, and, in fact, the pic- 
ture of the depletion region there may be quite complicated. As a first-order correction, then, one may have to 
modify the value of N,, appearing in our expressions. If the effective Ny, is allowed to be adjusted by a 
“parameter extraction” system (Chap. 10) for best matching to measurements, this modification would be done 
automatically. 

$One can be more specific if only particular aspects of the I-V characteristics need be modeled. An exact analy- 
sis of threshold voltages due to an arbitrary profile of any shape or depth in terms of dose and centroid parame- 
ters is given elsewhere. 
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Often, the expressions derived for V; above, or similar ones, are used directly in 
the simplified strong-inversion model of Sec. 4.5.3. In many cases, reasonable accu- 
racy can be obtained in this way, if parameter values are chosen by matching to mea- 
surements. It shouid be noted, though, that the derivation of the model of Sec. 4.5.3 
was based on the assumption that the substrate is uniform, so, strictly speaking, that 
model is not valid in the case of implanted channels. The nonuniformity of the sub- 
strate can be taken into account in deriving a drain current model. Por the interested 
reader, we now show how this can be done. Readers may choose to skip the next two 
subsections, depending on their modeling needs. 


52.3  Drain-to-Source Current Model 
for Strong Inversion 


Let us now consider the complete transistor in Fig. 5.2a, We assume operation in 
strong inversion. As was the case with the uniform-substrate device in Fig. 4.1a, if 
Vong # Von, the effective reverse bias V-g across the “field-induced junction” consist- 
ing of the inversion layer and the substrate will vary along the horizontal dimension. 
Thus the depletion region depth will vary, too. At any given point along this dimen- 
sion, the depletion region may be shallower or deeper than the implant, depending on 
whether V., at that point is smaller or jarger than V,. Thus, Q; at that point will be 
given by (5.2.27), with V; in it given by (5.2.28a) or (5.2.285), correspondingly. We 
will take this into account in developing a model for the drain-source current. 


NONSATURATION REGION. The drain current in nonsaturation can be determined 
from (4.5.7), which is repeated here: 


W os , 
f°? (0) deg (5.2.32) 


I = — 
DSN L Weg 

We will assume for now that z is constant. (The mobility dependence on the 
gate field can be taken into account by using an effective mobility approach (Sec. 
4,10),20.3437,43,55] With this assumption, and using Q/ from (5.2.27), the above equa- 
tion becomes 


WwW fr 
losn = Fa | [Yes — Veg - V;(Vca)| dVeg (5.2.33) 
SB 


Assuming Vip > Vp (Vps > 0), we distinguish three cases:?° 


1. Veg < Vpg S V;. In this case, neglecting edge effects very close to the source and 
the drain, the depletion region is inside the step-approximated implant throughout 
the length of the channel (Fig. 5.6a). Using (5.2.28a) and (5.2.12) in (5.2.33) gives 
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FIGURE 5.6 
Depletion region (shaded area) in an nMOS transistor with a p implant. The depletion region around the 


n* region is not shown for simplicity. (@) Vsa < Vpg < Vr (b) V, < Ven < Vig; (c) Veg < Vi < Vo 


where, for compactness in the formulation to follow, we use the notation 


Wie 
I(Vx, Vy) = 5 HCL (Ven — Vegi — doi KVy — Vy) ~ L(V ~ Vx ) 


— $4 (Ys + Dp; ye" ~ (Vy + dp; aa (9.2.35) 


This equation is in the form of (4.5.25). 

2. V; < Vsp < Vpg- Here the depletion region edge is outside the step-approximated 
implant throughout the length of the channel (Fig. 5.6b). Using then (5.2.28b) and 
(5.2.21) in (5.2.33) we get 


Losn = (Vp, Vog) (5.2.36) 


where /, is given by (5.2.35) with i= 2. 
3. Veg < V; < Vpg. In this case, the depletion region edge is inside the implant near 
the source and outside near the drain (Fig. 5.6c). It is at depth d, at a point where 
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the reverse bias V,., in the inversion layer is equal to V,, Hence, we write (5.2.33) 
as follows: 


vy, 


W 
losn = © uit f [Vow — Veg - Vri(Vex)| dVen 
SB 


yY 
+ i [Vos - Vow ~ Vra(Wes)] Ves} (5.2.37) 


Using (5.2.12) in the first integral and (5.2.21) in the second, we obtain 
Insy = L(V sp. Vd + LCVp Vp) (5.2.38) 
where J, i= 1, 2, is given by (5.2.35). 
In summary, the nonsaturation current is given by: 
(Ven Vog}s Vig < Vop SV; |  (5.2.39a) 
Iysy = 4 12(Vsa- Vop)s Vi S Vsp < Vpg |  (9.2.396) 
L(Vsp. V,) + L(Y,. Vog), Vip < Vi < Vpop | (5.2.39) 


SATURATION REGION. Let us assume that V., is fixed, and that Vp is raised. The 
onset of (forward) saturation can be determined as for the uniform-substrate 
transistor fsee the development of (4.5.11)]. In other words, we consider that the 
inversion layer reaches “pinchoff’ when the slope of Zp, with respect to Vp, reaches 
0. If pinchoff occurs at a value of Vp, denoted by Vp), such that Vp, < V, we have, 
equating the slope of (5.2.39a) to zero 


2 
3 
Vp = [- S + jt + Veg = va — do (5.2.40) 


If, instead, pinchoff occurs at some value of Vp, larger than V,, we find, by 
equating the slope of either (5.2.39) or (5.2.39c) to zero, 


2 
[2 
Ve. = - 2 + 7 + Veg - vo (5.2.41) 


If V;, > V), it is clear that (5.2.41) must be used in determining Vp, since we 
have assumed that Vip > Von. If Ven < V,, (5.2.40) will be the equation to use if the 
value it predicts for a given Vog is less than V,. If, however, it predicts a value larger 
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than V,, that value should be discarded and (5.2.41) should be used instead, as in that 
case pinchoff occurs while the depletion region edge near the drain end of the chan- 
nel is outside the implant. If channel length modulation is neglected, the saturation 
current can be obtained by replacing the correct Vp value for Vp, in the appropriate 
equation among (5.2.39a) to (5.2.39c): 


Ins = 1 psv| Vog=Vp (5.2.42) 
and the complete model, covering both nonsaturation and saturation becomes 


(5.2.43a) 
(5.2.43b) 


Reverse saturation (when Vpp is fixed and Ve, is raised) can be handled ina 
similar manner, with the role of Vp, played by Vsx (see Sec. 4.5). 

The general shape of Jps-Vps characteristics is similar to that for unimplanted 
devices, but some peculiarities do arise. To make a simple discussion of these possi- 
ble, we first introduce a simplified model. 


5.2.4 Simplified Model for Strong Inversion 


We can simplify the current equations and develop an approximate model related to 
that of (4.5.37). We can obtain such a model by using an approach similar to the one 
that led to (4.5.37) or even directly through an appropriate expansion of (5.2.35). 
However, here two different @ parameters must be used: a; associated with the im- 
planted region and a; associated with the unimplanted substrate. The details are out- 
lined in the statement of Prob. 5.2. We find that in such a model we again obtain the 
nonsaturation current in the form of (5.2.39), only with /;(Vx, Vy) as follows: 


Wa 
L(Vy, Vy) = = HC [Yoo ~Vy- Vai Ve IVY — Vy) ~ 5 ay (Vy ~ V4) 4 
(5.2.44) 


where V;;, i = 1, 2, is given by (5.2.31). The parameters a); and @;, must be carefully 
chosen, as the values of these parameters turn out to be crucial for guaranteeing con- 
tinuity of the slope of the /ps-Vpg characteristics as Vpg goes past the critical value 
V,. Slope discontinuity, in addition to being physically incorrect, is undesirable be- 
cause it leads to discontinuous small-signal parameters and can cause numerical 
problems when the model is incorporated in some computer programs for circuit 
analysis. This is discussed further in the statement of Prob, 5.2, where the following 
values are suggested for @,, and a3: 


4 
7 (5.2.45) 
" JG + Vp + V2 + Vs5 
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(5.2.458) 


2./Do. + V; 


For the V,, range in which (5.2.45a) is relevant (Vs, < V;), it is easy to show that 
Ay > (5.2.46) 


which may be expected, since a@,, characterizes the heavily doped implanted region 
whereas a,, characterizes the unimplanted substrate. Unlike what was done for 
uniform substrates [see (4.5.3) and associated discussion], here we are not com- 
pletely free to choose the a parameters for best matching to experiment; our 
choices are limited by the requirements of continuity of Jp, and its derivatives. One 
cannot expect then that the above simple model will match measurements very 
well in all situations. Nevertheless, we will need the simplicity of the above model 
to illustrate some important aspects in the /-V characteristics of the devices we are 
considering. Interested readers may want to attempt an empirical improvement of 
this simple model. 

In the saturation region we use (5.2.42) as before, with V, determined as the 
value of Vp, at which the nonsaturation equation gives d[psj/dVpz = 0. If Vsg < V; 
and pinchoff occurs at Vp < V,, we have, working with (5.2.39a) and (5.2.44): 


Vow — Vso — Vrs(Vsa) (5.2.47) 
aj, 


Vey = Vsp + 


However, if the above equation predicts a Vp larger than V,, we should realize 
that the pinchoff point is outside the implanted region, and thus we should have 
worked with (5.2.39c) and (5.2.44), obtaining 


Von ~ V, ~ V;2(V,) (5.2.48) 


Finally, if V;< Vou < Vpg, we work with (5.2.395) and (5.2.44) and obtain 


Vos ~ Veg ~ Vro(Vse) (5 2.49) 


a2 


Voz = Vop + 


The complete strong-inversion model is again given by (5.2.43), with the ex- 
pressions for J, and Vp appropriately chosen as explained. 

For simplicity, sometimes the unimplanted-channel approximate model of Sec. 
4.5.3 is used instead of the above models. In such a case, the parameters a;, Vep, bo, 
and y are assigned single “compromise” values. Such an approach can give satisfac- 
tory results if the dose is low. However, for high doses the results can be inaccurate. 
Shown in Fig. 5.7 is Vlbs in saturation, plotted vs. V,, for a device with a Aigh im- 
plant dose. Such behavior, which cannot be predicted by the model of Sec. 4.5.3, can 
be explained as follows. Assume first Voz = 0. When Vez is low, Vp is also low and 
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Vie 


High Vep 


Ves 


FIGURE 5.7 
affns a8 a function of Vgs in saturation for an nMOS transistor with a p implant, in the case of a heavy- 


dose deep implant, with V;, as a parameter. 


Vp < V,. If Ips is the saturation current, using (5.2.42), (5.2.39a), (5.2.44), and 
(5.2.47), we find 


lg = [ete [Ves Va (0)| (5.2.50) 


2a), 


This is shown as broken curve 1 in Fig. 5.7. Consider now very large values of 
Veg (with Ve, still zero). Then Vp will be much larger than V, and will be predicted 
by (5.2.48). Using this equation in (5.2.42), with Ipsy from (5.2.39c) and (5.2.44), ne- 
glecting /, in comparison to /, and using the fact that Vsp = 0, we find 


is [wipeci {v5 -[V, + Yrol¥,)] (5.2.51) 
i 


This is shown as broken curve 2 in Fig. 5.7. Note that the Vs intercept in 
(5.2.51) is larger than that in (5.2.50), and the slope is larger since a; < ay, a8 men- 
tioned above. A plot for a real device is close to curve 1 for low Vg and close to 
curve 2 for large Ves, as shown. Finally, when Vs, > V,, (5.2.42), (.2.399), (5.2.44), 
and (5.2.49) give 


W/L) uc’ 
yibs = Wee [Ves = Vr(Vse)| (5.2.52) 
an 


which is shown by the straight part of the right-hand solid curve in Fig. 5.7 (the bot- 
tom curved part is due to moderate and weak inversion). In this case, a single slope is 
predicted (assuming, of course, a mobility independent of Vs). 
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FIGURE 5.8 

Weak inversion log Jp. vs. V5 im sat- 

uration, with V>, as a parameter, for 
Ves annMOS transistor with a p implant. 


5.2.5 Weak Inversion 


Let us now briefly look at the weak inversion characteristics. Depending on implant 
details, plots of log Jp, vs. Vgs in saturation may look as shown in Fig. 5.8. For large 
Vsp, the depletion region edge is outside the implant and the device behaves qualita- 
tively as an unimplanted device. The slope of the curve is proportional to I/n as be- 
fore, with n given by (4.6.16), where y = y, as given by (5.2.16), However, for low 
Vsq the depletion region edge is inside the implant, y = y, as given by (5.2.10), and 
thus n and S (Sec. 4.6) are large and the slope is small. For low-voltage digital applica- 
tions this can create problems since it now takes a larger “swing” of V,. to change the 
current, and it may now be impossible to turn the device off. Note, also, that as Vgo in- 
creases the depletion region edge can be moving over a region with a widely varying 
concentration (from the “center” of the implant toward its “sides’). Then no simple 
value for n can be defined, and the slope of log Ip, with Vg, changes as shown; Ip, is 
far from being exponential with V,,,. This can create problems in some analog circuits, 
which rely on the near-exponential behavior normally expected of weak inversion. 

From the above it should be clear that the threshold-adjust impiant should be de- 
signed in such a way that the edge of the depletion region stays within the unimplanted 
region of the substrate. On the other hand, it will be seen in Chap. 6 that the depletion 
region extent should not be too large, since then short-channel effects can become pro- 
nounced. As already mentioned, a separate implant is often used to keep the depletion 
region horizontal extent small, at depths slightly less than the source-drain junction 
depths. As a compromise, then, the device can be designed so that the depletion region 
edge lies in between the threshold-adjust and the punchthrough-control implants. 


5.3 DEPLETION nMOS TRANSISTORS 


5.3.1 The Need for an z-Type Implant 


In the preceding section we saw how, using a p-type implant with higher dopant con- 
centration than the substrate, the threshold voltage can be increased from its value 
without implantation (e.g., -O0.1 V) to a positive value that makes the transistor an 
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FIGURE 5.9 
An nMOS transistor with an n-type implant. 


enhancement-mode device. If it is desired to decrease Vr instead (e.g., to make a 
depletion-mode device with a sufficiently negative Vyot), the doping of the channel 
region must be changed in the opposite direction. This can be done by compensating 
the channel region by using donor ions, each of which cancels the effect of one ion- 
ized acceptor atom in the substrate (recall that the charge of an ionized acceptor atom 
is negative, whereas that of an ionized donor atom is positive). In fact, for a suffi- 
ciently negative threshold (e.g., -0.5 or —1 V), using numerical values in (5.2.1) indi- 
cates that Q% must be made positive, which means that a net concentration of donor 
atoms must exist in the channel. This leads to the device in Fig. 5.9.°9 As seen, the 
n-type implant forms a conductive bridge between the n-type source and the n-type 
drain. In this device, a mode of operation which we have not yet encountered can 
occur: if the gate is made sufficiently negative, some of the electrons near the surface 
are repelled, and the surface becomes depleted. The conducting channel is thus lim- 
ited to a path in the n implant below the surface. Devices in which this is the main 
operating region are called buried channel devices. By contrast, the transistor in Fig. 
5.2a is a surface-channel device. 

In the hypothetical case where all implanted ions (donors) end up at the surface, 
they simply change the value of the effective interface charge per unit area, Q, in 
(5.2.4), by the value (+q)M, where M is the effective dose; hence, Vro shifts down by 
qgM/C‘,. More realistically, though, the implant profile will look as in Fig. 5.10a. It 
will be approximated as in Fig. 5.106 [here N(y) and N; represent donor concentra- 
tions]. With N, > N4p, the region between the surface and y = d; can thus be viewed as 
a uniformly doped n-type region, with an effective donor concentration of 


Nos = Ny ~ Nap (5.3.1) 


+Such devices are used in some fancy CMOS technologies; they provide significant advantages in analog cir- 
cuit design. They used to be standard in the older “nMOS” technologies. 
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FIGURE 5.10 
{a) Substrate acceptor doping concentration before implant (V,,) and donor implant concentration N,(y) 
vs. depth from surface; (b) step approximation for the donor implant concentration of (a). 
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FIGURE 5,11 
A three-terminal structure corresponding to the nMOS, n-implant transistor of Fig. 5.9. The depletion re- 


gion within the n* region is not shown for simplicity. 


We will now analyze devices with the above type of implant.59-96.2021,45.49,51 
The modeling of such devices is rather complicated, so we must ask for the reader’s 
patience. 


§.3.2 Charges and Threshold Voltage 


As usual, let us first consider a three-terminal structure, as shown in Fig. 5.11. For 
simplicity in drawing this figure, we have assumed that the interface charge Q? is 
zero. The p substrate and the # implant form a pn junction. The depletion region as- 
sociated with this junction is shown in the figure. However, note that the depletion re- 
gion around the n+ region boundary is not shown, to keep the figure simple. The n 
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implant can be contacted through the n* region, which is contacted through terminal 
C. Thus, an external non-negative voltage V;, acts as a reverse bias for the implant- 
substrate junction. The value of V-, determines the width of the depletion region, and 
the magnitude of the charge per unit area on each side of the junction. To find the lat- 
ter, we will use the two-sided step junction results from Appendix C, since Nps is not 
necessarily much larger than Ng. We easily obtain 


Nae 
, = 2qe, |B bi + V, 532 
OF ge, Nog + Nap Pri CB ( ) 


where ¢,, is the built-in potential of the junction. Note that the charge per unit area is 
+Q', at the top side of the junction and —Q7, at the bottom, hence, the total charge in 
the depletion region is zero. 

The nondepleted part of the n implant contains mobile electrons. In the com- 
plete transistor, al] these would be available for conduction, provided that no other 
part of the implant were depleted. However, if Vga is made sufficiently negative, the 
resulting negative charges on the gate will repel some of the mobile electrons, and a 
depletion region (containing ionized donor atoms) will form at the top of the implant. 
If Veg is made sufficiently negative, then all of the implant will be depleted (will be 
“pinched off”), and there will be no mobile electrons left in it. The value of V¢p at 
which this is attained is defined as the gate-substrate threshold voltage? Vy,, and the 
resulting situation for Vp S Vz is shown in Fig. 5.12a. 

According to this simple picture, if the n implant were part of a complete tran- 
sistor, at Vog = Vrp there would be no mobile electrons available for conduction. This 
simple point of view is analogous to considering only strong inversion in unim- 
planted devices and saying that the current reduces to zero when the gate voltage is 
equal to the threshold voltage. While this view is not precise, it is often used to de- 
scribe first-order behavior. It is to be understood that, if very low current operation is 
of interest, this view should be refined.t 

Let us now consider what happens at other Vgg values. As Vg, is raised above 
V,, the charges on the gate become less negative, and only part of the implant needs 
to be depleted in order to balance them. This is shown in Fig. 5.126, If the structure 
were part of a transistor, the mobile electrons in the undepleted part of the implant 
would contribute to conduction. This undepleted part of the implant would thus form 
the channel of the transistor. As already mentioned, since this channel is below the 
surface, it is referred to as a buried channel, and devices operating in this mode are 
called buried channel devices.§ 


tIn some of the literature, this quantity is also referred to as the “pinchoff voltage” in this context; this term 
should not be confused with the pinchoff voltage Vp in this book. 

+Among other things, the assumption that depletion regions edges are “sharp” would have to be reconsidered. 
SIf a low-dose implant is used, the upper part of the implant-substrate junction depletion region may reach all 
the way to the surface, even with Vc, = 0. In that case, increasing V¢_ would eventually attract electrons to the 
surface, and one would have a surface-channel device. We are not considering this case here. 
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FIGURE 5,12 


Condition below the oxide of an n-implant, p-substrate device for various gate-substrate voltage values. 
The depletion region around the n* region boundary is not shown, and Q' is assumed 0 for simplicity. 
{a) total depletion; (4) surface depletion; (c) surface neutrality; (2) surface accumulation. 
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If Vg, is raised further, a point will be reached at which no gate charges will 
exist (or, more properly, if the interface charge Q%, is not assumed zero as in the fig- 
ure, the gate charges will just balance Q%). Then the top of the depletion region will 
not be depleted, as shown in Fig. 5.12c. The value of Vgg at which this situation 
occurs is denoted by Vyg in the figure. Note that the undepleted part of the implant is 
neutral, as each mobile electron in it is balanced by one ionized donor atom. 

If Vp is raised still further, positive charges will be placed on the gate (or, if Q 
is not assumed zero, 0%, + Q%, will be positive). These charges must now be balanced 
by negative charges. Electrons will thus accumulate at the top of the implant, as 
shown in Fig. 5.12d. If the structure were part of a transistor, in this case the elec- 
trons in the accumulation layer would contribute to conduction, in addition to the 
mobile electrons in the neutral part of the implant. 

We now develop the basic relations between the charges and the potentials of the 
three-terminal structure. The gate charge is related to the oxide potential as in (3.2.4): 


OG = CoYox (5.3.3) 


To write the charge balance equation, we note that the charges in the substrate- 
implant depletion region balance each other out, and therefore do not contribute a net 
charge to the overall charge balance equation. Thus, the latter equation will involve 
only the gate charge Q%, the interface charge Q/,, and any charge that might be pre- 
sent at the top of the implant region. In order to write the charge balance and poten- 
tial balance equations, it is convenient to distinguish three cases:64.20.21 


SURFACE DEPLETION. In Fig. 5.12, the charge at the top of the implant, which 
will be denoted by Q’, is due to ionized donor atoms and is positive. This is opposite 
from the depletion condition we have encountered in p-type substrates, and the po- 
tential #, indicated in the figure has a negative sign. We can use a relation like 
(3.2.5a), but with appropriate sign changes: 


Or = On = + 2g€,Nps V—¥r (5.3.4) 


With Q’, as above, the charge balance equation is 
0,+2,+ @7=0 (5.3.5) 


The undepleted implant region in Fig. 5.12 does not contribute to the charge 
balance equation, since it is neutral: ionized impurity atoms in it are “covered” by 
mobile carriers of opposite charge. 

The potential balance equation is obtained by going from the gate terminal 
through the device to the substrate terminal: 


Vop = Vox + Ur + yi + Ves) + ys (5.3.6) 


where ,, + Veg is the total potential drop across the depletion regions of the impiant- 
substrate junction, as shown in Fig. 5.12b [see (1.5.11)], and dys is the work function 
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potential difference corresponding to the gate and the unimplanted p-substrate mate- 
nals, as always. 
Using (5.3.3) to (5.3.6) and solving for Q} we obtain 


2 
eN é€N. 
Of = AEDS. a. { ees) - 2g€,Nps(Vox — Veg -— Oy: — Ver) (5.3.7) 


where Vrp is given by (5.2.4). We now calculate the value of the gate-substrate 
threshold voltage V;,. This voltage was defined as the value of V;, which causes the 
two depletion regions in the n implant to meet in Fig. 5.125, resulting in the situation 
of Fig. 5.12a. In this case, the total charge per unit area in these two depletion regions 
is equal to the total donor charge per unit area. The latter is gNp<d;, with Nps given 
by (5.3.1). Thus, we have 


QF van=Vep + G7 = Nose (5.3.8) 


Using in this expression (5.3.7) and (5.3.2), we can solve for Vz. The expres- 
sion obtained is of the form 


A detailed expression for V;(V¢,) is the subject of Prob. 5.5. That expression, if 
we assume N, >> Ny», simplifies to the following?! (Prob. 5.5): 


Ve(Vea) = Veo + ri(fbei + Ven - f Pris Np >> Naw (5.3.10) 
where 


qN GNosdy 
Cc’ 


Ox 


Vigo = Veg + Py: - 


(5.3.11) 


and 


(5.3.12) 


with y being the body effect coefficient of an unimplanted device on the same p-type 
substrate. It is thus seen from (5.3.10) that the threshold voltage V; increases with 
Voy in a way similar to the threshold voltage of unimplanted devices. However, the 
effective body effect coefficient y, is larger than y. This happens because the buried 
channel is farther away from the. gate, in comparison to a surface channel device; 
thus, the gate releases some of its control to the substrate. 
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Note that the “body effect” is present in this device. When V<z is increased, so 
is V,. If, starting from Fig. 5.125, Veg is increased while Vp, is maintained constant, 
the channel will eventually disappear [i.e., Vrg in (5.3.9) will become equal to the ap- 
plied Vga]. Physically, this happens for two reasons: (1) the increasing V;g widens 
the depletion region of the implant-substrate junction and (2) the increasing Vo, also 
widens the surface depletion region, as can be deduced from (5.3.7). 

In a transistor, the gate-source threshold voltage can be found by replacing the 
role of terminal C by the source terminal S. Thus, using Vez in lieu of Veg in (5.3.10), 
we obtain 


V> = Vig + rill Ors + Veg — VO) N, >> Nap (5.3.13) 


with V7, and y, as given above. 

In some contexts, modeling stops at this point. The resulting expression for V; 
is used in the transistor equations for the unimplanted device (for example, those in 
Sec. 4.5.3), without much justification. For the interested reader, below we will show 
how a more careful model can be developed. This will also be useful in order to show 
why, in some cases, models for undepleted devices seem to do an adequate job for 
the implanted transistors we are considering. 

The mobile charge per unit area in the surface depletion condition (Fig. 5.125) 
is due to the free electrons in the undepleted part of the implant, and will be denoted 
by Q’,,. If the depletion regions were absent, the number of mobile electrons would 
be equal to the effective number of donor atoms. Thus QO’ , would be equal to 
—qN psd, However, now some donor atoms have already been depleted. Since the 
electron population is reduced by one electron for each depleted atom, the remaining 
mobile electron charge per unit area is 


QO’, = -(GNpsd; - Or - QD (5.3.14) 


Before leaving the discussion of surface depletion, we parenthetically consider 
a special, normally undesired case. For given N; and Vcg, devices with larger d, will 
require more negative #, to achieve the pinchoff condition illustrated in Fig. 5.12a. If 
d, is too large, then #, must attain such values that, before pinchoff can be achieved, 
surface inversion will occur, as shown in Fig. 5.13. (Note that the implanted region is 
n type, so the inversion layer consists of holes.) Once this inversion becomes strong, 
the surface potential and the width of the top depletion region do not change appre- 
ciably with V,,. They become pinned to some value, as in the case of unimplanted 
devices. It now becomes impossible to pinch off the device by making Vg, more neg- 
ative. Pinchoff can be achieved only by increasing Vcg, in which case the bottom de- 
pletion region in the n implant will widen until it touches the pinned edge of the top 
depletion region. To avoid the above problems, so that the device can be pinched off 
even with V,, = 0, the simultaneous use of high dose and high energy for the implant 
is avoided. 
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FIGURE 5.13 

Illustration of the inability of the gate-substrate 
voltage to pinch off the channel because of a 
very high dose for an nMOS device with an 
n implant. The depletion region around the 
n* region is not shown for simplicity. 


SURFACE NEUTRALITY. In Fig. 5.12c, the gate-substrate voltage is assumed to be at 
a value V,,, such that the surface is neutral. Thus, the gate charge just balances the 
interface charge: 


0% + 9%, =0 (5.3.15) 


Since the surface is neutral, there is no voltage drop associated with it. Thus we 
can write 
Vag = Uy + By + Veg + Pus (5.3.16) 


Using (5.3.3) and (5.3.15) in this equation, we find that V¢, (the value of which 
will be denoted by V,, for this case of surface neutrality) is given by 


Vin = Pus - = + by + Veg (5.3.17) 


which becomes, using (5.2.4): 

Vup = Vy + Vep (5.3.18) 
where 

Vu = Veg + Dp; (5.3.19) 


The mobile charge in the surface neutrality condition can be found as was done 
in order to obtain (5.3.14), only that now Q7 has been reduced to zero. Denoting the 
mobile charge per unit area in this case by Q’,,, we have: 


Qha = 49Npsd; — Q)) (5.3.20) 
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SURFACE ACCUMULATION.+ With Vg, raised above Vyg (Fig. 5.12d), the charge at 
the top of the impiant is due to mobile electrons in the accumulation layer. The thick- 
ness of this layer is very small and will be assumed to be infinitesimal; hence the po- 
tential needed across it to support it will be negligible (Appendix B). Thus (5.3.16) 
remains valid. The charge balance equation, though, must take into account the 
charge per unit area of the electrons in the accumulation layer; this charge will be de- 
noted by Q%,,. Thus, we have 


06+ Q,+ Qu = 9 (5.3.21) 
Using in this equation (5.3.3) and (5.3.16) and solving for QO’, we obtain 
Ong = —Co(Ver — Vern - yi -— Ves) (5.3.22) 


This is only the mobile charge in the accumulation layer; in addition, there is 
the mobile charge in the rest of the undepleted implant, which has already been cal- 
culated for the surface neutrality condition above. That charge was found to be 


O'mn = AGNpsd; - Q') (5.3.23) 


CONDITIONS IN TERMS OF V,, AND Vgc. The relations that must be satisfied by 
Vog and Vgc, for the various conditions discussed to be attained, are shown next to 
each part of Fig. 5.12¢. The relations in terms of Vg, follow directly from our discus- 
sion. The relations in terms of Vcc follow easily from those, by observing that Vec= 
Veg — Veg, and using (5.3.9) and (5.3.18). 


§.3.3 Transistor Operation 


We now consider a complete transistor as in Fig. 5.9, with Vs > Vr(Vsp), 80 that a 
channel can exist next to the source (the various results obtained above can be ap- 
plied to the source end of the channel, by replacing Vcg by Vsg). We assume Vp, > 
Veg (Vps > 0). We will denote the effective reverse bias between a point in the neutral 
part of the channel and the unimplanted substrate by Voy. We will thus be able to 
apply directly the formulas derived above. The value of Veg increases from Voy at the 
source to Vp, at the drain. Thus, the depletion region of the np junction will be 
deeper as we go toward the drain. Depending on the relative values of the terminal 
voltages, we can distinguish several regions of operation, which are discussed below. 

Assume first that surface depletion exists next to the source. From Fig. 5.122, 
this requires V-(Vsp) < Vas < Vy. Since Veg increases toward the drain, Vp(Vc,) also 
increases, from (5.3.10), and tends to drive the drain end of the channel toward 
pinchoff. If the drain potential is not large enough to actually cause pinchoff, the 
channel will look as shown in Fig. 5.14a, where the shaded area represents the 
depletion region.2! If the drain potential exceeds a certain value, the channel will be 


+Also referred to as surface enhancement. 
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FIGURE 5.14 
Modes of operation for an nMOS depletion-mode transistor, shown is only the implant part. Depletion re- 
gions are shown shaded. 


pinched off near the drain, as shown in Fig. 5.14). The two regions of operation in 
Fig. 5.14@ and } are called nonsaturation and saturation, respectively; the critical 
value of Vp, at the transition between them is denoted by Vjg). In saturation, the 
electrons are assumed to travel from the tip of the pinched-off channel through the 
depletion region to the drain, through a mechanism analogous to that for unimplanted 
devices in saturation. In analogy to the corresponding simplified picture for those de- 
vices, it can be argued here that, if the channel in Fig. 5.146 is long, the drain current 
m saturation will be practically constant and equal to the nonsaturation current ob- 
tained as V,. approaches Vig). A typical [p,-Vps characteristic for this case is shown 
by the lower curve in Fig. 5.15. A quantitative discussion of J,,, will follow later. 
Assume now that Ve, is large enough to cause surface accumulation at the 
source. From Fig. 5.12, this requires V, > Vy. If Vos 1s small, surface accumulation 
can exist throughout the length of the channel, as shown in Fig. 5.14c. As the drain 
potential is raised, though, the depletion region widens and |Q’,| increases near the 
drain. From (5.3.22), with Veg = Ving, 1Q%,,| there will be decreasing and will eventu- 
ally disappear. For V,,, values above this the drain end of the channel will exhibit sur- 
face depletion, as shown in Fig. 5.14d. For this to happen we must have, from Fig. 
5.12b, Ven < Vy. Writing Von = Vas — Vps, this gives the condition Vp. > Ves — Vy. 
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FIGURE 5.15 
Relation of /-V characteristics to the modes of operation shown in Fig. 5.14. 


Finally, further increase in the drain potential can increase V;(Vp,) to the point 
where the channel becomes pinched off, as shown in Fig. 5.14e. The corresponding 
critical value of Vp. is denoted by V'ps7. An Ips-Vps characteristic corresponding to 
the cases in Fig. 5.14c, d, and ¢ is shown by the upper curve in Fig. 5.45. 

We now show how the drain current can be calculated for the various regions 
summarized in Fig. 5.14.20?! We first consider nonsaturation operation, correspond- 
ing to cases a, c, and d in Fig. 5.14. Here we cannot use (4.5.7), since there is no in- 
version layer involved. However, the role of Q’, in that equation is now played by the 
total mobile charge per unit area, which, as we have already seen, can consist of ei- 
ther electrons flowing in the bulk of the implant, or of accumulation layer electrons 
flowing at its surface, or both. The mobilities involved will not be the same, since dif- 
ferent scattering mechanisms are involved, as discussed in Sec. 4.10. Surface mobil- 
ity is smaller than bulk mobility. 

We now consider each of the three nonsaturation cases (see Figs. 5.14 and 5.15) 
separately. 


1. Surface depletion.+ In this case, shown in Fig. 5.14a, the total mobile charge per 
unit area is Q’,,, given by (5.3.14). Thus instead of (4.5.7) we have 


W YY. ; 
losw = TL {” Hy(-Q%,) Veg (5.3.24) 


SB 


where 2, is the value of the mobility in the bulk of the n region. 


a EEE EEA 


+This mode of operation is sometimes also referred to as the buried-channel mode. 
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: 2, Surface accumulation, Fig. 5.14c. Here the total mobile charge consists of the sur- 

- ~ face charge Q’,,, given by (5.3.22), and the charge Q’,,, due to the mobile electrons 
in the undepleted part of the n-region bulk, given by (5.3.23). Hence, instead of 
(5.3.24) we have 


W fos ; , 
Tsw = — | [#s(-2,,.) + it,(-Q,, )| Ven (5.3.25) 


‘where jty is the surface mobility. 

3. Surface accumulation /depletion. This case is shown in Fig. 6.14d. Let Vop, be the 
value of V-p corresponding to that point in the channel where, as shown, we pass 
from accumulation to depletion behavior. At this point, Q7,, = 0 and from (5.3.22) 
we obtain 


Veg: = Vor — Veg — Poi (5.3.26) 


To the left of this point, we have a total mobile charge per unit area of Q’,, + Q/,,, 
from (5.3.22) and (5.3.23); to the right, the mobile charge per unit area is Q%,,, from 
(5.3.14). Thus we have 


W ok , , W ov ; 
Ioow = J,” [as (Dea) + Ma(—Qin)] Ven + 5 J" Mol-—Oin) Vee (8.3.27 
%B CRI 


Using the expressions developed for Q’,,, Q',,, and Q%,, in the above equations 
_ provides the nonsaturation current I>. The value of V5, can be obtained as usual by 
~ setting dipcy/dVp> = 0 or by setting the total mobile charge at the drain end of the 
channel equal to zero. The resulting formulation is complicated but, as before, the ex- 
- pressions can be simplified through appropmiate series expansions. Simplified formu- 
~ Jas thus obtained are shown in Table 5.1.7! 
As before, an effective surface mobility can be defined and made dependent on 
Ves, a8 in Sec. 4.10.21:73.80+ The bulk mobility is often taken independent of V5.F 
For very small, fixed Vps> the plot of Jp, vs. Ves, assuming constant mobility, 
is as shown by the broken line in Fig. 5.16a. For buried channels (V7 S$ Vg, < Vy) 
the device behaves as an unimplanted device qualitatively. However, although sp is 
larger than the surface mobility, the quantity 4,C%,/(1 + 7), which characterizes 
. surface depletion operation (see Table 5.1), is typically smaller than the correspond- 
ing quantity wC’, of unimplanted devices. Intuitively, this happens because, as 
shown in Fig. 5.14a, the channel is further away from the gate than in the case of an 


tA simple approximate model suggested for this?! is 4, o¢¢ = H,o/[1 + OV Gs — Val. 

tit bas, however, been suggested®’ that, because the electrons move inside a thin slab of undepleted material 
(Fig. 5.142}, their mobility is limited to values below those for free bulk conduction. This is attributed to effects 
sumilar to those responsible for surface scattering, which become more severe as the “slab” becomes thinner. 
Since the thickness of the slab depends on V,,, a dependence of 4, on V, is suggested. 


TABLE 5.1 
Approximate strong-inversion model for n-implant-p-substrate devices”!} 
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FIGURE 5.16 
Characteristics of an nMOS transistor with an n implant. (a) Jp, as a function of Vgs with very small Vs, 


(b) saturation Jip, VS. Ves. Dashed line: model with constant mobility; solid line: real device. 
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mimplanted device, and thus the influence of the gate is somewhat reduced. Once sur- 
face accumulation occurs, however (V,., 2 V,,)), variations of the channel charge with 
Vs occur at the surface, and, thus, the slope is determined by the surface mobility and 
the oxide thickness only. The solid line in Fig. 5.16a represents a real device, and no 
breakpoint is, of course, observed in this case. Mobility degradation at high V,, can be 
seen. The deviation from straight line at very low V,, is due to the presence of diffu- 
sion currents, which we have not included in the simple model we have presented. 
This phenomenon is reminiscent of weak inversion in unimplanted devices.6 

For the plot of lps vs. Vos in saturation, the model predicts again a changing 
slope effect, although not so pronounced, as shown by the broken line in Fig. 5.160. 
The slight upward trend of the slope tends to be counteracted by the degradation of 
mobility with V,,, and the resulting behavior is as shown by the solid line, a signifi- 
cant part of which 1s practically straight. Thus, a saturation equation like (4.5.37b) 
can again be used in such cases in the form 


only with the constant of proportionality & somewhat reduced from that of an unim- 
planted device, and V; negative for low V>,. For some depletion devices, the above 
equation has been shown to be accurate, even more so than for enhancement devices 
on the same substrate.’° In fact, in some circuit analysis computer programs the com- 
plete equation (4.5.37), in both nonsaturation and saturation, is used to model im- 
planted depletion devices, using a negative V;. Depending on device details, however, 
significant errors can result from such approximations. Models involving 3/2 powers, 
analogous to (4.5.2), have also been proposed®:”4 (Prob. 5.9), 

It should be noted that the model of Tabie 5.1 is not valid for devices having the 
problem illustrated in Fig. 5.13. In such devices, a channel will exist when Vc, is 
small, even if V,, is made very negative. The behavior shown in Fig. 5.17 will then 
be observed. Proper device design avoids such problems. 
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FIGURE 5.17 
Ing VS. Veg, with V5, as a parameter, for the n-implant, nMOS transistor with a very large implant dose 
(see also the corresponding three-terminal structure of Fig. 5.13). 
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The model we have presented is not valid when the two depletion regions are 
about to meet. This is both because then our assumptions of “abrupt” depletion re- 
gion edges are inadequate, and because diffusion currents become important. De- 
pending on the value of V,,, the “meeting point” of the two regions can occur at vari- 
ous depths, a fact that affects both the distance from the gate and the effective 
implant concentration at that point (where most of the current flows). Thus, the de- 
pendence of Jj, on Vs, in this part of the operating range is complicated. Models 
valid in all regions of operation (analogous to the charge sheet model of Sec. 43.1) 
have been proposed for the depletion device.86”° 

The n-type implants on p substrates are usually used for making depletion- 
mode devices. However, it is possible to end up with enhancement-mode devices 
after lowering the threshold, if one starts with a sufficiently high Vjp.708%45>! 


5.4 ENHANCEMENT pMOS TRANSISTORS 


§.4.1 Surface-Channel Enhancement-Mode pMOS 


Figure 5.18a shows an unimplanted pMOS device with a p* poly gate. This is the op- 
posite situation of that shown in Fig. 5.2a, and with lightly doped substrates it would 
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FIGURE 5.18 
pMOS transistors. (a) with p* gate and unimplanted channel; (5) with p* gate and n implant; (c} with a* 
gate and p implant. 
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normally give a slightly positive Vzg. We saw in Sec. 5.2 that to make a proper 
enhancement nMOS device, we needed to use an implant of the same type as the sub- 
strate (which was p type for that device), only with increased doping concentration; 
similarly, then, to make a proper enhancement-mode pMOS device (with a Vy, of, 
say, ~0.5 V), one should raise the n-type doping concentration in the channel, as 
shown in Fig. 5.185. This results in a surface-channel device and is the way pMOS 
transistors are made in several modem fabrication processes. The modeling of such 
devices can be done as in Sec. 5.2, and the expressions there can be used with appro- 
priate sign changes, in the spirit of Sec. 4.13. 


54.2 Buried-Channel Enhancement-Mode pMOS 


In some CMOS processes, the poly gates used for both nMOS and pMOS devices are 
doped n*. This makes dy,- in (5.2.4) about 1.1 VY more negative than for pt poly (see 
Secs. 2.2 and 1.4), and results in a very negative threshold voltage (e.g., -1.2 V). In 
this case, we need to increase the threshold (say, to a desired value of —0.5 V). Using 
values in (5.2.1) shows that Q’, would have to be made negative. This suggests the 
use of a p-type implant as shown in Fig. 5.18c.°!:82:45 Just like the device of Fig. 5.9, 
this is a buried channel device; it is often referred to as compensated. Such a transis- 
tor can suffer from significant short-channel effects (Chap. 6), so many technologies 
today use p* gates for pMOS devices, as discussed in the previous subsection. 
Depletion-mode pMOS transistors are not used in common fabrication 


technologies. 
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PROBLEMS 


5.1. Develop an algorithm which can be used by a computer to determine the drain current of 


a p-substrate—p-implant long-channel device given the mode] parameters and Vgpg, Voz, 
and V;,. Assume the device is in strong inversion. 


5.2. (Warning: this is a long problem.) This problem considers the development of the sim- 


plified quadratic model discussed in Sec. 5.2.4. The ideas involved are similar to the 
ones in Sec. 4.5.3. 
(a) Show that the expression for Q%, (5.2.9) and (5.2.15), can be approximated by using 


- ~ = VV 91 + Vse + (ay, - (Vcr - Vsp) Von < Veg SV; 
OX 
iM 

- = 7 + ¥o+{%o2 + Vsg + (a;, - (Vex - Vsp) Vi = Ve < Veg 
Dx OX 
M 

ee = e + ¥2V¥ A. + V, + (a, _ (Vex ~ V,) Von < Vi < Vep 
OX OX 


where @;, is, until further notice, an empirical parameter [see part (g)], and a, is 
given by 


f 
J 01 + Vi — ¥Go + Veg 


a, =1+y, 7 7, 
1 Ysa 
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5.3. 


5.4. 


5.5. 


5.6. 


5.7. 


5.8. 
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Piot the exact and approximate —Q%/C’,, (in analogy to Fig. 4.16) for all cases, and 
show that the first and third expressions for -Q}/C%, give the same value at the 
boundary V-, = V;, and this value is exact. Comment as to why these are useful 
properties of the approximate expressions. 

(6) Propose empirical values for a,7 (in analogy to those for @ in Sec. 4.5.3) and show 
that @;, < @,,. Show that for best accuracy of the equations given above, a7» should 
be made dependent on Vo, for V; S Vsp < Veg and on V; for Veg < V,< Veg. 

(c) Discuss the numerical problem that the above expression for @7, has at Vs» = V,, and 
show that it can be rewritten?’ as in (5.2.45), in which case no numerical problem 
occurs, 

(d) Use the above approximations to derive the model in (5.2.39) with (5.2.44). 

(e) Derive the expressions for V, given in (5.2.47) to (5.2.49). 

(f) Check the model for continuity of the current and its derivatives with respect to all 
bias voltages at appropriate critica] points. Explain the choice of a, as in (5.2.45b), 
for reasons of continuity of dIpc/dVsp at V>z = V;, and comment on the ensuing ef- 
fect on the accuracy of Ips. 

(g) Show that, if a value different from the one suggested above is used for ay, 
di nsyfdV pg can be discontinuous at Vpg = V;. 

Show that, with V;(Vog) as given by (5.2.30), both V;-(Vsp) and dV;/dV sp are continuous 

at Vs, = V,, and®® 


dV; Cc; Fox box 


Bsa lvep=¥ — €ox 7 


The channel of an NMOS transistor with t,, = 100 A and a p substrate with N, = 3x 
10!5 cm-3 is implanted with acceptors using an effective dose of 10!? cm-?. The value of 
d,is 0.2 wm. Assume W/L = 10, = 700 cm?/(V - 8), Vig, = —0.8 V and do; = 0.7 V. Plot 
(a) Vz(Vsq) VS. Vsp3 (B) Ips ¥S. Vps With Vas as a parameter, for Vsp = 0 V; and (c) y/ps 
vs. Vc, in saturation for Veg = 0 V and Veg = 2 V. Choose appropriate voltage ranges so 
that all pertinent effects are evident on the plots. 

Find an accurate expression for V;(V;,) in (5.3.9). Show that for N; » Na, it reduces to 
(5.3.10). 

The channel of an NMOS transistor with ¢,, = 100 A and a p substrate with N, = 5 x 
10'5 cm? is implanted with donors using an effective dose of 10'? cm; the value of d, 
is 0.1 um, Assume W/L = 5, 4, = 600 cm2/(V - s), #eg = 800 cm2/(V - s), and Veg = -0.85 
V. Using the model of Table 5.1, plot (a) fps vs. Vps with Vgs as a parameter, for Vsp = 
0 V; (5) Ips V8. Vas for Vos = 0.1 V, for Vsz = 0 V and Vs, = 2 V. Choose appropriate 
bias ranges so that all pertinent effects are evident on the plots. 

For the device of Prob. 5.6, what is the maximum value of d, for which turnoff at Vip = 
0 can be guaranteed with a sufficiently negative Vg, (i.e., so that the problem illustrated 
in Figs. 5.13 and 5.17 does not occur)? 

Find the values for Vis, and Vp) used in Fig. 5.14 by using equations from the main 
text. Compare the resulting expressions to the corresponding approximate relations in 
Table 5.1 and comment. 


89. 
- + proposed to approximate Q7 (see Fig. 5.12) by 
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Consider an n-implant—p-substrate device in surface depletion operation. It has been 


Or = C'(Vos — Vig — Oy ~ Ves) 


where C’ is an approximate parameter having the dimensions of capacitance. Show that 
the above relation can be derived from (5.3.7) by performing an appropriate Taylor 
series expansion of the square root, keeping the first two terms in it, and adjusting the 
coefficient of the first-order term for better accuracy. Comment on the limits of validity 
of such an approximation. 


510. Using the expression in Prob. 5.9, show that the drain current for surface depletion oper- 


ation can be approximated by an equation in the form of (4.5.2) if new “effective” val- 
ues are defined for Ve, and ¢,.°4 Compare qualitatively the resulting expression to the 
model in Table 5.1. 


§.11. Prove (5.2.15) using basic electrostatics (Appendix B). Plot the charge density, the elec- 


tric field, and the potential as a function of y. Assume that the potential is 0 deep in the 
substrate, and that the total potential drop across the entire depletion region 1s Jp, + Veg. 
Find the depth of the depletion region in the substrate, and from that find Q}>. 


CHAPTER 


6 


SMALL- 
DIMENSION 
EFFECTS 


This chapter has been revised and expanded by D. A. ANTONIADIS, 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


6.1 INTRODUCTION 


In the previous chapter we assumed that the transistors under consideration had a 
channel sufficiently long and wide, so that “edge” effects along the four sides of the 
channel could be neglected. This allowed us to assume that the electric field lines 
were everywhere perpendicular to the surface (i.e., they had components only along 
the y direction), and we performed what is called a one-dimensional analysis by 
using the gradual-channel approximation. The equations we derived based on such . 
assumptions fail to characterize adequately devices with short and/or narrow chan- 
nels. If the channel is short (i.e., L is not much larger than the sum of the source and F 
drain depletion widths), a significant part of the electric field lines will have compo- 4 
nents along both the y and the x directions, the latter being the direction along the | 
channel’s length. Thus, a two-dimensional analysis will be needed. If the channel is 4 
instead narrow (i.e., W is not much larger than the depletion region depth under te | 
gate), a significant part of the field lines will have components along the y and z di- 3 
rections, the latter being the direction along the channel’s width. Again, a two-: 
dimensional analysis must be employed. If the channel is short and narrow, field : 
lines will, in general, have components along the x, y, and z directions; now a three- 4 
dimensional analysis becomes necessary. 4 

In addition to its increased dimensionality, the magnitude of the electric field in 
very small geometry MOSFETs tends to increase because typically terminal voltages: 
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are not scaled-down in proportion to device geometrical dimensions. The increase of 
the longitudinal electric field in the channel of MOSFETs does not translate entirely 
to increased current because, as we will see in this chapter, the carrier velocity in the 
channel saturates to a finite value, which limits the current. However, the random en- 
ergy of carriers, which in analogy to gas molecules can be characterized by a carrier 
' “temperature,” increases in the presence of high longitudinal fields leading to what 
' are called “hot-carrier” phenomena that affect the device operation and also produce 
- operational “wearout” that limits the device lifetime. These phenomena, along with 
- Others associated with the increase of the vertical electric field that lead to additional 
_ device performance degradation, are described in this chapter. 

Two- and three-dimensional analyses can be carried out numerically with the 
help of a computer.!-!5 However, such analyses, albeit accurate, do not provide a sim- 
ple model for efficient calculation. Thus, empirical approximations and semiempirical 
approaches have been used to provide useful simplification. In these, usually the com- 
plex two- or three-dimensional phenomena are broken down into simple, separate phe- 
nomena examined one at a time. A number of simplifying assumptions are then made, 
which are sometimes difficult to justify rigorously, and relatively simple relations are 
derived. Often such techniques are characterized by an attempt to maintain the general 
form of the J-V relations for the long- and wide-channel devices, and to “stretch” these 
relations by modifying them somewhat so that they can be used in the case of short 
. and/or narrow channels. What is considered to justify these empirical approaches is 
_ their success in simulating the behavior observed experimentally. Although some of 
-. these approaches necessarily lack rigor and elegance, they have often been helpful 
where more precise work failed to give computationally efficient models. Some repre- 
sentative examples of the semiempirical modeling process, which has largely been 
limited to the strong-inversion region, will be presented in this chapter. 


6.2 CHANNEL LENGTH MODULATION 


As mentioned in Sec. 4.5, in the saturation region the In -Vps characteristics are not 
exactly parallel to the horizontal axis but have, instead, a positive slope.'°“° Other 
things being equal, this slope has been found to be larger for shorter channels, and 
may be easily noticeable, as shown in Fig. 6.1. Historically, this phenomenon was the 
first “short-channel effect” to be studied. It was not originally classified as such, 
partly because its investigation began well before various other short-channel effects 
were recognized and named that way, and partly because it can play an important role 
in circuit work even in devices with long channels (e.g., 10 42m or longer). 
Two-dimensional analyses of the region near the drain in saturation present a very 
complicated picture.2°7! Field lines emanate from the drain m* region and terminate on 


fAn example is the analog “CMOS inverter.” The small-signal gain of such a circuit tums out to be inversely 
proportional to the sum of the Jp¢-Vi> slopes of two devices in saturation. The models of Sec. 4.5 would thus 
predict infinite gain! 
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FIGURE 6.1 
Transistor characteristics in the presence of channel Jength modulation. 


points in the channel. Of these some are nearly horizontal, but others can start from the 
bottom of the 7+ region with a downward direction, curve gradually upward, and termi- 
nate on the inversion layer. In addition, the field lines from the gate to the channel and 
from the channel to the bulk curve in a complicated manner near the drain. The concen- 
tration of electrons decreases toward the drain, and these electrons are pushed away 
from the surface and into the bulk. Thus, one can think of the channel as curving down- 
ward in the vicinity of the drain and of the current flowing in a “subsurface” path there. 
From such a picture one can suspect that the drain junction depth can affect the current 
value and, in fact, this is the case. 

The above complicated picture has so far failed to provide simple analytical 
models. However, many semiempirical formulations have been derived. !619.21-48 
Sometimes, to obtain approximate but manageable analytical results for the behavior 
in saturation, a greatly simplified picture is used; this will now be described. Figure 
6.2a shows the semiconductor part of a transistor with Vps = Vhs, With Vig being the 
value at which “pinchoff” is assumed to occur at the drain end of the channel, as de- 
scribed in Sec. 4.5.3. As explained there, under this assumption |Q;| at the drain end 
has a small nonzero value, which is much smaller than the magnitude of the depletion 
region charge per unit area at that end. If now Vpg is increased above Vis» |[Q;| at the 
drain end will decrease below the above value. The pinched-off tip of the inversion 
layer will now move to the left, as shown in Fig. 6.2b, and the region between it and 
the drain n* region is approximated by a depletion region. In such a picture, the as- 
sumption of a depletion region is only approximate and does not imply zero current. 
The reader might be familiar with pn junctions and bipolar transistors in which large 
currents can flow through depletion regions. However, since |Q;| is small in this re- 
gion, one must assume that the electrons travel at high speeds in it in order for a con- 
siderable value of Ip, to be possible. 
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FIGURE 6.2 

Channel (a) at pinchoff; (6) above pinchoff. @, is the magnitude of the horizontal electric field at the end 
of the inversion layer (i.e., the beginning of the pinchoff region) and ©,, is the maximum electric field 
magnitude which develops near the n* junction. 


In Fig. 6.25 the channel cannot support more voltage than Vp,z since it becomes 
pinched off when the voltage across it reaches that value. The excess voltage 
Vos — Vins must then be dropped between the drain and the tip of the channel. Such a 
honzero voltage can only exist over a region of nonzero length 1, as shown. If Vpg is 
raised still further, more excess voltage must be dropped across the depletion region. 
To support this voltage, the region must widen, and the inversion layer will shrink 
somewhat in length. This is referred to as channel length modulation (CLM). If the 
electron concentration in the depletion region is very small, we can assume that prac- 
tically all the charge in the region is due to ionized acceptor atoms, with volume con- 
centration V,. Let us denote by @, the magnitude of the channel field intensity in the 
x direction at the left end of the depletion region. Then, assuming that the field in the 
depletion region near the surface is approximately horizontal, it can be shown by 
using Poisson’s equation (1.2.13) that the length /, of the depletion region can be re- 
lated to the potential Vj, ~ Vps across it by (Prob. 6.1) 


, =| xt laito + (Vos — Vis) ~ Jo (6.2.1) 


where 
AS 
2qN A 


€ 


Pp = (6.2.2) 


According to this simple model, the current conduction mechanism is as fol- 
lows. Electrons enter the source end and travel along the channel; at the pinchoff 
point, they find themselves in what is practically a depletion region. As seen in 
Fig. 6.2b, the direction of the field in that region is such as to sweep these electrons 
through the depletion region to the drain. Note that the above one-dimensional model 
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totally ignores the influence of the gate on the electric field near the drain, which can 
be important.2%22,29,38 
' Ina different formulation,2*4 pinchoff is taken to occur when the field near the 
drain becomes high enough to cause velocity saturationt (assuming a simplified 
model for electron velocity in which velocity saturation is attained abruptly at a finite 
value of field intensity). For Vp. above the value corresponding to this point, the elec- 
trons are assumed to travel in the depletion region at maximum velocity. Such a for- 
mulation results again in (6.2.1) and (6.2.2), with @, taken to be a field value above 
which the electron velocity is assumed saturated (e.g., for electrons this value is 8 x 
103 to 3 x 10+ Vicm; see Sec. 6.5 for more details). In some treatments, pinchoff is 
taken to correspond to the point at which the inversion layer “dives” below the inter- 
face, as predicted by two-dimensional simulations. This point can be defined more 
precisely as the point at which the surface electric field component in the vertical di- | 
rection becomes zero.*! For the orientation of the device in Fig. 6.2b, the gate field 
“pulls” the inversion layer toward the interface to the left of the pinchoff point and 
“pushes” it below the interface to the right of this point. Such a formulation can again 
result in (6.2.1) and (6.2.2), but with an @, value which must be found from a numer- 
ical solution. In practice, independently of which definition is used for pinchoff, one 
usually ends up adjusting the value of %, in (6.2.2) for a best fit to experimental re- 
sults. A single value of @, is sometimes used for simplicity, which lies between 104 
and 2 x 10° V/cm. 
Let us now consider the effect of these phenomena on the drain current. At - 
Vas = Vos, the current J, is usually computed from the nonsaturation equations, . 
which are assumed to be valid up to this point. From such computations [see, for ex- » 
ample, (4.5.12) with (4.5.2}] we see that 


Ins = (const) — (6.2.3) 


where the constant of proportionality (const) depends on V,.. and Voy. : 

Consider now some value of Vp, larger than Vp¢, and let the corresponding cur- 
rent be /y,. This current can be calculated by considering part of the channel that is 
not pinched off in Fig. 6.2b. For that part, the situation is the same as in Fig. 6.2a, 
save for the fact that the role of L is now played by L ~ /,; thus, similar to (6.2.3), we 
will have 


Lns = (const) (6.2.4) 


L~l 


P 


tVeiocity saturation was introduced in Sec. 1.3. Its effect on MOS transistor characteristics will be considered 
in detail in Sec. 6.5, 
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From the above two equations we obtain: 


(6.2.5a) 
or 
(6.2,5b) 
If L/L <« 1, this can be approximated by 
, l, 
Ins = Ips) 1+ 7 (6.2.5c) 


This equation is often preferred to (6.2.5b) in computer simulation models 
[note that, for some combinations of device parameters and terminal voltages, the de- 
nominator of (6.2.55) could become zero, although this is unlikely]. 

The value of J, predicted by (6.2.1) is 


(6.2.6) 


where B, = (2e,/q)'?. In practice, however, the values of this constant and of dp can 
be chosen empirically for best matching between the resulting expressions for Zp, and 
experimental data. Such empirical adjustments will be considered in several places in 
this chapter. They become necessary in oversimplified descriptions of complicated 
phenomena,.in order to help the accuracy of the resulting oversimplified results. Al- 
though empirical adjustments are mentioned in this book in order to familiarize the 
reader with common practice, it should be stressed that they should be used only as a 
last resort, after all attempts to find a correct physical description with reasonable 
complexity, have failed. See also Chap. 10. 

An even simpler formulation!? results in 6, = 0. However, such a formulation 
is based on the inaccurate assumption that the field £, at the pinched off point is zero. 
It has the additional problem that, as Vp, is reduced toward Vj,, it predicts a slope 
dln 5/dV,, which tends to infinity. . 

The error in the saturation current predicted by (6.2.5) and (6.2.6) is acceptable 
for some applications. However, it is possible for the error in Jp, to be small, while at 
the same time the error in the slope dIp,/dVpg is large, especially if dIps/dVpg is 
small in the first place. This is discussed in detail in Sec. 8.2.2. In cases where accu- 
rate prediction of dip /dVp, is essential (e.g., in analog circuit design), the above 
model is not adequate. One may have to go to more precise (and much more compli- 
cated) analyses, which include the effect of the gate on the field in the pinchoff re- 
gion as well as the nonzero charge and shape of the inversion layer in that region. 
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Such analyses can be expected to lead to expressions for J, of the following general 
form 


b = fi (L, N A’ lox: d;, Pus: 0.: Voss Vos, Von) (6.2.7) 


where d, is the drain junction depth. The derivation of results in the above form re- 
quires two-dimensional or pseudo-two-dimensional analyses and, again, the use of 
certain simplifications (recall that the whole idea behind {, is a simplification). Sev- 
eral such analyses have been presented in the literature,20-2227-31,34.40.42.43 although 
not all of them take every effect mentioned into account. 

According to one of the most accepted pseudo-two-dimensional analyses,?! 
the pinchoff region length, can be written as 


[(Yos - Vis Ma] + Em 6.28) 


{ 


I, = 4, In 


where @,, is the maximum magnitude of the x-directed electric field in the pinchoff 
region (see Fig. 6.2b) given by*!-44 


7 {2 
é, = Wos — Vos) +8 (6.29) 


with €, the magnitude of the field in the beginning of the pinchoff region, and i, isa 
characteristic length given by 


L = |e typ ~ »[3ty,4,; (6.2.10) 
fox 


In this model, @, is taken to be equal to the field for electron or hole velocity sat- 
uration (denoted by @, in Sec. 6.5). The formulation in (6.2.8) to (6.2.10) has been : 
shown to compare favorably with two-dimensional numerical device simulation, al- 
though a better (empirical) approximation for /, appears to be*? , = (0.22 cm!) aya. | 

Instead of being represented by (6.2.9), €,, is sometimes approximated by a fune- : 
tion of the form®®-!48 %, + (const) [(Vps — Vasil]. Using this in (6.2.8), we easily see . 
that J, is of the form 


(6.2.11) 


The parameter V;, although it can in principle be expressed in terms of quanti- . 
ties given so far, is best determined experimentally. V; is typically less than 1V. . 
For digital circuit design, where dIys/dVps in saturation is often not important’ 
per se, the results mentioned in the preceding paragraphs are sometimes avoided for : 
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reasons of computational speed. In fact, sometimes models simpler than (6.2.5) and 
(6.2.6) are used, predicting a first-degree dependence of Jp; on Vp¢.2! To relate those 
models to the ones above, let us substitute (6.2.6) into (6.2.5c), expand the resulting 
expression in a Taylor series around Vp, = Vps, and keep only the first two terms. 
The result is (Prob. 6.2) 


Ins = ls + Yos ~ Vos “es (6.2.12) 
Va 


with 
V, = BLN, (6.2.13) 


where B, is a constant of proportionality of the order of 10-3 to 2 x 10° V - cm!”, 
Equation (6.2.12) is plotted in Fig. 6.3a. The intercept with the horizontal axis is 
-V,4 + Vps, and thus depends on Ves through Vps. Another empirical model in use is*” 


Vos — Vo 
° Vi + Vis 


The plot of this equation intercepts the horizontal axis at —V,, as indicated in 
Fig. 6.36, independent of Vp,. Thus, saturation curves for various V,, values are all 
assumed to be straight lines which, if extended, cross one another at the same point 
on the horizontal axis. Such behavior might be approximately observed in real de- 
vices for some fabrication processes. 

Note that the above saturation curves predict nonzero slope at Vj, whereas the 
nonsaturation equations predict zero slope at the same point. Such discontinuous 
slope behavior is unnatural and is also undesirable in the numerical algorithms used 
in the computer simulation of circuits. To avoid this problem, the saturation lines are 
drawn tangentially to the nonsaturation curves, as shown in Fig. 6.3c. Thus the limit 
between nonsaturation and saturation is defined slightly to the left of V5; this limit 
is shown by Vp, in Fig. 6.3c. 


Example 6.1. Let us develop a model based on the nonsaturation equation (4.5.37a) 
and the saturation equation (6.2.14), but using Vp, instead of Vj, due to the above con- 
siderations. We will have 


WwW ss, a n 
and 


Ing = i + at Vis > Uns (6.2.16) 
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FIGURE 6.3 
First-order modeling of the saturation region. (a) As provided by (6.2.12); (b) as provided by (6.2.14); 


(c) modification to ensure continuous slope at the transition point. 


where f ps is the value of current at the upper limit of validity of (6.2.15): 
a W , A wa 
Ips = z in| (Vos - Vp )Vps "3 3s (6.2.17) 


The value of Vos required for continuous slope can now be obtained by equating 
dips/dVps as obtained from (6.2.15) and (6.2.16). The result is (Prob, 6.3) 


4 _ 
Vas ~ Ve) —] (6.2.18) 


Voc = V,| J + 
FaAY A av, 
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From the graphical construction in Fig. 6.3c we expect that, as V4 approaches in- 
‘finity, Vps should approach Vps. This is easily checked to be the case with (6.2.17) 
(Prob. 6.3): As V, approaches infinity, Vp; approaches the value of (Vg, — Va, which 
is, indeed, the value of V5. for the model considered in the absence of channel length 
modulation [see (4.5.34)]. 
A method to combine the nonsaturation and saturation expressions into a single 
expression using appropriate “smoothing functions” has been described elsewhere.” 


We emphasize again that (6.2.12) and (6.2.14) are good only for approximate 
predictions of the drain current in saturation. In applications where accurate predic- 
tion of the slope dIp./dVp. is required (e.g., analog circuits), these equations are to- 
tally inadequate. 


63 BARRIER LOWERING, TWO- 
DIMENSIONAL CHARGE SHARING, 
AND THRESHOLD VOLTAGE 


6.3.1 Introduction 


The short- and narrow-channel effects to be considered in this section are of such a 
nature that they can be approximately described by the equations developed in Sec. 
4.5.3, provided that in them the threshold voltage is replaced by another quantity, 
called the effective threshold voltage. This quantity will be seen to depend on channel 
length, channel width, source-substrate voltage, and drain-source voltage.49-!% We 
will initially consider the cases of short channels and of narrow channels separately. 


6.3.2 Short-Channel Devices 


Let us review some of our assumptions for a /ong-channel device, shown in Fig. 6.4a; 
for simplicity, we assume here V,,, = 0. Neglecting the edge effects, as we have done 
so far, is equivalent to assuming that the situation between source and drain is the 
same as one would have with the source and drain removed, as shown in Fig. 6.48, 
but with the channel somehow still communicating with the external world. Calculat- 
ing Q; and then Ips; by using this assumption provides accurate results as long as the 
value of Z is large. Consider now a short-channel device, as shown in Fig. 6.4c, made 
with the same process and biased with the same terminal voltages as the long-channel 
device, Here the edge effects practically extend over all of the channel. Neglecting 
these effects amounts to viewing the device as shown in Fig. 6.4d, which can hardly 
be expected to provide credible results. Indeed, assume a very small but nonzero Vg, 
so that drain current can flow without appreciably disturbing the picture in the chan- 
nel in Fig. 6.4c. It has been found experimentally that the Vj, value required to pro- 
duce a given Jp, value is smaller than what would have been expected from the pic- 
ture in Fig. 6.4d, as shown in Fig. 6.5. To get some intuitive feeling for the reasons 
behind this, one can use a number of viewpoints found in the literature. One of these 
uses the concept of barrier lowering, referring to the following. The effect of de- 
creasing L is to deplete more of the region under the inversion layer; this is easily vi- 
sualized if the source and drain are imagined to approach one another as shown in 
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(b) (d) 


FIGURE 6.4 


(a) A long-channel transistor; (6) the channel of (a) with edge effects neglected; (c) a short-channel Tesis- 
tor; (d) the channel of (c) with edge effects neglected. 
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0 Ves 


FIGURE 6.5 
Drain current vs. gate-source voltage for very small, fixed drain-source voltage. 


Fig. 6.4c. The deeper depletion region is accompanied by a larger surface potential, 
which makes the channel more attractive for electrons. Thus the device can conduct 
more current than what would be predicted from long-channel theory for a given Ves. 
Since, in long-channel theory, the drain current is an increasing function of V¢s— Vn 
the long-channel equations may be made to describe artificially the current increase 
if V, is replaced by a smaller quantity V;, which will be called the effective thres- 
hold voltage. This quantity decreases as L is decreased. For devices with the mini- 
mum possible channel length in a given technology, V; can be smaller than V; by 
50 to 200 mV. Notice that in the short-channel device of Fig. 6.4c the depletion 


+In an energy band formulation, an increase in surface potential corresponds to a decrease in the potential en- 
ergy for electrons. The potential energy “barrier” to the entrance of electrons in the channel is lowered; hence 
the name barrier lowering is used to describe these phenomena. 
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region under the channel can also be widened (and the corresponding surface poten- 
tial can be increased) by raising the potential of the drain; this will further increase 
Ips above the value expected from other considerations. Hence, the effective thresh- 
old V; need also be made a decreasing function of Vp,. Unfortunately, it is not easy 
to come up with simple analytical results by using the barrier-lowering concept. 

An alternative description goes as follows. The charge in the channel region is 
influenced by field lines emanating from all nearby structures. Two such structures 
considered in the analysis of long-channel devices are, of course, the gate and the sub- 
strate (“back gate”). In short-channel devices the source and drain are so close to ail 
points in the channel that they can affect the latter through their proximity just as the 
gate does. In effect, the source and drain now play something of a gate role in addition 
to their normal function. Field lines emanating from all four structures (gate, bulk, 
source, and drain) and terminating on charges in the channel must be considered for 
an accurate description of the device. Essentially, charge control in the channel is 
shared by all four structures. Bringing the source and drain regions closer to all points 
in the channel is similar to bringing the gate closer to the channel. Since source and 
drain help support the channel charge, the latter effect increases as L is decreased, for 
given V, and Vez. The corresponding increase in drain current, however, is not pre- 
dicted by long-channel theory and is modeled instead by using an effective threshold 
as explained above. Also, increasing the drain potential increases the inversion layer 
charge just as increasing the gate potential would. The above picture again leads us to 
expect an effective threshold which decreases with decreasing L and increasing Vpg. 

This “charge-sharing” viewpoint has provided the basis for most of the analyti- 
cal/empirical models for short-channel devices.49-53.57-59.61-65,67,70-74,78-80,82,83,85-88 We 
will expand on this idea below. But first we should warn the reader that charge-sharing 
models have been developed with the aim to obtain simple semiempirical expressions 
for describing very complex two-dimensional phenomena; in such developments, it 
has not been possible to justify rigorously all steps. To begin, let us assume that the 
equivalent interface charge Q? is zero for simplicity. In Figs. 6.4c and d, it can be 
imagined that one field line emanates from each positive charge g on the gate. Such a 
field line terminates either on an electron in the inversion layer or on an ionized accep- 
tor in the depletion region, neglecting the “fringing” field lines terminating on the n* 
regions. In Fig. 6.4d, all of the depletion region charges are “imaged” on gate charges 
through connecting field lines. In the more realistic picture of Fig. 6.4c, however, this 
is not the case. Some of the field lines terminating on ionized acceptor atoms near the 
n* regions can be originating from ionized donor atoms in the n* regions (inside a thin 
depletion layer there). Thus, only part of the depletion region charge is imaged on the 
gate charge in this case. If we can assume that the gate charge in c and d is the same, 
and since some gate charges in c cannot be imaged on depletion charges, more of 
them are available to be imaged on inversion layer charges, which must, thus, increase 
to accept the extra field lines. The extra Jp, observed is attributed to this extra inver- 
sion layer charge, although, strictly speaking, one would have to know the spatial dis- 
tribution of that charge before such a conclusion could be reached. A number of arbi- 
trary assumptions are obviously involved in the above arguments (Prob. 6.6). Some of 
these assumptions are critically considered elsewhere. 75-82 

Next, a large empirical step is taken: The short-channel device is assumed to 
behave as a fictitious device with a uniform depletion region, but with an effective 
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depletion region charge On which has a smaller magnitude than the corresponding 
quantity Q, in Fig. 6.4d. Because Q, and Qe, are defined for devices with uniform 
depletion regions and equal gate areas, we will have Qs/Qn = Qg/Qz, where the 
primes denote quantities per unit area. The above assumption for an effective charge 
Q, then implies that, instead of the long-channel threshold given by (3.4.14a), 


= Vig + fy + Py + Veg (6.3.10) 
we will have an effective threshold given by 
Vp = Vip + bo - (6.3.22) 


or 


Vr = Veg + Gy + ot VG + Vse (6.3.2b) 


B 


We thus see that the above charge-sharing effect can be viewed as resulting in 
an effective decrease of the body effect coefficient by the factor Q,/Qz. This may 
make sense intuitively since, in a short-channel device, the substrate’s control on the 
channel is reduced, as expected from Fig. 6.4c, and much of the channel is controlled 
by the gate, the source, and the drain. However, defining (On/Og)y as the new body- 
effect “coefficient” is not very practical, since (Q,/Q,) is itself a function of Vsp, as 
we will see. From the above equations we can write 


V, = Ve + AV >, (6.3.3) 


where AV,, is the “threshold change” due to the short-channel effect, given by 


AV, = { - a, dy + Vsp (6.3.4) 


With lO» |<{Qgl, AVz, is a negative number as expected from the above discussion. 
The meaning of AV;, is illustrated in Fig. 6.6. Note that the Vs, dependence of 
AV,, in (6.3.4) does not include the total effect of Vsz on V,. For a given Vs,, one 
must first find V; for a long-channel device and then change it by the corresponding 
AV, to arrive at the value of V;. The value of V; obtained in this way is widely used 
in place of V; in long-channel equations, such as (4.5.37). There is a large amount of 
literature on how V; should be calculated, but very little on why it is justifiable to 
use this value in long-channel equations for the drain current (derived by using the 
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oo” -V(Vsp) 


FIGURE 6.6 

Threshold voltage of long-channel 
transistor, V;; effective threshold volt- 
age of short-channe! transistor with a 
given channel length, V;; and differ- 
ence AV;, = V; - V;, all as a function 
of Vou. 


gradual-channel approximation) and expect the result to be correct for short-channel 
devices. The issue is not just what value of threshold voltage should be used in such 
equations when modeling short-channel devices, but rather why the very form of 
such equations should be valid for short-channel devices in the first place. A con- 
vincing argument in this regard is not apparent. However, satisfactory agreement 
with measurement has led to wide use of the aforementioned approach. | 

Of the many techniques proposed for determining the quantity Q,/Q,, let us 
consider one as an example.-? The n*-region edge will be assumed cylindrical with 
radius equal to the junction depth d,, as shown in Fig. 6.7a. Next, the depletion re- 
gions around each of them and below the inversion layer are drawn as if each existed 
by itself (i.e., no interaction is assumed), and then they are joined together. The width 
of all three regions is considered equal by assuming that the junction built-in poten- 
tial f,; is equal to @ 9; thus, this width is, from (3.4.8), 


dy = fb + Veg (6.3.5a) 


| 2€ 
f= : (6.3.5b) 
qN, 


In this picture, L is assumed to be at least large enough so that a region of trape- 
zoidal cross section can be defined as shown in Fig. 6.74. Q, is taken to be equal to 
the charge in that region, and Q, is assumed to be the charge corresponding to a rec- 
tangle of the same depth and length L. Simple geometry then gives (Prob. 6.7): 


with 


(6.3.6) 


Vp and AV,, can now be found from (6.3.25) and (6.3.4) to (6.3.6). If LZ is too 
small, the trapezoid in Fig. 6.7a becomes a triangle; this case is considered in Prob. 
6.8. In the following, we assume that d, < L/2, so that this case does not occur. 
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(a) (b) 


FIGURE 6.7 
{a) Trapezoid approximation used for deriving the effective bulk charge; (6) the limiting case of (a) for 
very deep n* regions. 


For some practical applications the above formulation is too complicated. It has 
been suggested that for approximate calculations the quantity in parentheses in 
(6.3.6) can be approximated by using a Taylor expansion and neglecting the high- 
order terms,>? resulting in (Prob. 6.7): 


Qn ,_ oe (6.3.7) 
Os L 


This expansion will be more accurate if d,/d; is small. Negligible d,/d, corre- 
sponds to Fig. 6.7b, for which (6.3.7) can easily be obtained directly. Since, for larger 
values of d,/d,, the expression can be in considerable error, one can help expand its 


region of validity by introducing a parameter: 


Qo] 


d 
a A, om (6.3.8) 


where nominally @, = 1, but one can allow for empirically adjusting this parameter to 
obtain best overall fit in a given region. Using this equation and (6.3.5) in (6.3.25), 
we obtain 


‘ 4 | 
V, = Ven th + yh + Yaa = AL ig, + Yas | (6.3.9) 


+The same can be done with @, in the equations in this section. Recall that the value of this parameter was 
somewhat ambiguous even for long-channel devices (see Secs. 2.5.2 and 4.5.1). Thus, although the value of 2¢, 
is widely used for dp, better results can be obtained if one allows @pq to be adjusted empirically. Given the heav- 
ily empirical nature of the charge-sharing model we are discussing, this is reasonable. 

4It would appear from this equation that, with a sufficiently large Vsp, dV7/dVs_ can become negative. How- 
ever, it can be easily checked by differentiation that, for this to happen, Vs, would need to be so large that d, > 
L/2. In that case, though, the development of this equation is not valid {(see after (6.3.6)]. This is a good exam- 
ple of the wrong conclusions that can be reached by blindly using an equation and forgetting the assumptions 
that led to its development. 
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FIGURE 6.8 
Effective threshold voltage as a function of source-substrate bias for various channel lengths. 


The factor in parentheses can be thought of as an effective reduction in the 
body effect coefficient. As expected, this reduction is more severe for smaller L. The 
behavior predicted by the above equation is illustrated in Fig. 6.8. It is seen that, for 
short channels and large V.,, the dependence of the effective threshold on V., dimin- 
ishes. This is because the factor in parentheses in (6.3.9) becomes very small. Physi- 
cally, this corresponds to the fact that the lower base of the trapezoid in Fig. 6.7 di- 
minishes in length. The bottom of the trapezoid is then practically cut off from the 
rest of the substrate, and, thus, the control of the substrate on the charge inside the 
trapezoid is small (Prob. 6.8). 

A calculation of the reduction AV; corresponding to the above effects is illumi- 
nating. Using (6.3.5) and (6.3.8) in (6.3.4), and recalling that y = (2ge,N,)!/C%,, 


with C%, = €,,/t,,, we obtain 


AV, = ~28, => 2% (dy + V. 
TL B € L (dy 5B) (6.3.10) 


OX 


From this equation it is clear that the channel length and the oxide thickness 
have a competing role. Although decreasing L tends to increase the short-channel ef- 
fect, decreasing 1,, tends to decrease it. This is because then the gate is closer to the 
channel and is thus better able to keep control of the depletion region charge (as op- 
posed to releasing this control to the other structures surrounding the channel). 

Good agreement has been reported between (6.3.9) and (6.3.10) and experi- 
mental results, with 8, = 1.°? However, other work has produced models equivalent 
to taking #, proportional to a negative power of L,®’ or even replacing 8,/L by a neg- 
ative exponential in L,®.73 


EFFECT OF DRAIN-SOURCE VOLTAGE. The above results have been derived for 
negligible Vps. For fixed Voz, if Voy (and thus Vp,) is increased, the depletion region 
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width around the drain will widen. This, in turn, following the lines of the above 
arguments, will decrease |Q,| below the values obtained so far, thus further decreas- 
ing V,. Thus, for short-channel devices, V becomes a decreasing function of Vp! 
The effective charge Q, is still calculated using a method similar to the one illustrated 
in Fig. 6.7a, only now the trapezoid there will become distorted. The resulting ex- 
pression is considered in Prob. 6.11. If d; is large and certain simplifications are made 
(Prob. 6.11), we can obtain 

Qn ~1-pi%s + dap 
Qp L 2 


where dys and dpp are the depletion region widths of the source and the drain, respec- 
tively, and , is again a constant, nominally equal to 1 but which can be adjusted for 
better fit to experimental results. Note that for Vps = 0 (dps = dgp = ag), the above 
equation reduces to (6.3.8). The quantity (dps + dgp)/2 is, from (6.3.5a) and a similar 
equation for the drain depletion region, 


des + don | al Ib + Vig + I + Von} (6.3.12) 


2 


We can write Vig = Vsp + Vos. For small Vps, the second square root can be ex- 
panded in a Taylor series around Vp, = 0 and approximated by the first two terms, 
this results in (Prob. 6.11): 


(6.3.11) 


das +dgp BoVos 
BD. ‘| Me + | (6.3.13) 


where 8, = 0.25 results from the expansion. To increase the region of validity of this 
expression, however, empirical adjustment of 8, may be needed. Using now (6.3.13), 
(6.3.11), and (6.3.25), we obtain, 


a V, 
Vr = Vig + hy + ¥VH + val as AL Ja + Vsp + =p (6.3.14) 
SB 


and thus 


(a + Vea) + BaVps| (6.3.15) 


AV, = —28, Ss fox 
€,, ob 
The behavior predicted by the above equations is shown in Fig. 6.9. 
Although (6.3.15) was derived by using the charge-sharing idea, it predicts a 
variation of V; with Vps in the same direction as considerations using the barrier- 
lowering concept discussed in the beginning of this section. The name drain- 
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FIGURE 6.9 
Effective threshold voltage vs. V,,, with L as a parameter. 


induced barrier lowering (DIBL) is used to describe the effect of the drain on the 
barrier.© Although the above expressions were based on the assumption of small Vj, 
in practice it is sometimes found that they are reasonable even for relatively large Vp, 
ranges, provided an appropriate value is chosen for 8,. This value will be different 
for different LZ; in fact, for some devices it has been found that @, is roughly propor- 
tional to 1/L.37 To explain such behavior, one should consider a more detailed picture 
in which the field lines emanating from the drain not only affect the channel charge 
near the drain but rather affect it throughout the channel length. Two-dimensional nu- 
merical simulations are needed to get quantitative results in this case.”’ 

It is important to note that the effect of the drain on the channel depletion re- 
gion charge, resulting in (6.3.15), continues even beyond pinchoff. Thus, even if 
channel length modulation is neglected, Ip, in the “saturation” region wil! not satu- 
rate. It will continue to increase as Vp, is increased, since V; will keep decreasing. 
Note, also, that a device which has been turned off by reducing Vs sufficiently 
below V;, may turn on just by increasing Vp, if V; is lowered enough by the above- 
mentioned effect. This can have a serious effect in some digital applications if not 
properly considered. 

The onsets of moderate and of strong inversion, Vy, and V;,, stay close to V; and 
follow qualitatively a similar dependence on L, V5e, and Vps. From what we have 
seen so far, to a first order, short-channel effects can be thought of as a shift in the 
los Ves curves to lower Ve. values, with the shift being approximately equal to AV,,. 

Let us now briefly look at the current in weak inversion. Assuming that (4.6.13) 
holds, but with V,, shifted by AV,,, we see that 

Eps» short channel = 45» jong channel e“ni#) — weakinversion —_(6.3.16) 

Again, since AV,, depends on Vong, Ing will depend on Vp, for any value of the 
latter; in other words, no real “saturation” of Ip, will be observed. This is verified by 
experimental results.38.6!,64.66 
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FIGURE 6.10 


Piot of surface potential vs. length along the channel for three nMOSFETs with Z = 0.2, 0,3, and 0.5 4m, 
in weak inversion with Vgs = 0 V and Vpg = 0 V (solid lines) and 1.5 V (dashed lines). 


RESULTS FROM 2-D AND PSEUDO-2-D ANALYSES. Figure 6.10 illustrates the effects 
of L and Vps on the surface potential. Although these results are obtained by two- 
dimensional (2-D) numerical simulation,®? they should make sense qualitatively on 
the basis of our discussion so far. The channel and source/drain doping concentra- 
tions for the three channel lengths is the same and designed such that the L = 0.5 wm 
device operates as a “long-channel” device while the L = 0.2 um device exhibits 
clear short-channel effects. Note that the potential minimum for the 0.2 4m device 
even at Vp = 0 V is higher compared to that of both 0.3 and 0.5 4m devices. This 
corresponds to an energy barrier lowering, as explained earlier, which results in a 
V; decrease. Note now what happens as Vpg is raised to 1.5 V. The potential mini- 
mum for the 0.2-4zm device is further raised while that of the 0.5-4m device is unaf- 
fected and for the 0.3-m device is just barely raised. This is a manifestation of the 
DIBL effect discussed above. So, clearly the 0.2-4.m device is operating in the short- 
channel regime, the 0.3-4m device is in the borderline between short and long 
regime, and the 0.5-zzm device is clearly in the long-channel regime. 

One should note here that in Fig. 6.10 the surface potential at V5 = 0 V, which 
corresponds to the weak inversion regime for these devices, is never flat between 
source and drain, even for the device that does not exhibit short-channel effects. It 
would appear that the form of the inversion current equation (4.6.13), which is 
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derived on the assumption of flat surface potential, may not be valid. It turns out that 
while some modification to the equation may be required,°° the equation can still be 
used and the channel-length and DIBL effects are captured by the modification of V;, 
as in (6.3.16). 

While it is not possible to obtain the accuracy of 2-D numerical simulations in 
an analytical expression, several quasi-2-D solutions to Poisson’s equation have been 
proposed in the literature.!°°%’ They all are based on the idea that the barrier lower- 
ing we just described can be linked to AV,,. A representative result for AV,, from 
such solutions, the details of which will be omitted here, is®> 


AVy, = —[3(¢5; — Go) + Vosle™ (6.3.17) 


where ¢,, is the source (or drain) to channel junction built-in potential, defined in 
(1.5.1), and A is a characteristic length, or “gauge” for the channel length given by 


A= |Ssloxte (6.3.18) 


Cox B 3 


with d, being the depth of the depletion region below the channel, defined in 
(6.3.5a), and 8, a fitting parameter close to 1. Equation (6.3.17) is derived under the 
assumption that L >> d, (L 2 4dz, is sufficient). These results predict again the gen- 
eral behavior shown in Fig. 6.9. 

Equation (6.3.17) has two qualitative advantages over (6.3.15). First, it predicts 
that AV,, « e&4, a fact that is confirmed experimentally in any given technology, 
ie., for a given A. Note that (6.3.15) predicts a 1/L dependence of AV,, which, for 
small L, is not as steep as e 4“, Second, (6.3.17) with (6.3.18) predicts that | AV,, | 
decreases as the channel doping increases, because then d, and therefore A decrease, 
while (6.3.15) has no doping dependence. This doping dependence of AV,, is a well- 
known fact in device engineering. Finally, (6.3.17) predicts an increase in DIBL with 
increasing Vc, because d, and therefore A increase, while (6.3.15) predicts no depen- 
dence of DIBL on Vey (, in that equation is nominally a constant). Again, this 
DIBL increase with V,, is a well-known fact. On the other hand, it is well-known 
that | AV;, | deceases with decreasing source/drain junction depth d,, yet neither 
(6.3.15) nor (6.3.17) predicts a dependence on d,, although it has been suggested that 
(6.3.18) may be modified empirically to include it.9> The above discussion begs the 
question, “Which model, charge-sharing or quasi-2-D Poisson solution, should be 
used?” It turns out that the charge-sharing model is preferred for compact MOSFET 
models used in circuit simulation programs (e.g., Ref. 98), because it gives simpler 
equations that are easily adapted to nonuniform (i.e., implanted) channels (see, e.g., 
Ref. 88). This model is reasonably accurate provided doping and junction depth are 
within a narrow range, as is the case for any given technology generation. On the 
other hand, for compact models used to predict technology trends, such as scaling 
(Sec. 6.7), where junction depths and channel doping vary over a broad range, the 
quasi-2-D Poisson solution model is preferable. The two modeling approaches are 
sometimes mixed. 
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FIGURE 6.11 

Log Ins vs. Vgs for three different 
channel lengths (modified from Ref. 
86). Solid lines are for one value of 
Vps; broken lines are for another, 
larger Vps value. Vs, = 0. (a) Low 
N,, (6) high Ny. 


The concept of simple shift of the Ips-Vgs (and log Ips-Vgs) characteristics by 
AV 4(L,Vas, Vps) is a very convenient way to capture the short-channel effects. How- 
ever, as the channel becomes very short, for the choice of physical device parameters 
such as f,,, N4, and d, (see discussion on MOSFET scaling in Sec. 6.7), this simple 
concept fails. Most noticeable is the failure of the log Ips vs. Vgs characteristics to 
maintain their slope if L is too small and Vpg is increased. 

In such cases, the slope of log Jp; becomes very small, and the device cannot be 
turned off adequately even if V,, is decreased significantly. This behavior iS pre- 
dicted by two-dimensional simulations (see also the discussion of the “punch- 
through” effect in Sec. 6.4). An example® is shown in Fig. 6.1 1a. One might expect 
that it should be possible to eliminate the undesirable behavior for very short chan- 
nels by increasing N,, since then the source and drain depletion region widths will 
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Plot of V; for a set of nNMOSFET 
devices exhibiting the reverse 
short-channel effect. This effect 
is manifested by the slow rise of 
V, as L decreases from [2 4m to 
about 0.5 zm. The rapid decrease 
200 of V; below 0.5 4m is due to the 
0.1 l 10 20 “normal” short-channel effect 
L (yim) discussed in Sec. 6.3.2. 


decrease, as predicted by (6.3.5), or A will decrease as predicted by (6.3.18) and 
(6.3.5). Indeed, raising N, leads to the results in Fig. 6.115. Here it is also interesting 
to note that for the longest channel the current does not depend on Vpg, just as is ex- 
pected from long-channel theory for weak inversion and Vp, > 3¢,. However, a Vos 
dependence is apparent for the shorter channel lengths in the figure, as expected from 
the above discussion. 

With considerable computational complexity, it is possible to extend the charge 
sheet model of Sec. 4.3.1 to cover short-channel effects.49-74,80.88,97 


THE REVERSE SHORT-CHANNEL EFFECT. On the basis of the charge-sharing or 
barrier-lowering theories just discussed, we saw that V; ts expected to decrease 
monotonically with decreasing L. However, it is often observed that V, first increases 
with decreasing L, for moderately small L, before it decreases as predicted from the- 
ory. Figure 6.12 depicts the “hump” effect on V, for a typical technology. 

Several theories have been proposed to explain this behavior, which has been 
called the reverse short-channel effect (RSCE). In all cases some form of nonunifor- 
mity along the channel length is invoked that would result in nonuniform threshold 
voltage along the channel. For example Q’ or N, nonuniformities have been pro- 
posed.®?:!00 The current thinking at the time of the writing of this book is that the latter 
is more likely. The physical reasons for this nonuniformity, which can itself be a func- 
tion of gate length, fall outside the scope of this book. Interested readers can pursue this 
further in the cited literature. Generally, attempts are made to minimize this effect but it 
is commonly observed at varying magnitudes in modern short-channel technologies. 
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6.3.3 Narrow-Channel Devices 


A cross-section of a device’s channel along its width is shown in Fig. 6.13a. This fig- 
ure is highly idealized for simplicity. Real devices, for most fabrication processes, 
look as in Fig. 6.13b or c. A thick oxide, called field oxide, becomes thinner and de- 
fines the channel width as equal to the extent of the thin oxide region. 

Figure 6.13b depicts the so-called LOCOS (local oxidation of silicon) isolation'”’ 
which results in the gradual transition from thick (field) oxide to thin (gate) oxide in 
what is called the “bird’s beak” region. Figure 6.13c depicts a “fully recessed” isolation 
structure, also called shallow-trench isolation (STI), which is being used!0!.102 in the 
sub-0.35 zm CMOS generations. We will discuss each case separately. 


LOCOS ISOLATION. In Fig. 6.134 or b, the depletion region is not limited to just 
the area below the thin oxide. This is because some of the field lines emanating 
from the gate charges terminate on ionized acceptor atoms on the sides, this is 
shown in Fig. 6.14a and b. These lines constitute what is called a fringing field. If W 
is large, the part of the depletion region on the sides is a small percentage of the 
total depletion region volume and can be neglected. However, with small W values, 
the side parts become a large percentage of the total. In contrast to the short-channel 
case, now the gate is responsible for depleting a region which is /arger than what 
our theory in Chap. 4 would predict®4-5®59.62.70.74,76-81,83.85-87 (a long channel is as- 
sumed in this discussion). Thus, it takes a higher Vg, value to deplete that amount 
before an inversion layer can be formed, and Vy, V,, and V; must be replaced by 
larger, “effective quantities.” In addition, an increase in V.,, while keeping Vgs con- 
stant, increases |@,| both under the gate and in the side parts, and, thus, the body ef- 
fect will be more pronounced than in the wide-channel case. Assuming again Vp; = 
0 and using an empirical approach similar to that in the previous subsection, an ef- 
fective depletion region charge Q,, can be employed. This will result in an effective 
threshold V; given by 


(6.3.19) 


Vy = Viz + fy + a ¥\Po + Vez 


B 


which corresponds to (6.3.25), only here On/Op is larger than unity. Thus, compared 
to the long- and wide-channel threshold V; given by (6.3.1b), we have here an effec- 


tive threshold: 
Vp = Vp + AVey (6.3.20) 


with 


AVey = a — ipa + Vip (6.3.21) 
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FIGURE 6.13 
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Cross sections along the width of MOSFET transistors. (a) Simplified structure, where the device width 
is defined by the width of the gate; (6) more realistic representation of a LOCOS-isolated device with 
“bird's beak” in the transition from thick field oxide to the channel oxide; (c) realistic representation of a 


shallow-trench-isalated (STI) device. 
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FIGURE 6.14 
Schematic cross-sections along the width of MOSFET transistors depicting the effect of gate fringing 
electric lines on the extent of the depletion region. (a) Simplified structure; (b) LOCOS- isolated MOS- 


FET; (c) shallow-trench-isolated (STI) MOSFET. 


One of the ways suggested for the empirical evaluation of On/Qp uses the sim- 
plified picture of Fig. 6.13a@ and assumes that the side parts of the depletion region 
have a quarter-circle cross-section.»? This gives, assuming negligibly small Vp. 
(Prob. 6.13), 


(6.3.22) 
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FIGURE 6.15 

Threshold voltage of a wide transistor, V;; effective threshold voltage of narrow-channel LOCOS-iso- 
lated transistor with a given channel width, V;; and difference AV;y = V, ~ Vy, all as a function 
Of Vop. 


where d, is the depth of the depletion region given by (6.3.5), and @, = 1 nominally. 
As usual, 8, can be empirically adjusted for best fit. Comparing the simplified and 
“real” pictures in Fig. 6.14a and 4, it is rather obvious that such an empirical adjust- 
ment is appropriate. Using (6.3.22) and (6.3.5) in (6.3.19) we obtain the correspond- 
ing effective threshold V; : 


Ve = Veg t+ ty + rh + Vo i+ 4 + a Jd + Vo (6.3.23) 


and, using the above and (6.3.1) in (6.3.20), with y = (2ge,N,)'//C(, and 
Cox = Eqx/toxs 


€. ft 
Vow, = £s box (ig ay 324 
w Ayr Ww (%p sp) (6.3.24) 


Ox 


This equation is in agreement with our intuitive picture above. Values of 50 to 
200 mV are typical for AV;y for minimum channel widths. The quantity AV;y, does 
not include the total dependence of V,; on Voz. V- must be first found for the wide- 
channel case for a known Vo, and then augmented by AV;y. Note that AV, , in the 
narrow-channel LOCOS-isolated device is positive, whereas the quantity AV,, used 
in the discussion of short-channel devices was negative (assuming no reverse short- 
channel effects are present). The narrow-channel effect for LOCOS-isolated devices 
is illustrated in Figs. 6.15, 6.16, and 6.17. 

The value of V; for devices with small W (but large L) is commonly assumed 
independent of Vp,. [The above arguments would tend to predict an increase with 
Vps (Prob. 6.14)]. 

Depending on fabrication details, the above analysis may give satisfactory re- 
sults if W is not too small. For some devices, though, it is observed that, in order to fit 
measured results, it is not sufficient to replace V, by the effective threshold V; as 


274 OPERATION AND MODELING OF THE MOS TRANSISTOR 


FIGURE 6.16 
Effective threshold voltage vs. channel width (assuming LOCOS fabrication process). 
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FIGURE 6.17 
Log Ing VS. Vas for fixed Vps and Vog, for wide- and narrow-channel devices, assuming LOCOS isolation. 


above, and one must, in addition, replace W by an “effective channel width” W. Unfor- 
tunately, to evaluate W one must resort to either measurements or to two-dimensional 
simulations, including the details of the so-called “channel-stop” regions adjacent to 
the channel at its two sides. Qualitatively, one observes two effects: (1) W tends to in- 
crease with increasing gate voltage, since then a wider part of the channel tends to be 
inverted in Fig. 6.13b, (2) W tends to decrease with Vs,.°’ This is because, as two- 
dimensional simulations show (including the channel-stop regions), the bottom of the 
depletion region is actually rounded, and the electric field lines in the semiconductor 
are perpendicular to the surface only near the center of the channel in Figs. 6.13 and 
6.14); toward the sides, they curve sideways. In such cases, the inversion layer on 
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both sides of the center turns out to be lighter than expected or it practically disappears 
altogether there. This effect becomes stronger with increasing V5,, causing a reduction 
in W, which can be very significant for some fabrication processes. 

As already discussed, the difference between On and Qz arises from the 
channel edge fringing fields. Another expression suggested for estimating Os,/Qp for 
a given V.. > V; (assuming QO; « Q;) is® 


Qa _ Loa (6.3.25) 
QO, Cx WL 


where C’,WL and Cor are the gate-to-channel capacitances needed to support the 
“ideal” charge Q, and the “real” charge Q,,, respectively. The above expression has 
been used in the literature to calculate AV; y for various isolation configurations.** In 
the cases shown in Fig. 6.14a@ and 5, C,, must include the fringing capacitance 2C, 
(assuming C, per side) that supports the extra charge outside the channel. Thus 


Oo _ GWL+2Ce (63.26) 
Op Cox WL 


This ratio can be calculated from detailed knowledge of the oxide tapering. 


STI ISOLATION-INVERSE NARROW-CHANNEL EFFECT. For the shallow-trench 
isolation device shown in Figs. 6.13c and 6.14c, the fringing field from the gate re- 
gions beyond the channel edges helps support depletion charges in the channel. In 
contrast to the case discussed above, here the fringing field is useful, in the sense that 
it helps make the depletion region deeper, thus increasing the surface potential and 
helping start the inversion layer. Thus, it now takes a lower Vag, to deplete the channel 
before an inversion layer can be formed, and Vy, Vy, and V; must be replaced by 
smaller, “effective” quantities. 

For a uniform, idealized device, V; is given by (6.3.1a); using total charge and 
capacitance, we see the last term is equal to -Q,/(C,, WL). For the case of Fig. 6.14¢, 
we have instead a larger effective capacitance, CU, WL + 2C,, where C, is the fring- 
ing capacitance on each side. Then the effective threshold V; is assumed to be 


V, = Veo + dy - ——B 6.3.27 
r = Ven + C. WL + 2C; ( ) 


Again, the assumption will be made that the device operates as one with uni- 
form depletion region and capacitance C6, WL, but with smailer “effective” depletion 
region charge Qp,. Then V, can be written 


Vp = Vip + b ~ La - (6.3.28) 
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W 


FIGURE 6.18 

Effective threshold voltage vs. width for identically processed MOSFETs except for the isolation process. 
As discussed in the text, STI tends to produce a decrease of threshold voltage with decreasing W. Typi- 
cally, the range of widths over which threshold voltage is decreased in STI is smaller than the range over 
which threshold is increased in LOCOS isolation. 


From the above two equations we have 
Lat Lene (6.3.29) 
OQ, C,,WL+ 2C; 


It is then easy to see that (6.3.27) can be written as in (6.3.19), only now On (Op 
will be given by (6.3.29). The fringing capacitance C; can be shown to be !03-108 


C, = fox! tp [2 (6.3.30) 


T f 


On 


where f;,, is the thickness of the field oxide. Using (6.3.30) in (6.3.29) we get 


Qn . _W (6.3.31) 
QO, W+F 
where 
pon thos jp ZEFoR (6.3.32) 
T t 


Ox 


Note that, in the case of STI, as W decreases On/Op decreases, just as was the 
case with the variation of @,/Q, with length, as we saw earlier. While the factor F is 
given explicitly in terms of physical parameters in (6.3.32), typically it is treated as 
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a fitting parameter in practice. Figure 6.18 compares the W effect in LOCOS- and 
shallow-trench-isolated MOSFETs. Evidently the factor F for the STI device is quite 
small in this example. 


6.3.4 Summary and Comments 


We have seen that several factors affect the value of the effective threshold voltage. From 
our general expressions for long-channel devices as well as from our discussion of short 
channels and narrow channels above, we can summarize qualitatively as follows: 

The effective threshold voltage decreases when: 


1, The substrate doping decreases. 
2. The oxide thickness decreases. 
3. The channel length decreases (assuming no reverse-short-channel-effect). 


4, The junction depth increases. 
5. The channel width increases or decreases depending on isolation technology 
(LOCOS or STI, respectively). 


The concept of effective threshold voltage represents an attempt to maintain the 
form of well-known equations (derived for long- and wide-channel devices) in cases 
where such equations are, in principle, not valid. In this section, we have presented 
some representative examples of this approach taken from the literature. As ex- 
plained, in this approach it has not been possible to avoid some arbitrary assumptions 
(or, at least, assumptions that are not carefully justified). This is typical of empirical 
models. Although this has often provided practical results, at times too much atten- 
tion is paid to deriving elaborate models based on some arbitrary assumptions, rather 
than taking care to consider the validity of those assumptions. The resulting models, 
although they may be based on inadequate assumptions, may still be able to model 
practical devices owing to the large number of parameters they contain, which are 
“adjusted” empirically. The reader is referred to Chap. 10 for a discussion of the po- 
tential drawbacks of such approaches. 


64 PUNCHTHROUGH 


Up to now we have considered electrostatic effects that become important as the 
channel length decreases, but that are small enough so that they do not compromise 
the device behavior very much. Perhaps the most important criterion of such “elec- 
trostatic integrity” at a given small L is that the weak inversion slope of log Ing vs. 
Vos be nearly constant with Vp, and almost equal to that of a long-channel device, 
built with the same process technology. The qualifiers “nearly” and “almost” are used 
here on purpose because it is common that at any given MOSFET generation, the de- 
vice with the minimum acceptable channel length at the highest expected Vp, will 
generally show subthreshold-slope decreases of a few percent relative to its long- 
channel equivalent. Subthreshold slope is usually indicated by the S factor, defined in 
Sec. 4.6 as S = dVg,./d log Ips. This is numerically equal to the swing of V,, needed 
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fps 


FIGURE 6.19 
Typical characteristics of a device with 
Vps punchthrough problems. 


to change the Ip, by one decade. This quantity is important because it is needed in 
the design of digital circuits and because it is a sensitive indicator of the presence or 
absence of short-channel effects. Typical S factors in modern processes are around 
80 mV/decade, so the maximum acceptable change, due to short-channel and high 
Vps effects would be about 5 mV/decade; i.e., if the long-channel device exhibits 
§ = 80 mV/decade, then the shortest-channel devices should have S < 85 mV/decade. 

A good example of device characteristics with good electrostatic integrity are 
shown in Fig. 6.116, As can be seen, the shortest-channel device exhibits a small 
change of S relative to the long-channel device. Also note that the short-channel de- 
vice exhibits a shift to the left of the log Jp,-Vgs characteristic when Vpg is increased. 
This shift is due, as we have seen, to drain-induced barrier lowering (DIBL), which is 
typically characterized by AVgs(mV)/AVpg at constant ps in weak inversion. Typical 
values of DIBL for devices with good electrostatic integrity are less than 100 mV/V. 

The characteristics of the two shorter devices in Fig. 6.114 fail the criteria of 
good electrostatic integrity because they exhibit strong Vis dependence of their S fac- 
tor. As already mentioned in Sec. 6.3, these devices suffer from the “punchthrough” 
effect.27:35.39,59,66-69,86,107-111 Pyunchthrough is a severe case of barrier lowering caus- 
ing electron flow from source to drain either along the surface, in which case it is re- 
ferred to as surface punchthrough, or in the bulk, referred to as buik punchthrough. 
An example of what the Ip,-Vps characteristics of a punchthrough-suffering device 
look like is shown in Fig. 6.19. These effects are easily modeled by 2-D device simu- 
lation but are not worth including in compact models, as they are not encountered in 
practical devices. 

In a rather simplified way, surface punchthrough is said to occur when the de- 
pletion regions of the source and drain, in the absence of any depletion from the gate, 
reach each other. Figure 6.20 shows two such cases: (1) surface-punchthrough for the 
case of a uniformly doped substrate, as was the case for the devices in Fig. 6.11a, and 
(2) bulk punchthrough for the case of ion-implanted channel with higher concentra- 
tion at the surface. It is worth pointing out that the signature of bulk punchthrough is 
primarily a “bottoming out” of Ip, with decreasing Vgs as shown in Fig. 6.21. Little 
change of S with Vpz is observed, but the Ips “floor” is strongly Vps dependent. 
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(a) (b) 


FIGURE 6.20 
Plustration of source and drain depletion edges at the onset of punchthrough. (a) Surface punchthrough; 


(6) bulk punchthrough. 


loging 
Vasa 
“Vos. 
Vos 
Vos3>Vps2>Vpsi 
Vas 
FIGURE 6.21 


Log Ing vs. Veg for three different values of Vp, for a device exhibiting bulk punchthrough. 


Although the notion of touching depletion regions is simplistic (for example, it 
ignores the fact that after all a depletion region always exists along the channel due to 
the gate), it does convey the idea that with a diminished neutral region between source 
and drain, field lines from the latter can reach the vicinity of the first and modulate the 
sufface potential, and hence Q). Clearly, as pointed out in Sec. 6.3, the remedy for 
punchthrough is to shrink the depletion regions by adding doping, usually through ion 
implantation. For example, in the case depicted in Fig. 6.206 a “punchthrough- 
control” implant can be introduced, in addition to the surface V;-control implant. Its 
effect can be adjusted to just eliminate the Jp, bottoming out of Fig. 6.21. 
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6.55 CARRIER VELOCITY SATURATION 


Up to this point in this chapter we have considered effects that are due to the electro- 
static coupling of the source, and even more significantly of the drain, to channel 
charge, as the channel length decreases. These effects are manifest both in weak and 
strong inversion via a shift of V7. The fact that the gate in those devices does not have 
full control of the channel charge is a clear indication that the longitudinal electric 
field (i.e., parallel to the current flow direction; also called parallel or tangential) is 
not negligible compared to the transverse field (also called normal field) caused by 
the gate over a large portion of the channel. This means that effects associated with 
high longitudinal fields must be incorporated in our analysis. In terms of the drain 
current under normal device operation the most significant effect that needs to be in- 
cluded is an effective reduction of mobility with increasing longitudinal field, as we 
will see shortly. All the nonsaturation region models we have considered so far are 
based on an assumption stated above (4.3.2) concerning the electric field in the inver- 
sion layer. To recall that assumption, let €, be the value of the Jongitudinal field com- 
ponent. We have assumed that at all points in the inversion layer %, | is small enough 
so that the magnitude of the carrier velocity |v,| is proportional to |%@, |. In devices 
with small-channel lengths this assumption is not accurate, and the Ip¢-Vpg relations 
we have derived will not be valid. In this section we will show how adequate model- 
ing can be achieved in such cases. !8:23,24,27,34,36-40,112-118 

Figure 6.22 illustrates the behavior of |v,| with |€,|. As was the case for bulk 
conduction (Sec. 1.3), the velocity of carriers in the inversion layer tends to saturate 
at high |€,| values.+ Effects due to the lack of proportionality between |v} and |%, | 
on device characteristics are often referred to as velocity saturation effects, although 
the |€,| values involved may be below those corresponding to the clear saturation 
part of the figure. 

It is convenient to define a “critical” value of |€, |, denoted by €,, at the inter- 
section of the {v,| = {@,| line and an imaginary horizontal asymptote, as shown in 
the figure. We have 


lv4| = u|%,|, |%,| << €, (6.5.14) 
alu. (8:1 >> &. (6.5.18) 


(6.5,2) 


+The velocity can attain values larger than |v lmax Over very short times or very short distances. This effect, re- 
ferred to as velocity overshoot!|9-#21, is not considered here. The physics behind velocity saturation are compli- 
cated: readers with adequate background in solid-state physics can consult Ref. 116. In general, the physics of 
carrier transport over very short distances is involved; even the expression of current as a drift plus a diffusion 
component has been questioned. For a summary of such considerations, the reader is referred elsewhere.” 
These considerations are in the realm of physics for numerical simulation and so far have not led to simple ana- 
lytic device models. 
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FIGURE 6.22 
Magnitude of carrier velocity in the inversion layer vs. magnitude of longitudinal component of electric 
field, |@..|. (Vas) is the low |&, | field surface mobility at a given Vg, (see Sec. 4.10). 


Values used for the parameters in the above equation vary, The values for |v, | pax 
and @. must, of course, be consistent with the value for 4, which is a function of the 
average transverse field @, .,., as we have seen in Sec. 4.10. “Transverse” indicates the 
direction perpendicular to the direction of current flow. In some treatments, the same 
value of |v, na; is used for both electrons and holes (5 x 10® to 2 x 107 cm/s),t which 
results in 6. values of about 8 x 10° to 3 x 104 V/cm for electrons and 2 x 10* to 
10° V/cm for holes, assuming values of low transverse-field mobility of 650 and 
230 cm2/(V - s), respectively. In other treatments |v,j,,,, is taken in the above range 
for electrons but somewhat lower for holes (by a factor usually close to 1, but some- 
times as large as 3), in which case %. for holes is reduced accordingly. The reason for 
these discrepancies is that these parameters are difficult to measure, and that several 
different theories have been developed to explain them. Also, in MOS transistor work 
these theories are usually applied in a simplified manner. Hence, some empirical ad- 
justment of numerical values is performed to improve overall accuracy in the resulting 
device models. 

Various empirical relations have been used to model the dependence of |v,| on 
|é,|. Thus, in some treatments the curve in Fig. 6.22 is replaced by a piecewise-linear 
plot, as suggested by the two asymptotes.23 Another relation in use is!!2-1!4 


(6.5.3) 


Experimentally, the value of |v, |... for electrons is found!2? to be about 9 x 10° cm/s, while for hotes about 
8 x 10% cm/s, at room temperature. The broader range of values quoted above is necessary to compensate for 
model inadequacies. 
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This tends to model better the region between very low and very high fields and 
is still in agreement with (6.5.1). Although expressions more complicated than 
(6.5.3) can provide more accuracy,} this equation is widely used because it leads toa 
simple transistor model as will be seen. 

Consider now operation in the nonsaturation region of the Ip,-Vps strong- 
inversion characteristics and assume, as in Sec. 4.5, that all current is due to drift. Let 
Vep(x) be the “effective reverse bias” of the inversion layer at point x with respect to 
the bulk, as in Sec. 4.5. The voltage drop across a piece of the inversion layer (say, of 
length Ax) is equal to the difference AVcp between the Vcg values at the two ends of 
the piece. Letting the above finite differences become differentials, we have, for the 
magnitude of the field intensity at point x, 


@,(x)| = 2 


ae (6.5.4) 


Thus, the magnitude of the electron velocity at point x becomes, from (6.5.3), 


_ (1/B, )(dVcp/dx) 
|4()| = [alae 7 eas (6.5.52) 
or, from (6.5.2): 
dV agldx 


fpr cdi aa meee 6.5.5 
1 + (1/€, )(dVcp/dx) een 


| v4 (x)| = 


To calculate the drain current in nonsaturation Ipsy, we cannot use (4.5.6) any- 
more. That equation was based on (1.3.15), which was derived by assuming {v,| was 
proportional to {%, |. Since this is not the case anymore, we will use the more general 
expression (1.3.7). For the MOS transistor, Q’ in that expression is the inversion layer 
charge per unit area Qj, the value of which depends on V¢,(x) and will be denoted by 
O7[Vcg(x)], and b is the channel width W. Thus 


Ipsy = W~Qp) |v) | (6.5.6) 
Using (6.5.55) in (6.5.6) we obtain 
1 dV » AV, 
ls my aoe = uW(-O;)— (6.5.7) 


Integrating from x = 0 (where Veg = Vsg) to x = L (where Veg = Vpa), and as- 
suming « and %.. are independent of the transverse field as in Sec. 4.5, we obtain 


tlt has been suggested! that, while (6.5.3) is adequate for holes, |v4| for electrons can more closely be approx- 
imated by |vjlmax (| 8,1/6./ V1 + 1S, V%,)°. Another model!!® uses (6.5.3) for |€,|< @,, and |v, |= @6,/2 for 
1%, | > €,; in this case, the value of €, to be used for best fit to experiment will be different from that used in 
conjunction with (6.5.3). 
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V, 
loa L + tate). uw)” ”* (~O}) dVce (6.5.8) 
Using Vpg — Vs = Vos, we have 


Ww 
7 fc (~;) dVcg (6.5.9) 


‘ow = TTT VALE.) 


Comparing now this equation to (4.5.7), with 4 assumed constant, we see that 
they are identical except for the multiplicative factor 1/[1 + Vpo/(L@.)} outside the in- 
tegral. Consequently, nonsaturation region expressions developed in Chap. 4 can be 
made to be valid in the presence of velocity saturation effects by multiplying them 
with this factor. Thus 


[ DSN, not counting velocity saturation 


Tpsn, including velocity saturation 1 + Vne/ ( LE ) (6.5.10) 
DS 


In the right-hand side of this equation one can use the accurate model of 
(4.5.2), the approximate model of (4.5.37), or any other model at hand, depending on 
the accuracy desired. 


Example 6.2. Using the approximate model of (4.5.37a) in (6.5.10) we have for the 
current in the presence of velocity saturation effects, 


C’ {Vac — Ve)Vne — 0.502 
W Ca |(Ves — Yr)Vos os} vn. < Vig (6.5.11) 
L 1+ Vp/(LE.) 


Ths 


The effect of normal field (Sec. 4.10) can also be incorporated in the above for- 
mulation. Assuming independence between mobility and saturation velocity,!!© one 
can replace gz in (6.5.1) and (6.5.2) by (4.10.13), and rederive Ip>, using the approxi- 
mations suggested in Sec. 4.10. One then obtains again the above expressions, only 
with 4 replaced by the effective mobility sc. given by (4.10.16) or (4.10.20). Other 
approaches?’ give similar results. 

The Ips expressions developed as shown above can easily be seen to attain zero 
slope dip /dVp, at a Ving Value smaller than that found in the absence of velocity sat- 
uration effects. This suggests the following simplifying assumption, the validity of 
which will be considered shortly: the “saturation” of In g-Vps curves will be assumed 
to be attained purely owing to velocity saturation effects. Thus, the value of Vig at 
which saturation occurs can be found by solving d[p./dVp, = 0 as before. 


tAlternatively, one can equate (6.5.11} evaluated at Vpg = Vp, to (6.5.6) evaluated at the drain with |v,(L}| = 
12g lmax» 2nd solve for Vis. The result will be the same. A more exact calculation?’ aided by numerical simula- 
tion resuits, leads to a complicated expression for Vj, which, however, results in practically the same value as 
the approach suggested here. 
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Example 6.3. For the model of Example 6.2 we have, setting d/ps/dVps equai to zero 
and solving (Prob. 6.20), 


7 Vos - V; 2 
Vos = sr (6.5.12) 


1+ (Yat). 1 
a Lé. 


This value is smaller than the value of (V5 — V,)/a@ expected in the absence of ve- 
locity saturation effects. It only approaches that value as L€, approaches infinity, ie., in 
the absence of velocity saturation effects in the limit (Prob. 6.20). 


In the saturation region (Vps > Vs), the inclusion of channel length modulation 
effects is necessary. Continuing our simplifying assumptions from above, we postu- 
late that in the channel region adjacent to the drain, where Vps ~ Vpg is dropped, the 
electron density is small. Then the width J, of this region can be found as in Sec. 6.2. 
Thus the drain current in saturation can be found from (6.2.5) and (6.2.6), as before, 
and I‘, in that formulation is the value of Ips at Vps = Vps, where Vhs is found as ex- 
plained above. The value of Vjps can be replaced by a slightly lower value Vp, to 
allow continuity of the slope of dIps/dVps, as has been already discussed in conjunc- 
tion with Fig. 6.3c. 


Example 6.4. Using the appropriate model (4.5.37) in the right-hand side of (6.5.10) 
with Vps = Vis. where Vis is given by (6.5.12), and replacing L by L —/, as in Sec. 6.2, 
we have for the current in saturation, in the presence of velocity saturation effects, 


Wu? |(Ves — Ve)Vps — 0.5aV 55 
7 [( GS 7) DS 8 (6.5.13) 


Ins = ; 
if 1 — 2. Mos. 
Le. 


In Ref. 37, the saturation region is at first investigated without making the sim- 
plifying assumptions above. Simplifications are then sought, using two-dimensional 
computer simulations as a guide. The final result consists of the same form of equa- 
tions as the ones we found above, and these are shown to be in satisfactory agreement 
with experimental results. 

Velocity saturation effects can have a drastic influence on Ips-Vps characteris- 
tics. Figure 6.23 compares results calculated, assuming such effects are absent (Fig. 
6.23a) and present (Fig. 6.23b). It is seen that, for the same Ves, saturation is - 
achieved at smaller values of Vp, when velocity saturation is included. Most impor- 
tantly, in that case the spacing of the curves in the saturation region is not according _ 
to the “square law” of (4.5.37b). In fact, if the velocity saturation effects are severe, 
the spacing becomes nearly proportional to the V,s increment, as is the case in Fig. ~ 
6.23b.+ We now have a device the saturation current of which depends almost /in- ; 


+Actually, the mobility dependence on the vertical field, discussed in Sec. 4.10, also has the effect of “lineariz- 
ing” the square-law dependence of / 5 on Vas. For modern MOSFETs with ,, < 100 A and L< 0.5 pom, Ipgis 


almost linear with Vag. 
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FIGURE 6.23 
Device characteristics (a) in the absence and (6) in the presence of velocity saturation effects. 


early on Vg, — V7! This can be seen from the equations in Examples 6.3 and 6.4, as 
follows. The effects of velocity saturation become stronger as L is decreased. Vj, de- 
creases with decreasing L, although not as fast as L itself. When L is very small 
[small Vp, from (6.5.12)], we can neglect the square term in the numerator of 
(6.5.13). Assuming for simplicity that /,/Z in the denominator is much less than 1, we 
have 


Pt. = HCox( WA) Ves — Vrs 
” Vos! (LE.) 
= WC.,(Vos — Vr)u&.. very small L (6.5.14) 


, very small L (6.5.14a) 


The linear dependence of Ij, 0n Ves — V7 is apparent. We can put this rela- 
tion in an alternative form by postulating that, since Vj, is small, the chan- 
nel charge will be approximately uniform and independent of x, so that we have 
-Q; = C4,(Ves — V,) at any point x. Using this fact and using (6.5.2) in (6.5.145), we 
have 


Ing = W(-Q;)| val (6.5.15) 


which could have been obtained directly from (6.5.6), assuming the carriers are trav- 
eling at maximum velocity from the moment they are injected by the source to the 
moment they are collected by the drain. 

The above two relations also reveal another major effect in the limit of very 
strong velocity saturation: The drain current is independent of L! A physical feeling 
for this effect can be obtained as follows. The transit time of carriers in the channel 
(the time it takes them to travel the length of the channel) is proportional to L, assum- 
ing for simplicity that they travel at constant maximum velocity. The total mobile 
charge in the channel is also proportional to L. Hence the current, which is the ratio 
of this charge to the transit time, is independent of L. To put it another way, if the dis- 
tribution of mobile charge is uniform and that charge moves at constant velocity, a 
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fixed amount of charge passes per unit time for a given W. Thus the drain current is 
fixed. The length of the channel does not enter in this reasoning at all (provided, of 
course, that L is small enough so that the velocity saturation effect assumed ts valid 
in the first place). An analogy can be given in terms of water coming out of the end 
of a pipe at constant speed. The water flow rate out of the pipe is independent of the 
length of the pipe. 

The approximations used in the preceding three paragraphs are actually over- 
simplified since, when the channel length is small, the two-dimensional field near the 
source and drain regions can have a significant influence on the channel charge, as 
we have already seen. The above discussion is, nevertheless, useful for providing in- 
tuition and for relating several of the results we have presented. Note that, because 
[v,|max has similar values for electrons and holes,!15-122 y-channel and p-channe! de- 
vices tend to perform similarly under velocity saturation, other things being equal. 
This is not the case in the absence of velocity saturation, e.g., for very long channels, 
since then Ips is proportional to 4, the value of which for p-channel devices is one- 
third to one-fourth the corresponding value for n-channel devices. Indeed, it is gener- 
ally observed in modern technologies that the ratio of n-channel current to p~-channel 
current, for equal L and the same bias, is reduced as L is reduced and the effect of ve- 
locity saturation becomes more prevalent. 


6.6 HOT CARRIER EFFECTS— 
SUBSTRATE CURRENT, GATE CURRENT, 


AND BREAKDOWN 


As we saw in the previous sections, the longitudinal electric field in the channel in- 
creases from source to drain. For abrupt source and drain junctions, the peak field is 
at the drain-to-channel junction, and its value depends on Vp, and L. Figure 6.24 il- 
lustrates this for two devices of different L, at the same value of Vp. (an abrupt junc- 
tion is assumed; see Appendix C). The peak value of the longitudinal electric field, 
€,,. depends strongly on these parameters. Also shown in the figure is the approxi- 
mate level 6, above which the carrier velocity is expected to saturate. For the longer- 
channel device this almost coincides with the beginning of the pinchoff region, while 
for the shorter-channel device there is a portion of the channel before pinchoff where 
the carrier velocity saturates. When carriers move in fields that exceed the value of 
the onset of velocity saturation, they continue to acquire kinetic energy from the field 
but their velocity is randomized by excessive collisions such that their velocity along 
the field direction no longer increases but their random kinetic energy does. Depend- 
ing on the statistics of scattering, a small fraction of the overall carrier population ac- 
quires a significant amount of energy, and these are called hot carriers. Clearly, the 
higher the field, the higher the proportion of hot carriers in the overall population. 
Generally, in MOSFETs, the high fields are encountered in saturation in the pinchoff 
region, as is evident from Fig. 6.24. 

Figure 6.25 illustrates the hot carrier effects. “Cool” electrons are coming into 
the pinchoff region and are heated by the field. Some of them acquire enough energy 
to create impact ionization of silicon lattice atoms, whereby new electrons and holes 
are created; this effect is also referred to as weak avalanche. The new electrons ‘join 
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FIGURE 6.24 

[lustration of |%@, | (og scale) vs. x along the silicon to oxide interface for two transistors in saturation 
with the same V,,. Note the smaller maximum electric field for the device with the longer channel length 
(L,). For illustration purposes the field magnitude, @,, at which velocity saturation occurs is also shown. 
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FIGURE 6.25 
Schematic representation of hot carrier effects in a region of high longitudinal electric field in the channel 
of an nMOSFET. 
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FIGURE 6.26 
Substrate current vs. gate-source voltage, with drain-source voltage as a parameter. 


the stream of channel electrons and move on toward the drain. The normal depletion 
field in the channel pushes the holes into the substrate, where they give rise to drain- 
to-substrate current, Ipp.'2>-'58 A much smaller fraction of electrons acquire even 
higher energy which allows them to overcome the silicon-oxide barrier, get injected 
into the oxide, and be collected by the gate as gate current. Of those very energetic 
carriers, a small fraction create damage at the silicon-oxide interface which mani- 
fests itself as an increase in interface states density Nj, (Sec. 2.2), and yet another 
small fraction become trapped in the oxide giving rise to a localized change of 
(9/,135.136,138,140-143 (see also Sec. 2.2). The ensuing corruption of the oxide results in 
device degradation with operating time, or “aging.” 

Let us consider the drain-to-substrate current Jp,. This current is proportional to 
the number of electrons available per unit time, which in turn is proportional to Ips. 
Also, according to the above discussion, [pg is an increasing function of the maxi- 
mum field at the drain: this field is, in turn, a function of the “excess” drain voltage, 
Vos ~ Vos. 

Plots of Jpg VS. Vgs, for various values of Vps, behave as shown in Fig. 6.26. 
For a given Vp, when Vs is increased starting from low values, [ps increases, and 
thus Jp, increases too, according to the above discussion. Further increases of Vos in- 
crease Vj. significantly, causing a strong decrease in Vos — Vis. and thus in the max- 
imum field at the drain. This causes Ip, to decrease at large Vgs values, as seen to- 
ward the right in the figure. The maximum Jpg is observed, roughly, at Vos = Vps/2. 

Developing an analytical expression for [pg is a lengthy process; after several 
approximations, it can be shown that Ip, is of the form,98)140.158 


. . y 
os| = |Zos|Ki(Vos — Vs) €XP (- ae (6.6.1) 
Vos — Vos 
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where K, and V, are parameters that must be fitted empirically to data. This form has 
been corroborated by experimental data!*® and is well accepted at present. Typical 
values for K; are 1 to 3, and for V;,, 10 to 30 V. In other modeis'** for the substrate 
current, the (Vps — Vjs) term is replaced by a constant, and the factor 0.8 is intro- 
duced in front of Vj, in the exponent. The total drain current, Jp, is given by 


In = Ins + Lop (6.6.2) 


The discussion so far about substrate current has been based on the assumption 
that the latter is small compared to drain current, for example, more than 2 to 3 or- 
ders of magnitude smaller. However, as Vps increases to well above Vp;, depending 
on the device design, it reaches a point at which the substrate current becomes com- 
parable to drain current. At that point the total drain current Jp is seen to increase 
rapidly with Vp. This condition marks the onset of considerable avalanche multipli- 
cation, in which the newly created carriers can participate in significant numbers in 
generating more pairs as they gather energy from the field; the device is then said to 
be operating in the breakdown region. In addition, a significant hole current can 
cause enough ohmic voltage drop across the resistance of the substrate material to 
forward-bias the substrate-source pn junction. For sufficiently high forward-bias, 
electrons can then be injected by the source into the substrate, and a parasitic bipolar 
transistor action can be initiated, contributing to breakdown. Note that breakdown in 
MOSFETs, as in diodes, is a reversible effect; i.e., the device is not necessarily de- 
stroyed. However, at this condition of excessive Vj, MOSFETs degrade (age) rapidly 
because of the large population of hot carriers impinging on the silicon-oxide inter- 
face, as discussed above. Generally, MOSFETs are never operated in this region. 

Models also exist in the literature for the gate current and device aging as a re- 
sult of hot carriers. !5!.153,154,158,.88 While substrate current can be significant enough to 
warrant modeling under normal device operation, the gate current is typically very 
small. As gate oxide thickness decreases, hot-carrier-generated gate current can be- 
come nonnegligible. Nevertheless, the limit of oxide thickness is considered to be set 
by what is called direct tunneling, as discussed in Sec. 6.9, rather than by hot carriers. 
One of the reasons for this is that, as oxide thickness is scaled down, so is the power 
supply voltage, and as a result hot carrier effects are rapidly diminished, since Vp, 
appears in an exponential [see (6.6.1)]. The same is true for the device aging rate, 
which is rapidly reduced as power supply voltage is scaled down. 

In our discussions of various other phenomena in this book, the substrate and 
gate currents will be assumed negligible unless specifically stated otherwise. 

To limit hot electron effects, it is advantageous to have a lightly doped drain re- 
gion.!59-16 This is because, in such a case, part of the depletion region would be in- 
side the drain, absorbing some of the potential that otherwise would exist in the 
pinchoff region, and lowering the maximum electric field. However, a lightly doped 
drain in standard processes would mean a lightly doped source, since both regions 
are made simultaneously, in the same way. This would result in a large source resis- 
tance on which a large voltage drop could develop, which is undesirable, as will be 
discussed in Sec. 6.8. A compromise can be reached by using the structure shown in 
Fig. 6.27. This popular structure is referred to as lightly doped drain (LDD).!5*!6! It 
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p substrate 


FIGURE 6.27 
Lightly doped drain (LDD) transistor; the n* to n doping ratio is between 10 and 100. 


makes possible a lower maximum field, and thus less severe hot electron effects, 
while keeping the series resistance relatively low. In addition, because the lightly 
doped part can be made shallow, the short-channel effects related to charge sharing 
(Sec. 6.3.2) are limited. 


6.7 SCALING 


One of the hallmarks of the semiconductor industry is the continuous scaling of cir- 
cuit dimensions with the introduction of every new technology generation.!© This 
leads to a continuous increase in speed and circuit complexity per unit of chip area. 
However, if the channel length is made too small relative to the depletion regions 
around the source and drain, the short-channel effects associated with charge-sharing 
(Sec. 6.3) and punchthrough (Sec. 6.4) can become intolerable. Thus, to make L 
small, the depletion region widths should be made small. This can be done by in- 
creasing the substrate doping concentration and decreasing the reverse bias. To 
achieve the latter under any circuit operating conditions, the supply voltage must be 
decreased. Increasing the doping concentration increases the threshold voltage and 
makes it more difficult to turn the device on; this can be overcome by decreasing the 
oxide thickness. 

As in the electrostatic integrity considerations above, maintaining the reliability 
of devices, i.e., constant aging rate, requires containment of the maximum electric 
field €,, in the channel, discussed in Sec. 6.6. This is also achieved by reducing the 
maximum voltage, and by modifying the drain-channel junction to control ,,,. 

What has just been described, i-e., adjusting a fabrication process and the bias 
voltages to allow proper operation of reduced-size devices, is one of the constant pur- 
suits of fabrication process engineering.!®!”° The adjustments aim at achieving 
small dimensions while, at the same time, avoiding severe side effects, such as the 
several small-dimension effects already considered in this chapter. Depending on 
what aspects of a given process should be optimized for an application in mind, there 
are many ways such adjustments can be made. Several of these are discussed in this 
section. : 
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FIGURE 6.28 
(a) A MOS transistor; (6) a MOS transistor obtained from (a) by scaling all geometrical dimensions by 
the same factor. 


We will first describe a set of rules aimed at reducing size in such a way that 
the resulting device along with its depletion region is simply a scaled version of a 
large device, as is shown in Fig. 6.28. Then no significant side effects should appear, 
and one can analyze the scaled device by using well-known large-device concepts, 
thus taking advantage of the significant experience gained with large devices over the 
years. A process proposed to achieve the reduction shown in Fig. 6.286 will now be 
briefly described,!© It will be seen to result in a “scaled” device, in which internal 
electric field shape and maximum magnitude is the same as in the original device; 
hence the name constant-field scaling is used to describe this process. 

Let us assume that a large device is scaled in all three dimensions by a factor 
i/x, where x is larger than 1 (say, between | and 10). This means that L, W, oxide 
thickness, and junction depth are all scaled by the same factor. Thus, areas (e.g., gate 
area) are scaled by (1/«).2 The depletion region underneath a junction has a depth d 
given by [see (1.5.12) and (1.5.13)]. 


d = = [b, + V (6.7.1) 
qin 4 


where V is the reverse bias and ¢,, the built-in potential. The form of this equation is 
also valid for the depletion region underneath the inversion layer; for example, in 
strong inversion the equation is valid with dy, = @>. We will assume ¢,, 1s small com- 
pared to Vt Then we can scale d by 1/«, by scaling V/N, by 1/« in the above 


{This assumption is, of course, not valid for all bias conditions, it is made for simplicity. Thus, a device scaled 
as described will deviate from ideal constant field scaling behavior when the reverse bias is small. 
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equation. Let us scale N, by « and V by 1/x. To achieve a properly scaled V through- 
out the channel, all operating voltages as well as the threshold voltage must be scaled 
by 1/«. From basic electrostatics (Appendix B) it is easy to see that under this scaling 
the shape and maximum magnitude of the electric field in the structure will remain 
the same. Thus undesirable high field effects will not occur. As seen in (1.5.20) and 
(2.2.4) capacitances per unit area C’ are inversely proportional to distances, so they 
are scaled by «x. However, capacitances C per se are given by C’A, where A is the 
area, and thus are seen to scale by «(1/«?) = I/«. 

The body effect coefficient y is seen from (2.5.16) to scale by liv x. In device 
equations, the threshold voltage V; appears in differences with bias voltages, such as _ 
in (4.5.3). Since the latter are scaled by 1/x, V7 should also be scaled by I/x as al- 
ready mentioned. Consider (4.5.32). From the above discussion, if dp is very small 
compared to Vc,, the term y /% + Vsp will scale by 1/«. To scale Veg + Gp in that 
equation one should be able to control Vg, which cannot be done independently for 
unimplanted devices. However, it has been seen in Chap. 5 that an “equivalent” Vez 
can be controlled through ion implantation. : 

Charges per unit area Q’ are not scaled [see (1.5.13) or (3.4.9) and use the 
above results]. Therefore, charges Q are scaled by i/«?, since areas are scaled by this 
factor. 

What is now the effect of the above scaling procedure on the drain current? Let 
us look at (4.5.37). If @ is close to 1, it is seen that since all voltages are scaled by 
I/x, the quantity in brackets is scaled by 1/x?. At the same time C%, is scaled by «. 
Thus, recalling that 4 is practically independent of doping concentration (Sec. 4.9) 
and thus does not change under constant-field scaling, the current in (4.5.37) is 
scaled by 1/x. 

Consider now the slope of In Jp, vs. Vgs in weak inversion for a constant Vps. As 
seen from (4.6.13), that slope is proportional to 1/n, with 7 given by (4.6.16). Since 
scales by 1/V« and Vip + 2p by L/« (assuming Ve is large), m and S in Sec. 4.6 re- 
main the same, and the slope of In Ips vs. Vgs does not scale. For digital circuits, this 
is undesirable since it makes it more difficult to turn a device off. For example, it 
takes as much reduction in gate voltage to reduce Ip, by one decade as it does for 
large devices. Since the total voltage swings possible have been scaled by 1/x, the 
gate-voltage reduction needed to turn the device off represents a larger fraction of 
the total swing, and noise margins in digital circuits are reduced. The width of the 
moderate-inversion region!”’ does not scale either. Thus this region now becomes a 
larger part of the power supply voltage, and more attention must be paid to it. 177.178+ 

Since both voltages and currents are scaled by I/x, power dissipation is scaled 
by 1/«?. However, since device areas have been scaled by 1/x*, the density of devices 
per unit area is scaled by x’; thus, the power per unit of chip area is not scaled. 


+In moderate inversion the slopes of the inversion layer charge (Fig. 2.10) and of Ips for low Vp (Fig. 4.28) 
vs. gate voltage are found to decrease. This has been attributed to the finite-inversion-layer capacitance in this 
region'?? (see (2.6.20)], and, for this reason, sometimes moderate-inversion effects are referred to as “finite- 
inversion-layer capacitance effects.” 
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TABLE 6.1 

Constant-field scaling 

Quantity Scaling factor 
Device dimensions (L, W, ¢,,, d;) Min 
Area ia? 
Packing density (devices per unit of chip area) K? 
Doping concentration, NV, « 
Bias voltages and V, l/x 
Bias currents lie 
Power dissipation for a given circuit Vx? 
Power dissipation per unit of chip area 1 
Capacitances, C li 
Capacitances per unit area, C’ K 
Charges, in? 
Charges per unit area, Q’ 1 
Eleciric field intensity 1 
Body effect coefficient, y its 
Transistor transit time, 7 Lie 
Transistor power-delay product in? 


Since all device currents are scaled by 1/« and the various capacitances are 
scaled by the same factor, the rate of change of charging these capacitances, dV/dt = 
LiC, will not scale. However, these capacitances now only need to be charged to volt- 
ages scaled down by 1/«, and thus the time needed to charge them scales by I/«; 
hence, the speed of digital circuits increases by «. Since the power dissipation for a 
transistor has scaled by 1/x?, the “power delay product” (a figure of merit used for 
digital circuits) scales by 1/3. Constant-field scaling is summarized in Table 6.1. 

Consider now the metal and polysilicon lines used to form the gates and inter- 
connections. Since we now have a fabrication process capable of small dimensions, 
let us attempt to scale the width of these lines by I/«. The new process may also re- 
quire reducing the height of these lines, since trying to make very thin, but tail, lines 
can run into fabrication problems; let us attempt to scale that height by 1/« also. Then 
the cross-sectional area of the lines is scaled by 1/«?. Since the current that these 
lines carry has been seen to scale by I/«, the current density in these lines will scale 
by «. This is very undesirable since the increased current density can cause what is 
known as electromigration, a phenomenon in which atoms are carried by the flow of 
current and can result in line failure. For aluminum lines, the current density should 
not be larger than about 1 mA/um?. Another problem with scaling interconnection 
lines is that the resistance of the lines is proportional to length and inversely propor- 
tional to the cross-sectional area, and thus scales by «. The parasitic capacitances of 
these lines to the substrate scale by 1/«, and thus the corresponding time constant does 
not scale. If the lines are long, this can cause a problem since it prevents us from tak- 
ing advantage of the fact that the speed of transistors has scaled by «. Also, since the 
resistance of these lines scales by « and the current through them by 1/x, the voltage 
drop across them does not scale. Thus, a larger fraction of the total voltages available, 
which have been scaled by 1/x, is now wasted across interconnect lines. Because of 
the above problems, the height of interconnect lines is reduced less significantly. 
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Additional problems are caused by the “contact windows,” etched through the 
thick oxide in order to make contacts between various layers. If the area of these win- 
dows is scaled by 1/«2, their resistances will scale by x’. For currents scaled by 1/x, 
this means that the voltage drop across the contacts will scale by x, i.e., in the oppo- 
site direction from the bias voltages, which were scaled by I/«. Another undesirable 
effect of scaling is an increase in the resistance of the source and drain n* regions due 
to the decreased junction depth. The effect of the source and drain resistances on the 
transistor characteristics is considered in Sec. 6.8. 

The scaling scenario discussed above presents certain problems. As already 
discussed, the weak-inversion region width does not scale. Hence, the voltage swings 
required for turning the device from off to on may be an unacceptably large fraction 
of the total voltage available. In addition, established chip interface requirements 
must often be obeyed for which voltage levels are fixed, and, hence, the voltage can- 
not be scaled. The rules followed in such cases, for decreasing device dimensions 
while keeping the voltages unchanged, are referred to as constant-voltage scaling. In 
these, W, L, and N, are scaled as before. However, if the oxide thickness is scaled by 
the same factor, the resulting field can be exceedingly high since voltages are not 
scaled: this can cause mobility degradation (Sec. 4.10). To alleviate this problem 
somewhat, oxide thickness is usually scaled less drastically.!7° One column in Table 
6.2 summarizes these scaling rules. The resulting effect on the various quantities 
(such as those entered in Table 6.1) is considered in Prob. 6.23. It is, of course, to be 
expected that undesirable effects associated with high electric fields can become se- 
vere under constant-voltage scaling. 

To avoid the extreme cases of constant-field and constant-voltage scaling, com- 
promise scaling rules have been proposed. For example, geometric dimensions and 
substrate doping are scaled as in the case of constant-field scaling, but voltages are 
scaled less drastically. This has been termed quasi-constant-voltage scaling, | and is 
summarized in the corresponding column of Table 6.2. As is evident from (6.7.1), 
under this type of scaling the depletion region widths do not scale by the same factor 
as W, L, and t,,. This is avoided if the scaling factor for N, is modified appropriately, 
resulting in the generalized scaling rules shown in the last column of Table 6.2.17 


TABLE 6.2 
Scaling rules 
ep PP TN 
Scaling factor 
vO np On oe 
Constant voltage Quasi-constant Generalized 
Constant-field scaling voltage scaling scaling 
Quantity scaling l<xc’<r I<K’<K l<«e’<K6 
WL Lik lin lix ix 
box If/x 1/x’ li lik 
Ny K x K 4K" 
V,Vr lic l Ve" Lik’ 
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A different approach concentrates on decreasing device dimensions while 
maintaining long-channet behavior in the weak-inversion region, such behavior being 
a sensitive indicator of the absence of severe short-channel effects. It has been found 
empirically that the minimum channel length for which such behavior is maintained 
fits the following relation:!© 


Linin = (Const) [d;t,,(dgs + dgp)7)!? (6.7.2) 


where d; is the source and drain junction depth, ¢,, the oxide thickness, d,, and dgn 
the depletion region widths at the source and drain, respectively, and (const) has the 
value of 8.8 «m-!?. The above relation portrays the various compromises involved 
and has proved to be a useful guide for decreasing device dimensions. 

Before closing this section, let us speculate as to what might eventually be 
achieved!70.171.173.179-189 by the ongoing effort to decrease physical dimensions and 
power supply voltages. We will try to present what might be considered an “average” 
view. However, predictions for the “future” concerning MOS devices have been re- 
peatedly proved wrong in the past. Thus, one should not be surprised if the same 
were to happen with the predictions that follow. 

The power supply voltage of an integrated circuit cannot be reduced arbitrarily 
because the correspondingly reduced signals become vulnerable to noise. For practi- 
cal processes, also, the uncertainties of achieving a desired threshold voltage value 
are of the order of 0.1 V. In logic circuits the swings should be at least a few times 
that amount to ensure that all devices can be turned on and off with certainty. The last 
two considerations place a lower limit on the power supply voltage of 0.5 V or so, but 
speed considerations and driving requirements of off-chip components can make this 
value higher. This places a lower limit on device dimensions, to avoid breakdown. 
Other limitations can be imposed by the requirement to avoid overheating of the chip. 
Forced-air cooling allows about 20 to 40 W/cm? of chip area to be dissipated without 
overheating. Liquid cooling could increase this by an order of magnitude or even 
more by using special techniques.!73.!82 The degree of cooling imposes a limit on the 
number of transistors that can be placed in a given area if they dissipate significant 
power. For dynamic circuits, the need to avoid overheating has another repercussion. 
A circuit charging and discharging capacitor C to a voltage V, f times per second dis- 
sipates a power of fC V*. If many such circuits are closely packed, then, in order not 
to exceed the maximum power dissipation per unit of chip area, the maximum allow- 
able clock frequency f may have to be limited. 

Considerations such as the above can be found in several references dealing 
with fundamental limits.!73-!79.!89 Taking the various factors into account, predictions 
as to what an “ultimate” MOS technology might look like vary. Devices with channel 
lengths as low as 0.04 4m have been demonstrated. Maximum “packing” densities 
predicted!?9:!82 are in the range of 10° transistors per cm?. Minimum switching times 
of inverters, “packed” as allowed by thermal limitations could be about 10 ps.!8? Fi- 
nally, because of delays encountered in propagating a signal over interconnection 
lines, clock frequency for a large synchronous digital network could be limited to 
about 3 GHz.!82 Even more aggressive numbers have been predicted recently'® using 
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extrapolations of historical trends of devices in production. Again, the above numbers 
have not been achieved in a production environment. They tend to indicate, though, 
what may be possible to achieve, and suggest that there is much room for improve- 
ment in VLSI. 


6.8 EFFECT OF SOURCE AND DRAIN 
SERIES RESISTANCES 


The MOS transistor channel is in series with two parasitic resistances, one associated 
with the source and the other with the drain. As shown in Fig. 6.29, one can identify 
three contributions to each such resistance: (1) The resistance RX, of the metal contact 
to the n* region, (2) the resistance R, of the main body of the n* region (and n-LDD 
region if present, as in Fig. 6.27), and (3) the resistance R; associated with the crowd- 
ing of the current flow lines, as they go from the n* region to the normally thinner in- 
version layer (the “spreading resistance”!?-!"*), As new technology generations are 
developed, the junction depth is decreased, and all three components of the series 
resistance increase. One must then take the effect of the total resistance, R = R, + 
R, + R;3, into account. The reader is referred to the literature!48-190-1%4 for the explana- 
tion of R which, especially in lightly doped drain (LDD) devices can exhibit significant 
voltage dependence. '48 In the following, we assume for simplicity that R is constant. 
The effect of R on the drain current can be taken into account as shown in 
Fig. 6.30. The effective drain-source voltage Vps is reduced below the voltage Vp; 
applied at the external terminals by the voltage drops across the series resistors: 


Vos = Vos - 2RI ps5 (6.8.1) 


We will use (4.5.37a) to obtain the drain current, with Vp; replaced by Vos: 
For simplicity, we will assume that Rip, is much smaller than Vgs — V,. Then we do 
not need to consider the effective reduction in the gate-source voltage. Also, we will 
assume that Vp, is much smaller than Vgs — V7, so that we can neglect the square 
term in (4.5.37a). Thus we have 


W BH os 
Ips = TL uC;,( Ves ~ Vz )Vos (6.8.2) 


Substituting (6.8.1) in this and solving for Zp, we obtain 


uy, (WIL) 

— kh sD, 6.8.3 
bs = Ty B,(Vos ~ | GS 7) DS (6.8.3) 
with 


2uC’, RW 
Br = 2a (6.8.4) 
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FIGURE 6.29 
The components of the source series resistance in a MOSFET. (a) Structural correspondence; () lumped 
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FIGURE 6.30 
AMOS transistor with the associated source and drain resistances. 


In conservative fabrication processes, deep junctions, thick oxides, and large 
contact windows are used; then C(,RW is small. In addition, L is large. Thus Bp, = 0 
can be used in (6.8.3), which implies that the current will be about the same as what 
would be observed if the series resistances were replaced by short circuits. In ag- 
gressive, short-channel fabrication processes, though, Bp is not negligible and the 
series resistance effect must be taken into account. The /,,-V¢s characteristic ob- 
tained from (6.8.3) is of the same form as that caused by the effective mobility re- 
duction with V,., illustrated in Fig. 4.28. If we assume that both effects are present, 
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Salicide 


FIGURE 6.31 
Transistor made by a salicide (self-aligned silicide) 
process. 


then we should replace « in (6.8.2) by an effective mobility expression from Sec. 
4.10. Let us use (4.10.20) with #, = 0 for simplicity. Then it is easy to show that, if 
O(Veg — Vz) and Bp(Vgs — Vz) are both sufficiently smaller than 1, the factor 
BILL + Be(Vos — Vz)] in (6.8.3) should be replaced by 4to/[1 + (8 + Bg)(Ves — Vy). 
This has lead to the confusing usage of terms like “mobility reduction due to series 
resistance.” Such terms do not properly describe what happens. As is clear from our 
analysis, the two effects are totally separate. The fact that both happen to contribute 
to a term proportional to Vg; — Vp in the denominator of the current expression is 
because of a mathematical coincidence. 

A similar analysis can be carried out without making assumptions as to the rel- 
ative magnitude of the various voltages involved. It is found, though, that even in 
such cases it is often sufficient to model the series resistance effect as above, ie., by 
adding f, to @. 

To keep the source/drain (and also the gate) resistances low, these regions are 
covered with metals (e.g., Ti, Ta, or Co) which are made to react with silicon and 
form a “disilicide””!95 This process results in the device shown in Fig. 6.31 and is re- 
ferred to as a self-aligned silicide (or salicide) process. It can reduce the sheet Tesis- 
tances by a factor or 5 to 10. 


6.9 EFFECTS DUE TO THIN OXIDES 
AND HIGH DOPING 


From the discussion in Secs. 6.3, 6.4, and 6.5, it is clear that in scaling down the lat- 
eral dimensions of MOSFETs, such as L and W, it is necessary to decrease the oxide 
thickness and increase the channel doping, so as to maintain the electrostatic integrity 
of the device. As an example, in technology generations circa 1998 with gate length 
of 0.25 um (i.e., electrical channel length Z around 0.18 «m) oxide thickness ranges 
between 35 and 50 A, and channel doping is around 5 x 10!” cmr’, Later generations 
have even thinner oxides and higher doping. We consider briefly in this section ef- 
fects that become increasingly significant due to these scaling trends and limit the 
performance of devices. They are (1) decrease of the effective oxide capacitance due 
to the finite thickness of the inversion or accumulation layer and to depletion of the 
doped polysilicon gate; (2) increase of the threshold voltage due to quantum mechan- 
ical (QM) effects in the inversion (and accumulation) layers; and (3) quantum me- 
chanical tunneling of carriers through very thin oxides. 
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INCREASE OF GATE OXIDE EFFECTIVE THICKNESS. So far we have always as- 
sumed that the gate controls the channel charge via a capacitance that is determined 
strictly by the physical thickness of the gate insulator, ¢,, (assumed to be silicon diox- 
ide, although it could be a different material such as silicon nitride or a combination 
of oxide and nitride). This is a consequence of the charge sheet approximation dis- 
cussed in Sec. 4.3, where the inversion (or accumulation) layer is assumed to be infi- 
nitely thin. However, in reality the inversion charge is more spread out than an infi- 
nitely thin sheet at the surface. To properly calculate the shape of the inversion (and 
accumulation) region one has to solve simultaneously Poisson’s equation, which gov- 
erns electrostatics, and Schriédinger’s equation, which governs the behavior of tightly 
confined particles.!9© When this is done, it is found that the distribution of carriers 
near the surface peaks at some depth d,, from the surface. Therefore the centroid of 
the inversion (or accumulation) charge distribution is away from the surface by a dis- 
tance d,,. Then, the effective, or as it is often called, the electrical, oxide thickness 
which determines the capacitance coupling between the gate and the channel charge 
becomes 


€ 


* dn (6.9.1) 


€; 


i 


Ox 


= t,, + 


where ¢,, is now the electrical oxide thickness that should be used in all model equa- 
tions in place of t,,. Note that the change of dielectric coefficient at the silicon oxide 
interface is accounted for by the ratio €,,/e,. The depth d,, depends on the confining 
transverse field near the surface, 6 = dy/dy, and as a result is a function of doping 
and V.. Approximate expressions for this depth have been developed and can be 
used to provide a correction for the effective oxide thickness as follows:!97.198 


i1 -H3 
dy, = By} Oy + = Q; (6.9.2) 


where B, = 10-? (C- cm)". As can be seen in (6.9.2), d,, and therefore the correction 
(fo, — f,,) i8 expected to increase as f,, decreases with device scaling because Q», in- 
creases as doping increases with scaling. Moreover, the relative oxide thickness in- 
crease will accelerate because t,, decreases with scaling. 


POLYSILICON GATE DEPLETION. As we have discussed earlier, the standard mater- 
ial for gate formation in modern MOSFET technologies is polycrystalline silicon 
heavily doped to behave almost like a metal. However, in many technologies it is not 
possible to dope the polysilicon gate to arbitrarily high concentrations. As a result, 
depending on the doping type of the gate reiative to the channel, the gate may deplete 
somewhat when an inversion is formed in the channel beneath it.!9%20! Since it is 
typical to dope the gate n-type in NMOS and p-type in PMOS in most modern 
CMOS technologies, this effect is rather common. Gate depletion results in a thick- 
ening of the effective oxide thickness, similarly but with different physical origin to 
that of the d,, effect just discussed. For example, if the gate depletes to a depth of d, 
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then the effective oxide thickness increases by (€,,/e,)d,. Thus combining the two ef- 
fects the effective oxide thickness becomes 


hy = ty + *(d, + dp) (6.93) 


5 


Similarly to the effect of the finite inversion (or accumulation) thickness, the 
gate depletion thickness is also bias dependent, but for device modeling purposes it 
can be assumed constant to some average value.2° For typical technologies circa 
1997 the difference (f,, —f,,) is 3 to 5 A. Even if this stays constant the fractional 
oxide thickness increase will increase with scaling. For this reason increasing re- 
search effort is devoted to replacing the gate material with a pure metal. 


QUANTUM MECHANICAL | V79| INCREASE EFFECT. Another effect of quantum me- 
chanics that also increases with scaling, is a shift A¥, in the surface potential required 
for strong inversion.” This effect arises from the so-called “energy quantization” of 
confined particles which precludes electrons or holes from existing at zero energy in 
the conduction or valence bands. It is a direct consequence of the coupled Poisson- 
Schrédinger equation solution. Ignoring so-called “bandgap narrowing” effects,203.24 
an approximate expression can be derived as follows 


|Ay,| = B,| Q5|"" + 125 d,, (6.9.4) 


where B, = 500 V/(C - cm-*)*9. As can be seen readily in (6.9.4), Ay, increases with 
scaling because |Q3| increases with scaling. This surface potential shift manifests it- 
self as an increase in |V,| which for long-channel devices is 


|AVro| = |v, | + r( + AY, - 40 ) (6.9.5) 


Again, as can be seen from (6.9.5), |AVrq| increases as devices are scaled down. 


TUNNELING THROUGE THE GATE INSULATOR. Constant-field scaling theory 1- 
quires that gate oxide thickness should scale proportionately to minimum L and W. 
Given the current trend in MOSFET technology, oxide physical thickness will have 
to be in the 20-A regime for gate lengths below 0.13 zm, which are expected around 
the year 2003.!6 The gate oxide in the MOSFET forms the potential energy barrier 
that prevents carriers from being injected into the gate from the silicon surface. We 
have already seen in Sec. 6.6 that energetic—i.e., hot—carriers can be injected into 
the gate by overcoming the potential barrier. However, when the barrier thickness be- 
comes very small, e.g., 20 A, then less energetic electrons can tunnel through the bar- 
rier as another consequence of quantum mechanics.'”? This tunneling effect is ex- 
pected to limit the scaling of oxide thickness to about 15 A. Thinning the oxide to 
much below that will result in the oxide being leaky enough that the insulating prop- 
erty of the MOSFET gate is compromised. A possible solution to this problem can be 


the 
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substitution of the silicon dioxide by some other insulating material with signifi- 


* 


cantly higher dielectric constant, so that C,, which determines the degree of control 
of V5 on Ips, can be large without having to make the insulator too thin. Then the 
scaling-required insulator thickness could be increased relative to silicon dioxide by 


the 


ratio of its dielectric constant to that of oxide. This is a subject of intense research 


at the time of writing of this book. 
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PROBLEMS 


6.1. 
6.2. 
6.3. 


6.4. 


6.5. 


Derive (6.2.1) using (1.2.13) (see Appendix B). 

Prove (6.2.12) and state the condition(s) for its validity. 

Prove (6.2.18) and show that, in the limit of V, approaching infinity, Vos approaches 
Vig: Investigate how close Vp, is to Vp, for a = 1, V, in the range of 20 to 50 V, and 
Vos— Vr in the range of 1 to5 V. 

Consider a model consisting of (4.5.31) in nonsaturation, and (6.2.5) and (6.2.6) in satu- 
ration. Assume the two regions are adjacent at the point Vp, = Vp,y. Find the value of Vps 
that will guarantee continuity of Jp 5(Vps5) and of its slope. 

Consider a transistor with N, = 4 x 1017 cmr3, ¢,, = 60 A, Veg = -0.9 V, and junction 
depth of 0.3 4m, biased at Ve, = 2 V, Vsz = 0. Consider channel length modulation as 
described by (6.2.8). Plot J, vs. Vps for values of Vpg between Vp, + 1 V and 3 V. How 
long should the device channel be to ensure a /,/L of 1 percent or less for the voltage 
range considered? 
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6.6. 


6.7. 
6.8. 


6.9. 


6.10. 


6.11. 


6.12. 


6.13, 
6.14, 


6.15. 


6.16. 


6.17. 


6.18. 
6.19. 


6.20. 
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Examine carefully the arguments related to charge sharing up to (6.3.2). Identify the 
points where arbitrary assumptions were used. 

Prove (6.3.6) and show that it reduces to (6.3.7) if dg/d; is small. 

Equation (6.3.6) was derived for L large enough so that a trapezoidal region could be de- 
fined as shown in Fig. 6.7a. Investigate the case where L is so small that the trapezoid 
becomes a triangle. Derive expressions for Qg/Qz, Vp and AV;, in this case. Assume 
punchthrough does not occur. 

Compare the model of (6.3.2), (6.3.5), and (6.3.6) to the model of (6.3.9), (adjusting 
8, if necessary for best fit) for the process of Prob. 6.5 and with d; = 0.8 jm by plotting 
Vy v8. Vsy for L = 2, 1, and 0.5 wm. 

Consider the device of Prob. 6.5; assume Vp, = 0, Plot Vp vs. L for L between 0.5 and 
10 ym, and for V,, = 0, 1, and 3 V, using (6.3.9). 

Proceeding along the lines of the derivation of (6.3.6), derive a similar expression for the 
case of a relatively small nonzero Vps, assuming that the edge of the depletion region in 
the center part of the device is horizontal at a depth equal to the average value of the 
source and drain depletion regions. From this find V,; and AV;,. Show the details of the 
derivation of (6.3.11) to (6.3.15). 

Give a plot like the one in Fig. 6.9, for the process of Prob. 6.5, Vos between 0 and 
3 V, and L = 10 zm, 2 wm, | zm and 0.5 sem. 

Prove (6.3.22). 

Equation (6.3.23) was derived for Vp. = 0. Attempt to extend this result to the case of a 
small nonzero Vps. (Note: The author is not aware of any experimental evidence of V; 
dependence on Vps for narrow-channel devices; the result obtained in this problem 
should be taken with a grain of salt.) 

For the device of Prob. 6.5, and assuming LOCOS isolation and that the channel is long, 
plot V; vs. W for W between 0.5 and 5 4m and for V5, = 0, 1, and 2 V (Vps= 0). 
Consider a device with LOCOS isolation and with a long narrow channel, in which the 
effects of effective threshold increase and effective channel narrowing are both evident 
(Sec. 6.3.3). Suggest a measuring technique that can be used to determine AVpy and AW. 
Define an effective deletion region charge 4) g (Sec. 6.3) in the case of channels that 
are both short and narrow. Give the resulting expression for V; in terms of Q2/Qs, 
and attempt to justify a common approach for combining short- and narrow-channel 
effects when each effect acting by itself is small, which assumes that V;(Vps) = 
Vr + AVz,(L, Vps) + AVrw(W, Vps), where AV,, and AV;y are modeled as in Sec. 6.3. 
Assume LOCOS isolation. 

Develop a formula for roughly estimating the value of Vp, at which punchthrough begins. 
Derive expressions corresponding to (6.5.9) and (6.5.10) assuming, instead of (6.5.3), 
a two-section piecewise-linear model for vz(G,) (i.e., assume that |v, | = «| %,| for 
IS.1S@,, and |v] =leglmax for |S,1 > S,). 

Prove (6.5.12) and show that, in the absence of velocity saturation effects (L@, ap- 
proaching infinity), Vs as given there reduces to (Vas — Vr\a. 
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6.21. Give the complete equations for nonsaturation and saturation in the presence of velocity 
- saturation effects, using a model based on (6.5.11), (6.5.5), and (6.5.6). The value of Vj, 
should be slightly modified from (6.5.12) to ensure continuity of both /,, and dip, /dVps 

at Vong = Vos. 

6.22. (a) Consider a device with w#C/, = 100 wA/V?, a = 1.2, €. = 2.5 x 10* Véem, and 
V;= 0.5 V. Neglect channel length modulation for simplicity. By using the model of 
Example 6.2, plot Ing vs. Vis for Vos up to 5 V, with Vg, as a parameter (Vg, = 1, 2, 
3 V), and for W= L=5, 2, and 1 wm. 

(b) Repeat for the above values of L, but keep W constant at 5 zm. Discuss the results 
obtained. Neglect the effect of channel length and width on the threshold voltage. 

6.23. Extend Table 6.2, giving values for all entries in Table 6.1, for the cases of constant 

voltage, quasi-constant voltage, and generalized scaling. 
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’ 


7.1 INTRODUCTION 


The MOS transistor has been treated in previous chapters with the assumption that all — 
terminal voltages are constant. However, the device is usually employed in circuits 
with varying terminal voltages. Such “dynamic” operation causes the transistor 
charges to vary, and the charge changes must be supplied from the outside world by | 
extra currents flowing through the device terminals; here “extra” refers to currents 
not predicted by dc theory. 

The subject of this chapter is the evaluation of charges and terminal currents ; 
under dynamic operation, without placing restrictions on the magnitude of the varia- - 
tions: i.e., we will deal with the large-signal dynamic operation of the MOS transis- — 
tor.!-71+ We will concentrate on the device part between source and drain, containing 


+The references include some papers mainly on smuail-signal operation, which, nevertheless, contain material 
pertinent to our discussion in this chapter. Chapters 8 and 9 contain an extensive discussion of small-signal 
operation and many more related references. 
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Intrinsic part 


FIGURE 7.1 
Indicating the intrinsic part of a transistor. 


the inversion layer, the depletion region, the oxide, and the gate. This part is shown 
enclosed in a broken line in Fig. 7.1. It is called the intrinsic part and is the part 
mainly responsible for transistor action. The rest of the device constitutes the extrin- 
sic part and is responsible for parasitic effects, which can limit overall performance. 
We will postpone discussion of the extrinsic device part until Chap. 8. 

Unless stated otherwise in this chapter we will assume long and wide channels 
and a uniform substrate, and we will ignore the effects of the resistances of the sub- 
strate and the gate. Also, we will assume that no hot electron effects are present; the 
gate and substrate currents in this chapter are not due to such effects, but rather to 
changes in the gate and substrate charges, respectively. 


7.2 QUASI-STATIC OPERATION 


We consider a fictitious device as shown in Fig. 7.2, with source and drain omitted to 
emphasize that only the intrinsic part is under consideration. The device is driven by 
four de voltages, Vp, Vg, Vg, and V5, defined with respect to some arbitrary reference 
point denoted by the ground symbol. Let four de currents Ip, Ig, Ip, and I; be defined 
as entering the device, as shown in the figure. We have seen that current flow is 
caused by the transport of electrons in the inversion layer (an n-channel device is as- 
sumed). Defining the transport current (or “conduction” current) as flowing from the 
drain through the channel to the source and denoting it by 77, we have 


Ip = Ty (7.2.14) 
Ig = 0 (7.2.16) 
I, = 0 (7.2.1¢) 
I, = -Iy (7.2.1d) 


where we have neglected the extremely small leakage current through the insulator 
and the smali leakage current through the depletion region. We have already derived 
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FIGURE 7.2 

Definition of currents and charges under de excitation. 

several expressions for /; (called Zps in Chap. 4), which can be written in the general 
formt: 


ly = hy(Vp, Vo, Vp, Vs) (7.2.2) 


where h,( ) is an appropriate function dependent on the model used to describe the 
device’s dc behavior. Such models have been discussed in Chap. 4. 

In previous chapters we have considered the inversion layer, gate, and depletion 
region charges per unit area (Q;, Q¢, and Qz,). These quantities depend, in general, on 
the position x along the channel. We will need to determine the corresponding total 
charges Q,, Qc, and Qj. Consider Q; as an example. A chunk of the inversion layer, 
with width W and length Ax at position x along the channel, will contain a charge 
Q/(W Ax), where Q; depends on x. Thus, the total inversion layer charge will be 


Q, = ee W dx 


In most cases in previous chapters we have given the drain current as a function of voltages of the form V,,, 
where K and L can denote any two transistor terminals. We can write Vx, = Vx — Vi, in which case an expres- 
sion in the form of (7.2.2) is obtained. In general cases where the drain current expression includes surface po- 
tential values of the source and drain ends of the channel (Sec. 4.3), we can, in principle, use for those potentials 
an approximate explicit expression in terms of Vsg = Vs — Va, Vos = Vp — Vg, and Vog = Vg — Vz; again, the re- 
sult will be an explicit expression for the drain current in the form of (7.2.2). 
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or 
L I 

Q; = wi Q; dx (7.2.3a) 

Similarly, 


O; = WI 0% a (7.2.38) 


L 
OQ, = w]e QO’, dx (7.2.3c) 


We will undertake the evaluation of these integrals in Sec. 7.4. For now, we 
only note that, as might be expected, the final results will depend on the terminal 


voltages 


QO, = fi(Vp. Vg. Var Vs) (7.2.4a) 
Qc = SoM: Ven Ve, Vs) (7,2.4b) 
On = Fel Vn, Vor Var Vs) (7.2.4¢) 


Q,, and Q, can be interpreted as charges “stored” in the device; however, the in- 
terpretation of Q, requires more care. Q, is due to electrons in the inversion layer. 
These electrons are not really stored in the device. They enter through the source and 
eventually leave through the drain, being continuously replaced by new electrons en- 
tering through the source. Q, is simply the total charge of the electrons that happen to 
be in the inversion layer at any given instant. This quantity is constant in Fig. 7.2 de- 
spite the fact that the “individual electrons” giving rise to it may be different at differ- 
ent instants. 

We will now allow the terminal voltages to vary with time. Total time-varying 
quantities will be denoted by lower-case symbols with upper-case subscripts, as 
shown in Fig. 7.3. We will assume that the variation of the terminal voltages is suffi- 
ciently slow, so that the device operates quasi-statically,>8.10.15.16,18-21,25, 26,28-39,41-53, 
55-58.00.61 as defined below: 


Quasi-static operation assumption: Let vp(t), vg(t), up(t), and v,{t) be the 
varying terminal voltages; then at any position, the charges per unit area at 


any time ¢’ are assumed identical to those that would be found if de voltages 
were used instead: V, = up(t’), Ve = ug lt’), Va = vg(t’), and Vs = v(t’). 
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FIGURE 7.3 
Definition of currents and charges in the presence of varying termina! voltages. Lowercase symbols with 


capital subscripts denote total time-varying quantities. 


Under this assumption, the total charges q,, dg, and gz can still be found from : 
(7.2.3), and will be given by 


g(t) = fiup(®), vg (0, Vg, Us), quasi-static operation —_(7.2.5a) 
Gf) = foluptO, ug, valt), Us{0) . quasi-static operation (7.2.5b) 
galt) = fplvp(t), vg), val), Us(D) » quasi-static operation —(7.2.5¢) 


where f;, fg, and f, represent the same functions as in (7.2.4). However, in contrast to: 
the calculation of the charges, the currents cannot be evaluated by using the current < 
formulas for static operation. For example, since qq is varying, there will be a : 
nonzero gate current; this current cannot be predicted using the relation (7.2.16), that. 
equation is only valid for static operation. The proper way to calculate the currents in, 
quasi-static operation will be discussed shortly. 

It may be intuitively clear that the assumption of quasi-static operation will fail 
if the terminal voltages vary too fast. For example, if a step waveform is used for one | 
of them, the charges will exhibit some inertia and cannot be expected to readjust - 
themselves instantaneously. Such cases are not considered in this and the next several 
sections. Instead, we are assuming that the terminal voltages vary sufficiently slowly. 
for the quasi-static approximation to be valid. The limits of validity of the quasi-static 
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FIGURE 7.4 
A fluid dynamical analog for iilustrating charge motion in a transistor. 


approximation, and the reasons for its failing in extreme cases, will be discussed in 
Sec. 7.6. Non-quasi-static analysis will be discussed in Sec. 7.7 and, for small sig- 
nals, in Sec. 9.4. 

One can obtain intuition about the quasi-static approximation by using the fluid 
dynamical analog introduced in Sec. 1.6. Consider the case shown in Fig. 7.4. As- 
sume the piston is moving, and let &,(f) be the depth of its handle below the refer- 
ence level. If the piston is moving sufficiently slowly, the fluid distribution at any in- 
stant ¢’ will be practically as if 3,(t) has been frozen permanently at the value 0,(t’). 
Then the quasi-static approximation holds for the fluid dynamical analog. Obviously, 
if i,(t) varies fast, this will no longer be the case, since the fluid is not given enough 
time to accommodate itself. Similar comments hold if &, or Op is varied. 


7.3 TERMINAL CURRENTS 
IN QUASI-STATIC OPERATION 


We will now evaluate the terminal currents of the idealized device in Fig. 7.3, assum- 
ing quasi-static operation. (The total terminal currents of a real device will include 
current components owing to extrinsic parasitic capacitances. Such capacitances are 
discussed in Sec. 8.4.) 

Assuming there is no gate “leakage” and, therefore, no gate transport current, 
all gate current in Fig. 7.3 ts associated with a changing gate charge: 


(7.3.1) 
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Similarly, assuming no leakage in the bulk, the transport current in the deple- 
tion region is zero. Then al! bulk current is associated with free electrons changing 
the charge in that region, by depleting or “covering” acceptor atoms there. More 
specifically, assume that the bulk charge increases by an amount Aq». This means 
that free electrons of total charge —Ag, must have left the acceptors they were previ- 
ously covering, and must have exited through the substrate terminal (we assume no 
electron-hole recombination). This is equivalent to an opposite charge, +Aqp, enter- 
ing the device through the substrate terminal. Thus, the movement of mobile charges 
through the substrate terminal can be related to the change in the charge of the deple- 
tion region, and we can write 


; dq 
ig(t)= at (7.3.2) 


Finally, the sum of the drain and source currents represents the total current en- 
tering the channel, which will change the inversion layer charge:5-8.10,15,16,18-21 


; ; d 
in(t)+is(t)=—t 73.3) 


We need expressions for ip{t) and i,() separately. The reader is cautioned that, 
under the assumption of quasi-static operation, conflicting ways to evaluate these 
quantities are suggested in the literature. This ts because of conflicting interpreta- 
tions of the “charges associated with the drain and with the source” quantities to be 
discussed below. We emphasize that just looking at equations can be very misleading 
in the development of relations for ip(t) and is(t). A correct interpretation of the 
charges appearing in such equations is essential. This requires making several fine 
points as explained below. 

We begin by noting that at dc, ip(t) = —is(#) [see (7.2.1)]. Hence, from (7.3.3), 
dq,{dt = 0; that is, g, is constant. In the general case of time-varying voltages, though, 
q, will be varying too. Then dq,/dt # Q, and i,(t) cannot be equal to —i,(t) in (7.3.3). 
To illustrate this point, assume that in Fig. 7.3 voltages up, us, and up are kept con- 
stant but v, is varying as in Fig. 7.5a. We will assume that the variations of w¢ are 
slow enough so that quasi-static operation is maintained. Then q,(f) will be given by 
an equation of the form (7.2.5a); its magnitude is plotted in Fig. 7.5b, The corte- 
sponding currents ip(t) and —i,() are shown in Fig. 7.5c. To interpret this figure, note 
that ip() is a measure of the number of electrons leaving the device through the drain 
per unit time and —i,(#) is a measure of the number of electrons entering the device 
through the source per unit time.} If “dc-like” behavior were obeyed at all times, we 


Recall that negative charges moving from left to right correspond to positive current flowing from right to left. 
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FIGURE 7.5 

{a) Gate voltage waveform for the device of Fig. 7.3; ali other terminal voltages are assumed fixed; 
(6) corresponding inversion layer charge magnitude waveform assuming quasi-static operation; (c) total 
drain current and the negative of the total source current; the transport and charging current components 
are also shown. 


would have —i,(¢) = ip(4) = i, (4). The quantity i;(t) would be given by (7.2.2) after re- 
placing V, in it by uvg(t). This is shown by the dashed line in Fig. 7.5c. However, 
what we actually have is shown by the solid lines and can be explained as follows. 
When vg(t) is increasing, |q,(t)| must increase, as shown in Fig. 7.56, Thus the num- 
ber of electrons in the channel must increase. For this to happen, the rate of supply of 
electrons from the source, -i,(f), must temporarily become larger than the rate of re- 
moval of electrons from the drain, i,(f). As can be deduced from the quantitative re- 
sults presented later, this is accomplished by —i,(t) becoming temporarily larger than 
ir(t), and by ip(f) becoming temporarily smaller than i;(¢), as in Fig. 7.5c. These 
comments hold for both up-going transitions in the figure. 
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If u(t) is decreasing instead, the opposite will be true. Here |q,(t)|, and thus 
the number of electrons in the channel, must decrease. For this to happen, the rate of 
removal from the drain must temporarily exceed the rate of supply from the source. 
This is accomplished by ip(t) temporarily becoming larger than i,(#), and by —-i;() 
temporarily becoming smaller than i;(), as shown in the falling part of the plots in 
Fig. 7.5¢. 

The difference between the curve for i, and the curve for —i, in Fig. 7.5¢ must 
be equal to the total rate of change of q,, as follows from (7.3.3). By integrating 
(7.3.3) it can be deduced that the area between the solid lines at each transition is 
equal to the total change in | q,|. If | ¢,(#)| in Fig. 7.5 goes up, down, and up again by 
equal amounts, the three areas enclosed by solid lines at each transition in Fig. 7.5c 
will all be equal. However, because the first up-going transition is faster than the sec- 
ond up-going transition, i, and ~is need to deviate more from i; to accomplish the 
same change in q;. 

From the above arguments it follows that, in general, ip(t) and i,(¢) will differ 
from their transport values i,(t) and —i;(#), respectively. Denoting the differences by 
ing(t) and i,,(t), we can write 


in(t) = ir(t) + inal) (7.3.4a) 


i,(t) = —ir(t) + is, (t) (7.3.46) 


From these equations and (7.3.3) we have 


ina(t) + isa (0) = 241 (7.3.5) 
dt 

Thus, we can conveniently view i,(t) as wholly responsible for the transport ef- 
fect, and i,,(t), is,(f) as wholly responsible for changing q,. (For this reason these 
two currents are sometimes called “charging” currents.) Of course, it should be clear 
that we cannot identify particular electrons as causing transport current and others as 
charging the inversion layer. All electrons entering the source can be envisioned to 
eventually leave through the drain [see comment following (7.2.4c)]. However, since 
ip(t) # —is(t), the behavior an external observer sees is indistinguishable from what 
one would have if some of the charge went to contribute to a transport current while 
the rest went to change q,, the latter often viewed as “stored” in the inversion layer at 
any given instant. To make this imaginary picture complete, let us associate i,,() and 
is,() with two fictitious charges. If ip,(¢) causes the inversion layer charge to change 

by an amount Aqp in time At, we can write 


ipa(t)= “4p (7.3.64) 
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and, if i,,(f) causes the inversion layer charge to change by an amount Aq, in time 
At, we can writet 


(7.3.6b) 


(7.3.7) 


Intuition about the above ideas can be increased with the heip of the fluid dy- 
namical analog in Fig. 7.4. Assume #¢ has been fixed for a long time, so that the 
fluid has attained a steady-state distribution and the total rate of flow into the channel 
from the source tank is equal to the rate of flow out of the channel and into the drain 
tank. Now assume that #- is slowly increased (the piston is slowly moved down- 
ward). The total amount of fluid in the channel must also increase, which, of course, 
cannot happen if the two rates of flow continue to be equal. The rate of flow from the 
source tank will thus temporarily become larger than what would be predicted from 
“de considerations,’+ while the rate of exit from the channel and into the drain tank 
will temporarily become smaller than what would be predicted from “dc considera- 
tions.” (Note by the way that, if the movement of the piston downward is sufficiently 
slow, then at all times the flow of water is from left to right. Although the rate of flow 
is smaller at the drain end, no water is seen to flow backward from the drain tank into 
the channel.) If the piston is slowly raised (dg is decreasing), the total amount of 
fluid in the channel must decrease. The rate of flow from the source tank will become 
smaller while the rate of exit into the drain tank will become larger than the rate that 
would be predicted by “dc considerations.” 

Note that dq,/dt and dq,/dt in the above equations correspond only to the dif- 
ferences between the actual and the dc-like values of flow at the source and the drain; 
they do not represent total flow. For example, dq,/dt < 0 should not be interpreted to 
imply that the drain current is negative. It only implies that the actual drain current 
ip(f) is less than the corresponding transport value i;(t), as can be deduced by using 
(7.3.6a) in (7.3.44). 


+The definitions of gp and q, here are purposely imprecise. Until further notice, gp and q, can be any functions 
the time derivatives of which predict the correct values for ip,(1) and i,,(6), respectively. The reader is urged to 
avoid assigning physical significance to gp and 4, at this point. A discussion of this will follow. 

{The “rate that would be predicted from dc considerations” at time f= t’ is what the rate would have been if 
8,(t) had been frozen for a long time at the value i,t . 
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To determine ip(t) and i,(t) in (7.3.4) and (7.3.6) we need dqp/dt and dq,/dt. 
Any functions qp(t) and g(t) giving correct time derivatives will do for this purpose. 
An obvious simple choice is to define these functions so that!® 


gpit) + 4st) = 4,{) (7.3.8) 


Because of this choice, the following interpretation is sometimes tempting, al- 
beit not accurate: “The total charge stored in the inversion layer consists of two com- 
ponents, one that has come through the drain, and one that has come through the 
source.” The reasons that this interpretation is not accurate are as follows. First, the 
view of q, as stored charge leaves much to be desired, as explained in the paragraph 
following (7.2.4c). Second, as can be deduced from the comment preceding (7.3.8), 
Gp and q, are not unique, so it is not justified to assign to them a unique physical sig- 
nificance. Third, in the general case it is not correct to identify gy and q, as necessar- 
ily “coming” from the drain and source respectively. For example, in the case illus- 
trated in Fig. 7.5 in conjunction with Fig. 7.3, and provided the changes in ug(f) are 
sufficiently slow, electrons travel from the source through the channel to the drain at 
all times (just like the water in Fig. 7.4). In this picture, no electrons travel backward 
from the drain into the channel. Thus, all charges “come from the source,” and no 
charge “comes from the drain.” That does not say anything about the value of gp, 
which can still be nonzero and is such that its derivative, from (7.3.6a) and (7.3.4a), 
is equal to ip(t) — i;(t), this difference being indicated by ip, in Fig. 7.5c. It is thus 
better to think of q, as the integral of this difference and not to assign a further physi- 
cal significance to it. Similar comments apply to qs In fact, a complete development 
is possible dealing with ip, and i,, directly, without ever defining qp and qx. How- 
ever, in conformance with the literature we will continue using these quantities, and 
we will assume that they are defined in such a way that (7.3.8) holds. 

Various approaches have been used in the literature for evaluating ¢p and 4g, or 
ing and ig, !5:1618-21,24-30,34-37,44,70 Here we will adopt an approach that can be rigor- 
ously shown to be correct?! and which has been demonstrated to agree with experi- 
ment. (More on the correctness of the approach will follow tater.) We begin by as- 
suming dc operation and define two charges Qp and Q, as follows: 


: 


(7.3.9b) 


where Q7 is the inversion layer charge per unit area. The sum of Qp and Qs is seen to 
be equal to the total inversion layer charge Q, [which is given by (7 .2.3a)]. The evalu- 


tA possible definition of gp and gy is discussed in Appendix L. 
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ation of the above integrals will be considered in Sec. 7.4. For now we only mention 
that the results will be explicit functions of the terminal voltages: 


On = frlVo, Va. Va, Vs) (7.3.10a) 
Os = fs(Vp, Vg. Va. Vs) (7.3.10b) 


If the terminal voltages are allowed to vary, one can evaluate the right-hand 
sides in (7.3.9) by using g;(f) in lieu of Q;. If the variation of the terminal voltages is 
_ slow enough so that quasi-static operation is maintained, the results of this evaluation 
will be two quantities, denoted by gp(t) and q,(t), given by 


apt) = fplvp(O, vg(O, uglD, Us(D), quasi-static operation (7.3.11a) 
Qs(t) = fo(¥p(d), Vg (t), up(t), us (2), quasi-static operation (7.3.11b) 


where f, and f, represent the same functions as in (7.3.10). This is consistent with the 
definition of quasi-static operation given in Sec. 7.2. Thus, gp(t) and q,(t) as defined 
here satisfy (7.3.8). It can now be shown?! (Appendix L) that, for the long-channel 
devices we are considering, the instantaneous currents ip() and i,(#) in quasi-static 
operation will be given by (7.3.4) and (7.3.6), with qp(t) and q,(z) as given by 
(7.3.11), and 


i(t) = hyp(up(t), v¢(t), val(t), vs(0) (7.3.12) 


where h; represents the same function as in (7.2.2). The proof relies on the “continu- 
ity equation,” which is introduced in Sec. 7.7, and carefully considers the current and 
charge at each point in the channel. The evidence that the above approach is correct 
is overwhelming: 


1. It is physically and mathematically sound. This fact can be appreciated if the 
quantities in4, isa, p, and q, are carefully interpreted as explained earlier, and the 
detailed development?! is followed (Appendix L). 

2. It agrees with experiment,?! as long as the speed of variation is maintained suffi- 
ciently low for the quasi-static operation assumption to be valid. 

3. Other approaches using perturbation techniques® give equivalent results.°° 

4. Non-quasi-static large-scale numerical models, applied in the special case of 
quasi-static operation, give equivalent results. 

5. Small-signal models derived by using the above approach agree with non-quasi- 
static small-signal models in the special case of quasi-static operation (Chap. 9). 


It should be noted that models based on the assumption of quasi-static operation 
are sometimes abused: they are used to predict currents in very high speed operation, 
in which the device does not operate quasi-statically, In such cases, the above theory 
is found not to provide satisfactory results (it should not be expected to, either). 

As follows from the above, the transport component can be found by using the 
models of Chap. 4 and will not be considered further here. To simplify our discus- 
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sion, we will consider only the “charging” current components. We thus concentrate 
on the following equations: 


ipa (t) = “tp. (73.134) 
ig(t) = “is. (7.3.13b) 
in(t) = “ie (7.3.13¢) 

ig(t) = “is (7.3.13d) 


It is interesting to note at this point that not only will Kirchhoff’s current law 
hold for the total currents, 


in(t) + ig(t) + ig(t) + is) = 0 (7.3.14) 


but it will also hold for the charging currents as is obvious by using (7.3.4) in the 
above equation: 


ina(t) t+ igh) + ig(t) + fsy(t) = 0 (7.3.15) 


Using (7.2.5b), (7.2.5c), and (7.3.11) in (7.3.13), and applying the chain rule of 
differentiation, we obtain 


Gy Wp , 14n We , Mp We , Mp Ws 


(7.3.16a) 
dup dt Ww, dt Ww, dt dus dt 

i,(t) = 24a We 4 09g dug , 94g d— , 946 Ws | (73.168) 
du, dt du, dt dug dt dv, dt 

j,(t) = 240 Wo 4 240 We , 2p We 24 Bs) (73,166) 
5 dvp dt dug dt du, dt du, dt 

ic,(t) = 995 Wy , 29s We 295 dy 295, ds (7.3.16d) 


du, dt dug dt vg, dt dv, dt 


To evaluate the above currents, we need expressions for the charges as functions 
of the terminal voltages.t Such expressions are developed in the following section. 


+The implementation of (7.3.16) in a computer simulator requires care, in order to avoid results inconsistent 
with charge conservation.27-4-37-44.70 
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7.4 EVALUATION OF CHARGES 
IN QUASI-STATIC OPERATION 


74.1 Introduction 


The charge expressions needed to complete the evaluation of the charging currents in 
(7.3.16) can be developed in a straightforward manner under the assumption of 
quasi-static operation (Sec. 7.2). Thus, we observe that, under this assumption, the 
expressions for g-(t), ga(8), 4;(0, gp(f), and qs(¢) in terms of g(t), vg(A), vs(2), and 
up(t) are identical to the expressions for the charges under dc conditions Q,, Qz, Q;, 
Qp, and Q, in terms of the dc voltages V;;, Vg, Vs, and Vp. The latter expressions are 
given in the form of integrals in (7.2.3) and (7.3.9). If each region of operation is con- 
sidered separately, these integrals lead to simple functions of the terminal voltages, 
with the exception of the moderate-inversion region. This is shown in the next several 
subsections. A more general evaluation is also possible, corresponding to the general 
charge sheet models of Sec. 4.3. This is discussed in Sec. 7.4.5. 

The emphasis in this chapter is on illustrating the principles involved; in order 
to keep the expressions simple, we assume no short-channel effects are present. 
Using the same principles, such effects can be incorporated at the expense of com- 
plexity.4952.53.56 


7.4.2 Strong Inversion 


GENERAL EXPRESSIONS FOR NONSATURATION. The integrations indicated in 
(7.2.3) and (7.3.9) cannot be carried out directly since we do not have the corre- 
sponding charges per unit area as functions of x. Accordingly, we first perform a 
change of variables from the position x to Vag, the strong-inversion “effective reverse 
bias” of the inversion layer at point x, with respect to the substrate. From (4.5.6) we 
have 


LW 


I DSN 


dx = - 


QO; dVcn (7.4.1) 


where Zpoy is the drain current in the nonsaturation region. Using the above relation, 
the variable of integration is changed in (7.2.36) to give 


Yon, | Ww _, 
Q;, = W Vv 2%{- 7 05 | Vo 
58 DSN 
2 AV, 
= 0605 aVer (7.4.24) 
Lsn Von 
Similarly, (7.2.3c) becomes: 
W? (oe , 2, 
Q,=-F 0101 dVep (7.4.2b) 


losy °¥sB 
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and (7.2.3a) becomes 


W? Pos, 
-£ O;? dVey (7.4.2c) 


Ipsy 7¥sB 


Q, = 


Q, and Q, from (7.3.9) become 


aw? Yop X #2 
=- = dV, 7.4.34 
Op =-5— |p Or Nes (7.4.30) 


W? Pos x\,, 
Q,=-# J ° (1 - =) 2 V5 (7.4.3b) 


Insy *¥se 


Finally, to express x in the above equations in terms of Vcg we integrate (7.4.1) 
from x = 0 to an arbitrary point in the channel: 


W pres, 
-f Q; deg (7.4.4) 


Tpsy 7 ¥se 


,£ = 
where Uc, is a dummy variable of integration. A result equivalent to the above has 


been obtained in Sec. 4.5.3. Thus from (4.5.48) we have 


WH Vea Vans Veo) 745) 
h{ Vor» Vsa> Von) 


where fh represents the function multiplying W/L in the nonsaturation drain current 
expression: 


i= 


Ww 
Tos = TL h( Vea» Ysa» Vos) (7.4.6) 


It is easy to show that (7.4.5) is equivalent to (7.4.4) (Prob. 7.1). 


GENERAL EXPRESSIONS INCLUDING SATURATION. Let the value of Vpz. at 
which the transistor enters saturation be denoted by Vp. Since the channel is assumed 
long, if Vpg is raised above Vp, the conditions in the channel will remain practically 
unaffected (Sec. 4.5.1). Thus, for example, let ¢,(Vgg. Vsp, Vpg) represent the expres- 
sion giving Q, in nonsaturation, as it results from performing the integration in 
(7.4.2c). We will have 


_ {8 (Vos Vs» Vos )}  Vop S Vp (7.4.74) 


Corresponding relations can be written for Og, Og, Qp- and Qs. 
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_ Using the above results, expressions of varying complexity can be found for 
Q>, Gp, Gp, and Q, depending on the complexity of the model used for 0,, G3, Op, 
Qs, and Ino. 


SIMPLIFIED MODEL. The computationally efficient simplified model derived in 
Sec. 4.5.3 resulted in expression (4.5.39) for the drain-to-source current: 


Ins = Ips(1 - 17’) (7.4.8) 

where 
_ 749 
L Mex 2a ( ) 


and 7 was a parameter defined in a way that makes (7.4.8) valid in both nonsatura- 
tion and saturation: 


~ve oy evr, (7.4.10a) 
7 = Vos 
0, Vos > Vos (7.4.10b) 
where 
V.. — V, 
Veg = BS (7.4.11) 


a 


The parameter 7 has been plotted in Fig. 4.20. 
To develop the above model, the following expressions were used in Sec. 4.5.3 
for the inversion layer and depletion region charges per unit area, in nonsaturation: 


QO; = - Co. Vos - Vsp - Vr — aVeg — VsQ)} (7.4.12) 
Qs, = -Ci,[ vo + Ven + (a ~ I(Vew - Vsa)| (7.4.13) 


We can thus find the corresponding nonsaturation total charges by using these 
in (7.4.2c) and (7.4.2b).2? We can put the results in a form valid in beth nonsaturation 
and saturation by using the convenient parameter 7 defined in (7.4.10). After some 
algebra, we obtain 


; 21l+7+ 7? 
= -WLC’ _[V.. - V.| —-—_—_"_—— 7.4.14 


, a-l 21+7+77 
QO; = “Wie dy + Veg + (Vos - at - <7 | (7.4.15) 
a 3 I+” 
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The total gate charge can be found from (7.4.2a). However, since Q, and Qp 
have already been found, it is simpler to find Qg by using the above results in the 
charge neutrality equation: 


Q, + Q, + Q; + QO, = 0 (7.4.16) 


where Q, is the total equivalent interface charge. The result is 


2 
,2ltnty 


[Vee — V; 
Oy = Wi YM 3 147 J+ B¥Va|-o (7.4.17) 


To find Qp and Q, from (7.4.3) we need to relate x to Vcg. This can be done by 
using (7.4.4) or (7.4.5): 


(Ve ~ Ve Ve ~ Vs5) ~ 


(Vo ~ Vr) Vie ~ Va) ~ 


alVop — Veg y 


(Vip ~ Veg) 


ee | 


x=L (7.4.18) 


bn | 


Using this and (7.4.12) in (7.4.3a), and extending the result to cover the satura- 
tion region, we obtain 


4+ 89 + 12n? + 67° 


= -WLC’(V.. — V, 
Q) vx(Vos — Yr) 15(1 + ny 


(7.4.19) 


Similarly, Q, can be found by using (7.4.35). However, it is simpler here to ob- 
tain it from QO; + Op = Q,, using (7.4.14) and (7.4.19). The result is 


6 + 127 + 87 + An? 


isl? oy (7.4.20) 


Qs = -WLC;, (Ves - V;) 


Plots of certain quantities appearing in (7.4.14), (7.4.15), (7.4.19), and (7.4.20) 
are shown in Fig. 7.6. As seen, despite the rather complicated look of the expres- 
sions, the form of the plots is rather simple. The reader may want to develop simpler 
functions of 7 which would approximate these plots with good accuracy. 

Plots of the total charges as a function of Vps, with Vg, as a parameter, are 
shown in Fig. 7.7. 

As a check of the above calculations, let us determine the charges at Vp.=0 


(7 = 1): 


Onl vps =0 = ~WLCi¥/ Gy + Ven (74.21) 
Oilyy5=0 = -WLC:, (Vos — Vr) (7.4.22) 
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FIGURE 7.6 
Quantities used in total charge expressions versus drain-source voltage for fixed values of Va, and Veg. 
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Total charges versus drain-source voltage for fixed values of Vg, and Veg. 
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WLC. (Ves — V; 
Qp|vp¢=0 = — WEE Won — Ye) (7.4.23) 


_ WLC’. {Vos - Vr) 


Qslvp5-0 = : (7.4.24) 


Oc vp5-0 = WLC, {(Ves — V,) + yb + Vs5 | - Q, (7.4.25) . 


These equations make sense. Since Vps = 0, the depletion region charge per unit 
area is uniform and is given by (7.4.13) with Veg = Vsg. Multiplying this by the chan- 
nel area WL gives (7.4.21). Similarly, (7.4.22) is simply the channel area times the 
uniform inversion layer charge per unit area as given from (7.4.12), with Veg = Vp. 
Qp and Qy are seen to be half of Q, each, which makes sense because of symmetry. 
Finally, (7.4.25) can result from (7.4.16), (7.4.21), and (7.4.22). 

In the saturation region (77 = 0) we obtain 


-1 
Qn ea = -WLC, E [be * Ven + (Vos - ¥)I (7.4.26) 
2 j 
4 ; 
Qn sat == 15 WLC., (Ves ~ V;) (7.4.28) 
: ? ; : 
O52 = . WLC,, (Vas ~ V;) (7.4.29) 


,| Vos — V; 1 
Oc sat = WLC,, |“ [a +) + ¥ dy + va ~ Q, (7.4.30) 


As seen, none of the above charges depends on the drain voltage. This is a man-— 
ifestation of the fact that in saturation the drain can no longer have any influence on - 
the intrinsic part of the device owing to pinchoff (excluding, of course, short-channel 
effects). 

The influence of one terminal on the charge associated with another is in gen- 
eral nonreciprocal. For example, assume that Vs, Vg, and Vg are fixed and that Vp is 
varying in the saturation region. Since (7.4.30) is independent of V,, the gate charge » 
will remain fixed and no transient gate current will be observed. Now, assume that in- 
stead Vz, Vp, and Vp are fixed and that Vg is varying, again in the saturation region. | 
From (7.4.28), it is apparent that Q, will vary. Thus, a nonzero “charging current” 
will flow through the drain terminal in addition to the conduction current. These facts , 
are apparent from (7.3.16a), (7.3.16), (7.4.28), and (7.4.30). Such nonreciprocal in- © 
fluence of one terminal on another, although most strongly pronounced in saturation, 4 
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is also apparent in nonsaturation; it vanishes only at Vp,=0. These effects will be 
considered in more detail in Chap. 9. 

We note here that sometimes Q, is assumed to be zero in the saturation region. 
This is justified by saying that in this region the channel is isolated from the drain. 
However, this isolation is only responsible for maintaining i, independent of vp(1), as 
already argued. It is a fact that when v,(t) changes, ip(f) will also change, and there 
is no reason to assume that this change will not include a charging component ip,(t) 
(Sec. 7.3). In fact, measurements and numerical simulations show that, indeed, ip,(f) 
can be nonzero in saturation. From (7.3.6a) or (7.3.16a), then, gp must be such as to 
give the correct value of ip,(f), which cannot happen if it 1s identically set to zero. So 
Q, is not zero in saturation, although it is independent of vp. There is no contradic- 
tion between “isolation” due to pinchoff and a nonzero value for Qp, if Qp is inter- 
preted as explained in Sec. 7.3. 

The expressions we have given so far for the charges are adequate for most 
quasi-static transient response calculations in strong inversion. 


SYMMETRIC MODEL. The general equations (7.4.2) and (7.4.3) can be used to de- 
velop charge expressions corresponding to the complete symmetric model of Sec. 
4.5.1. One must work in this case with the charges per unit area used in developing 
that model, which are given by (4.5.9) and (4.5.10). The resulting charge expres- 
sions have the attractive feature that they are completely symmetric with respect 
to Vsp and Vpz, just as was the case for the corresponding model for the current in 
Sec. 4.5.1, However, these expressions are rather involved. In particular, the expres- 
sions for @,, and Q, are very complicated,?! and one must resort to approximations. 
Since the principles have already been demonstrated, rather than hit the reader 
with more long formulas, we have summarized the charges for the accurate model in 
Appendix M. 


74.3 Moderate Inversion 


As was the case for drain current modeling, no simple closed-form expressions have 
been derived for the charges in the moderate-inversion region in terms of the terminal 
voltages. Some charge models neglect this region and assume that the weak-inversion 
and strong-inversion expressions hold in adjacent regions of Vs. The limit point be- 
tween these regions is often taken to be Vig + 26, + y./2b; + Vsg, which is what 
we have denoted by V,, (the bottom of the moderate-inversion region). The resulting 
error in the moderate-inversion charges is not large. However, if it is attempted to dif- 
ferentiate these charges in order to obtain capacitance expressions (Chap. 8), large er- 
rors will result as we will see. 

To model better the charges in moderate inversion, sometimes empirical expres- 
sions are used, resulting in curves which connect smoothly the weak inversion curves 
with those for strong inversion. When this is done, it is important to maintain conti- 
huity not only of the charges at the transition points but also of the derivatives of 
those charges with respect to the terminal voltages. In this way, the charge expres- 
sions will result in continuous capacitance expressions (Chap. 8). As is true with all 
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empirical expressions, it is also important that the parameters used in them be related 
to process parameters in a correct manner, so that predictions can be made in cases 
where experimental data are not available. 

As will be seen in Sec. 7.4.5, it is possible to derive a model valid in all regions, 
including moderate inversion as a special case. However, as was the case with gen- 
eral drain current modeling, the price to be paid is computational complexity. 


7.44 Weak Inversion 


In weak inversion, the calculation of the charges is easy. First, we note that the deple- 
tion region charge per unit area is given by (4.3.14), repeated here: 


QO; = -9Ci, fb, (7.4.31) 


As seen in Sec. 4.6, in the weak-inversion region (as well as in depletion), the 
surface potential y, is practically independent of position, and is given by 


2 
=|-%4 JZ au,-yv 
0, * Wg = at ¥q + "ca — Yee (7.4.32) 


Thus, Q, is also independent of position. The total depletion charge is thus sim- 
ply WLQ,, which gives 


= —-WLC off x -_ Vopr - ve (7.4.33) 


Consider now the charge neutrality equation 0, + Q,+ Q,+ Q, = O. For the 
purposes of.calculating Og, we can use the fact that in weak inversion Q, << Q, (Sec. 
4.6). Thus 


Oc = Oz, - Q, (7.4.34) 


To find Q, accurately, we can use the observation in Sec. 4.6 that Q; varies as a 
straight line with position between its value at the source and its value at the drain, as 
shown in Fig. 4.24. Thus 


Qi(x) = Oo + (Qi - Po) (74.35) 


where expressions for Qj, and Q;, have been given in Sec. 4.6. Since we have Q; as 
an explicit function of x, we can use it in (7.2.3a) directly to find @,. The result is 
(Prob. 7.7) 


0, = wr 20 * Qu So Su Qin (7.4.36) 
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_ Similarly, from (7.3.9) and (7.4.35), we obtain (Prob. 7.7) 


Qio a 
WL| S10. 4. StL 7A, 
x 2 += (7.4.37) 


Qn 


Os wi{ 2 + 2) (7.4.38) 
3 6 

In practice, the above three charges are often neglected completely in the com- 
putation of transients for the following reason. The source and drain junction deple- 
tion regions (in the extrinsic part of the device, outside the channel area) contain 
charges which can be evaluated as in Sec. 1.5. Of those charges the ones in the nt 
material must be changed (when Vg and Vp, are varied) by electrons supplied 
through the source and drain terminals. These charges and the corresponding charg- 
ing currents are much larger than the ones associated with the version layer for typ- 
ical channel lengths. Thus, in weak inversion, the source and drain charging currents 
are dominated by the extrinsic part of the device, and the following simplification is 
often used: 


Q; = On = Qs = O (7.4.39) 


This should not be interpreted to mean that the weak-inversion layer is irrele- 
vant in dynamic operation. In fact, it turns out that in weak inversion speed is limited 
by non-quasi-static effects in the inversion layer, rather than by extrinsic parasitics. 


7.45 Generali Charge Sheet Model 


We have seen in Secs. 7.4.2 and 7.4.4 that, if strong inversion or weak inversion is 
considered separately, simple expressions become possible for the charges in each of 
the two regions. However, it is also possible to develop a general expression for each 
charge which will be valid in aii regions of inversion, just as was done for the drain 
current in Sec. 4.3. These expressions will even be valid in moderate inversion, a re- 
gion for which no simple expression has been derived. As usual, extra complexity 
must be accepted to make such generality possible. . 

The principle on which the derivation of general charge expressions is based is 
simple. The general expression for the inversion layer charge per unit area, as used in 
Sec, 4.3.1, is 


QO; = “Col Vo — Veg — &, + | (7.4.40) 


where the corresponding general expression for the depletion region charge per unit 
area is 


0, = -Ci, fb, (7.4.41) 
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Equation (4.3.5) gives the drain-to-source current, assuming both drift and dif- 
fusion are present. From this equation we have 
Ww + W ¥ 
dx = --" of dy, + = 4, dQ; (7.4.42) 
i Ens 


DS 


Appropriate use of the above three equations in (7.2.3) and (7.3.9) results in 
general expressions for the total charges Q;, Qs, Og, Qp, and Q,.+ As an example, by 
using (7.4.42) in (7.2.3), we obtain 

Wu pose, Ww We , ., 
Q,=-—= 2 dy +——d,|_ O; dQi (7.4.43a) ° 
Ins #50 Ens 0 


or 


Ww jt #51. 


oe (7.4.43b) 


W'# 4 1192 7 
? dy, +—-* 4, = (Of - Oi) 
D 


Ins AY 


where #,, and #,, are the surface potentials at the source and the drain ends of the 
channel, respectively, and Ips is found as in Sec, 4.3, The first integral in (7.4.43b) 
can be evaluated after expressing Q; in terms of ¥,, using (7.4.40) and (7.4.41). The 
result will be in terms of ¢,, and y,,, which can be determined from (4.3.18). The 
quantity in parentheses in (7.4.43) can similarly be found by expressing Q), in 
terms of ¥,, and Qj, in terms of &,g. Note that #,, and %, must be very accurately 
known, as discussed in Sec. 4.3.1. 

As a check of (7.4.434) consider the special case of strong inversion in which 
only drift current is assumed. Then, only the first term will be present in the right-hand 
side of (7.4.42) (Sec. 4.3). Thus, only the term containing the integral will be present 
in (7.4.43b). By using in it (4.5.1) and (4.5.4), this term is seen to reduce to (7.4.2c), 
which was developed specifically for strong inversion. If now weak-inversion opera- 
tion is considered instead, the current is practically all due to diffusion and only the 
second term will be present in (7.4.42). Thus, only the second term will appear in 
(7.4.43b). By using in it Ip, from (4.6.3), this term is seen to reduce to (7.4.36), which - 
was developed specifically for weak inversion. In moderate inversion, both terms in 
(7.4.43b) will be significant. 

The rest of the charges can be similarly found, and can be expressed in terms of 
ws, and #,,. The procedure is rather long but mathematically straightforward and in- 
volves changes of variables and integration (Prob. 7.8).£ 


+A different, more complicated procedure involves the quasi-Fermi potential in the channel.” 

+We note that, for implementation in a computer program, these expressions may have to be modified since 
they are not numerically robust. For example, in (7.4.430), as ¢,, approaches #9, both the numerator and the . 
denominator approach 0. 
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Alternatively, the expression in (7.4.435) can be evaluated in a manner consis- 
tent with the simplified charge sheet models of Sec. 4.3.2 (Prob. 7.9). Consider, for 
example, the model in (4.3.41), repeated here:57.6! 


~} 
Ips = oe (7 iL 10) + &(Qh - 2) (7.4.44) 


The development of this model in Sec. 4.3.2 can be traced to the observation*’ 
that, for a given Vcg, Q, varies almost linearly with %,. This resulted in (4.3.27) 
which, from (4.3.38), can be written as follows: 


a2i = nc’, (7.4.45) 
dys, 


This relation can be used to change the variable of integration in (7.4.43b) from 
@, to Q;. This results in the following expressions for the total charge Q;: 


_ W ? 1b i fe p #2 2 6 
ae fe _- 7.4.4: 


Using (7.4.44) in this expression and removing the common factor (Q;, — Qj) 
from both numerator and denominator, we obtain:>7:®! 


2{ IL + OnQi0 + Or) — ng,C; (On + Oro) 
On + Oro ~ 2nd,C, Ox 


which can be evaluated for known bias voltages, by relating Q;, to w,, and Qjp to %q, 
as before. This expression gives Q, in all regions of inversion. As a check, consider 
strong inversion and operation in saturation. Then the last terms in the numerator and 
denominator of (7.4.47) (the development of which terms can be traced to the as- 
sumption that diffusion currents are present) will be negligible, and Q;, will be 0; 
thus (7.4.47) gives Q,= 3 (WIL) Qi. With the help of (4.5.10), this is easily seen to 
reduce to (7.4.27). 

Expressions for the other charges can similarly be developed for the simplified 
charge sheet model; the interested reader is referred to the literature.°”*! Continuous 
expressions have also been proposed using interpolation semiempirical models.*8 


QO, = WL (7.4.47) 


746 Depletion 


In digital circuits, transistors are switched between conduction and cutoff. Therefore, 
the charges in the latter state are of importance in calculating the transient response 
of such circuits. The cutoff region consists of two regions—depletion and accumula- 
tion (Fig. 3.2). We consider these regions here and in the following subsection. In the 
depletion region, the inversion layer charge is totally negligible (Chap. 2): 


QO, = 0 (7.4.48) 
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Because of this, the development of expressions for Q, and Qg is identical to 
that used for weak inversion in Sec. 7.4.4 and results in the same equations, repeated 
here for convenience: 


2 
’ v4 
Q, = “Wie 2 + 7 + Voz — ve) (7.4.49) 


Og = -Q2 - (7.4.50) 


7.4.7 Accumulation 


As explained in Chap. 2, when Vg, is sufficiently less than V;,, holes in the p sub- 
strate (where they are in abundance) accumulate immediately below the oxide and 
form a very thin, highly conductive sheet there. The surface potential needed to sup- 
port these holes is negative but of very small magnitude because the sheet of holes is 
so thin (this can be verified using the general analysis in Appendix I). Hence, ¥, can 
be neglected in the potential balance equation (2.3.1), which results in an oxide po- 
tential %,. = Vog— dys. The gate charge per unit area 0, = Cy,¥,, is thus known, 
and multiplied by the gate area gives 


The charge of the holes in the bulk, denoted by Q,, can now be found from the 
charge balance equation 0, + Oc + Q, = 0 [see (2.3.3)]. Thus 


Qc = -Qc - Q (7.4.52) 


In the literature, the presence of Q, in (7.4.52) is sometimes overlooked. The 
corresponding equation for Q, in such cases uses Vr, rather than the correct Pys as 
above. 

The accuracy of (7.4.51) decreases somewhat if Vgz is very close to Vig, since 
then the accumulation is not heavy and the arguments used above do not really hold. 
If high accuracy is desired, one can use the material of Appendix I. 


7.48 Plots of Charges versus V¢> 


In Fig. 7.7, we have seen the charges plotted as a function of Vpg, for a fixed Veo in 
strong inversion. To show the behavior of the charges in all regions of operation, the 
opposite is often done. For a fixed Vp, charges are plotted vs. Vgs. This corresponds 
to moving up a vertical line in the Ips-Vps characteristics, as shown in Fig. 7.8. The 
regions encountered as V,, is increased are accumulation, depletion, weak inversion, 
moderate inversion, saturation, and nonsaturation, in that order. Recall that, for the 
approximate strong-inversion model, nonsaturation is defined by 


Vis < Vase (7.4.53) 
a 
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Drain current versus drain-source voltage, with gate-source voltage as a parameter. Vp, and Vp. are two 
drain-source voltage values for which the plots of Fig. 7.9 are obtained. 


which, solved for V,., gives 


The critical value in the right-hand side of this equation is marked in Fig. 7.8. 
The charges vs. Vgs for the fixed value of Vp, = Vps, shown in Fig. 7.8 are plotted 
with solid lines in Fig. 7.9. (The middle plot gives the depletion region charge Q, in 
inversion and depletion, and the charge of holes Q- in accumulation.) If Vp, were 
chosen at a value Vp.» > Ving; (Fig. 7.8), we would obtain the broken lines instead. 
Note that Vp, makes a difference only in strong inversion nonsaturation in these 
plots. This is because, as seen in the charge expressions developed in this section, in 
accumulation and in depletion V,, does not appear at all in them, and in weak inver- 
sion, moderate inversion, and strong-inversion saturation we are in the flat part of the 
characteristics in Fig. 7.8 where the drain cannot control the channel. 


7.4.9 Use of Charges in Evaluating 
the Terminal Currents 


The expressions we have developed above for the charges in individual regions of op- 
eration can be written as functions of Vp, Vg, Vz, and V. by substituting in them 
Ves= Ve— Vs. Vos = Vp— Vs, and Vop = Vs — Vg. As follows from the comments in 
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FIGURE 7.9 
Total charges versus gate-source voltage for two values of Vps. Solid line: Vos = Vpsis broken line: 


Vos= Vos- Vas > Vos (see Fig. 7.8). 


Sec. 7.4.1, if the terminal voltages vary slowly enough so that quasi-static operation | 
is maintained, the same expressions can be used to determine the time-varying - 
charges. Thus the partial derivatives in (7.3. 16) can be determined. In other words, - 


we have 


94x _ Wx quasi-static operation (7.4.55) | 
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where each of K and L can stand for D, G, B, or S. Thus, if the variation of terminal 
voltages with time is known, the terminal currents can be found from (7.3.16), 
(7.4.55), (7.3.4), and (7.3.12). 

A similar approach can be taken if the general charge sheet model is used (Sec. 
7.4.5), since the surface potentials ¢,, and ¥,, can be related to Voz and Vpp, respec- 
tively, through (4.3.18). The algebra, however, is considerably more complicated. 


7.5 TRANSIT TIME UNDER DC CONDITIONS 


The transit time (Sec. 1.3.1) associated with de operation in a transistor is the average 
time it takes for an electron to travel the length of the channel: 


r= |Q1| (7.5.1) 


Having evaluated the inversion layer charge in the previous section, this is a 
convenient time to calculate 7 for four cases of interest. We will make use of 7 in the 
following section. 


1, Strong-inversion nonsaturation with very small Vpy. From (7.4.22) we have 


[Q)| = C6,WL(Vgs - V7), and from (4.5.37a), with very small Vos, Ips = 
uC.(W/L) Vos — Vr)Vps. Hence, from (7.5.1), 


(7.5.2) 


Note that, since with negligible V,, the channel is approximately uniform and the 
drift velocity approximately fixed, we could have used (1.3.10) to obtain the above 
result. 

. Strong-inversion saturation, Assume that no velocity saturation takes place. 
From (7.4.27), |Q,|= WLC.,(Vgs5 - Vr), and from (4.5.37b), Ins = 


+ uCs,(W/L)(Vgs — Vz)*/a. We thus obtain, from (7.5.1), 


id 


4 
3 70 (7.5.3) 


where 


(7.5.4) 


For a device with 4 = 600 cm*/(V-s) and L=1 ym, operated with (Vas — 
V,) = 2 V and with a = 1.2, the value of 7 is [3 ps. 
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3. Weak inversion with Vps> 5¢,. Here, from Sec. 4.6 we easily see that Q;, ~ 0, and 
from (7.4.36), {@,|= 41Q7o|WL. From (4.6.12), Ips = #(W/L)$,) Qi |. 
Hence 


(7.5.5) 


With «4 = 600 cm2/(V-s) and L=1 ym, 7 is about 320 ps. Note that in all three 
cases, the transit time is proportional to the square of L. This, of course, is so be- 
cause Q, is proportional to L, and Ip. is inversely proportional to L. To see this ef- 
fect another way, consider the case of nonsaturation with very small Vps. The 
channel is nearly uniform and the field is everywhere approximately equal to 
Vps/L. The drift velocity of the electrons is proportional to this field. Increasing L, 
say, m times decreases the drift velocity m times and these electrons now have to 
travel m times the distance. So the time it takes them to travel the length of the 
channel will increase m? times. Applying the simple model of Sec. 1.3.3 to weak 
inversion, a similar argument holds, only there the “driving force” is not the field 
but rather the gradient of the charge in the channel, |Qjo |/L- 

4. Velocity saturation. ¥f velocity saturation is present over part of the channel, the 
above arguments break down.*® Although the value of the transit time in this case 
can be calculated by using material from Sec. 6.5, we will limit our discussion to a 
simple estimate. We note that 7 will be larger than what one would have if the 
electrons were moving at maximum speed over ail of the channel. Thus 


(7.5.6) 


Figure 7.10 shows the transit time of a device operating in the “flat” part of the 
Ins-Vps characteristics as a function of Vg (solid line). As Vas is increased Vpg in- 
creases (Sec. 4.5.3) and Vp. must be raised if the device is to be kept in the saturation 
region. The increase in Vj, is accompanied by an increased electric field and, thus, if 
Lis small, velocity saturation sets in over much of the channel. Thus, 7 cannot be de- 
creased at will by increasing Vs, as one could have concluded by carelessly appiying 
(7.5.3) and (7.5.4). 


7.6 LIMITATIONS OF THE 
QUASI-STATIC MODEL 


From our discussion so far, we expect that the quasi-static model will be valid if the 
terminal voltages vary sufficiently slowly so that the charge distribution in the chan- 
nel can follow with negligible inertia, A quantitative definition of the term “suffi- 
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FIGURE 7.10 
Transit time versus gate-source voltage for operation in the “flat” part of the /p,-Vps characteristics. 


ciently slowly” is difficult to come by. Whether results obtained from using the 
quasi-static model are trustworthy or not depends on the type of voltage waveforms 
applied to the terminals, on the regions of operation involved, on the type of result 
desired (current waveform shape, delay, risetime, etc.), on the accuracy sought, etc. 
In practice, some rules of thumb have been developed semiempirically, by using a 
simple basic case shown in Fig. 7.1la. Here only uv, is varying, as shown in Fig. 
7,11), We will consider only the intrinsic device effects. The drain current contains a 
transport part i,(#) and a charging part i,,(¢), as in (7.3.4a): 


ipn(t) = ip() + in) (7.6.1) 


For approximate calculations in digital circuit applications, it is often assumed 
that a transistor is in the off state if vg, < V; and in strong inversion if vg, > V;. 
Using this simplification here implies that the device goes abruptly from off to satu- 
ration operation at t= t,. We will also assume that Vpy is large enough so that the de- 
vice never goes into nonsaturation. The conductive part of the current can be found 
from any dc model, such as (4.5.37b), and is shown in Fig. 7.11c. The charging cur- 
rent ip4(¢) can be found from (7.3.16a). Since vp, us, and vg are constant, this equa- 
tion gives 


Oqp dg 
th= — —+ 7.6.2 
ina ( ) Jug at ( ) 
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FIGURE 7.11 


(a) A transistor with varying excitation; (b) gate-source voltage; (c) transport current calculated from a 
de model; (d) drain charging current calculated by assuming quasi-static operation; (e) sum of (c) and (d); 
(f) form of actual ip(t) observed in practice. A sufficiently large Vpp is assumed, so that even the maximum 
value of vg corresponds to operation in the saturation region. Extrinsic effects are assumed negligible. 
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In saturation, the value of qp in quasi-static operation Qp .4 is given by 
(7.4.28). Thus, éqp/dug is 1s WLC’,, a negative constant independent of vg. (In a 
more general case, though, one can expect the partial derivatives #q¢,/dv, to be func- 
tions of the terminal voltages.) Since du,/dt is constant for the rising part of wz, 
ina(t) is of the form shown in Fig. 7.11d¢. Adding the two drain current components 
then produces i,(t), as shown in Fig. 7.11e. 

Measurements of ip(t) reveal a waveform of the type shown in Fig. 7.11f as- 
suming negligible extrinsic effects.!*2! This is seen to differ from our “quasi-static” 
result of Fig. 7.11e, notably in two respects: 


1. For some time after ¢,, the quasi-static model predicts a negative drain current, 
which is not observed in practice once extrinsic device effects are subtracted out 
(Prob. 7.11). Instead, the drain current remains at zero until some time #,, as shown 
in Fig. 7.11f This can be explained as follows. For t < f,, the channel is empty. At 
t=t,, the conditions in the channel become favorable for electrons; the latter enter 
the channel through the source and move toward the drain. However, no drain cur- 
rent will be observed until the electrons reach the drain. This happens at time ¢,, as 
shown in Fig. 7.11f£ In contrast to this picture, the quasi-static model assumes that 
at any time t’ after ¢, the channel contains electrons throughout its length, as 
would be the case if uv, had been frozen for a long time at the value v(t’), i.e., the 
nonzero time it takes for the electrons to reach the drain is not considered. 

2. Att=#;, ip(t) in Fig. 7.11e is predicted to jump to its de steady-state value instan- 
taneously. This is a consequence of the assumption that the charge adjusts itself 
with no inertia. In reality this is not the case, as illustrated in Fig. 7.11f 


The quasi-static model is thus seen to fail when it comes to predicting the fine 
details of the drain current waveform. However, for many applications this is of no 
great consequence, since the fine waveform details are often of no great interest. This 
is, for example, the case in much of digital circuit design, where quantities of interest 
are initial values, final values, output rise or fall times, delays between output and 
input, etc. Comparisons to measurements and to non-quasi-static numerical results 
have been used to suggest that, for much of digital circuit work, the quasi-static 
. model can be used with acceptable results if the rise time tp, of the waveforms in- 
volved satisfies the condition”?! 


tp > 20r, (7.6.3) 


where 7, is given by (7.5.4) by using the maximum value of V,, from Fig. 7.118, as- 
suming no velocity saturation is present. It is emphasized that the above is only a 


{Defined for this purpose as t, — ¢, in Fig. 7.118. 
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rough rule of thumb.} For example, depending on the application, the factor of 20 
could instead be 15 or 25. As a numerical example of the order of magnitude in- 
volved here, consider a device with 4 = 600 cm2/(V-s), Vr=0.5 V, L=1 wm, a= 1.2, 
and Vos mex = 3 V. Then (7.6.3) requires tp > 160 ps. 

In common fabrication technologies, in which the transistor exhibits significant 
extrinsic parasitic capacitances, the above limit is not restrictive. The speed of opera- 
tion is slowed down in these technologies because of such “‘stray” capacitances, and 
internal waveforms on a chip will often have rise times larger than this limit. On top 
of this, even if occasionally a gate voltage waveform has a rise time somewhat below 
this limit, the total transient currents and delays due to the stray capacitance of the 
device being driven can be significant and can mask the errors due to intrinsic effects 


predicted by quasi-static models. The above is not true with technologies which | 


achieve very low stray capacitance values, such as SO] technologies (Sec. 1.6). In | 
such cases, as well as in cases where pushing the speed limit is attempted by using ’ 


bulk technologies, results obtained using quasi-static models should be looked at 
with suspicion. 


THE ISSUE OF DRAIN/SOURCE CHARGE PARTITION. We have seen that gp and qs 
can be evaluated from (7.3.9a) and (7.3.9). These relations satisfy ¢p + 95 =p but 
the ratio gp/qs depends on the bias voltages. Consider, for example, operation in 
strong-inversion saturation. Then the above relations lead to (7.4.28) and (7.4.29). 
Comparing these to (7.4.27), we see that gp is 40 percent, and gs 60 percent, of the 
total charge g,, which is often referred to as a “40/60 partition.” Other partitions have 
also been proposed. One of these is 50/50, which is clearly not appropriate for the 
nonsymmetric situation that exists in the saturation region. Another partition used is 
0/100, which means gs = g; and gp = 0. However, the claim that ¢p = 0 has been dis- 
puted in the two paragraphs following (7.4.30). This claim is sometimes defended by 
pointing to the fact that, if gp is taken identically zero, i,,(¢) from (7.6.2) will be 
zero, too; thus no negative current region will occur in ip(#) plots, which agrees with 
measurements, unlike the case in Fig. 7.1 1e, which was obtained using a 40/60 parti- 
tion. Note, however, four things: 


1. It is the negative i,, that makes the positive part of the ip(#) plot in Fig. 7.1le re- 
semble what is measured in practice (compare to Fig. 7.11/). If gp, and thus ip, 


were zero, i, would be identical to i, in Fig. 7.11¢, which is not necessarily an im- 


provement. Thus, in Fig. 7.1 1, which of the two waveforms in c and ¢ is a better 
approximation to f will depend on the application. 

2. Although it is true that in the case of Fig. 7.1 1a no negative ip would normally be 
observed, this would not necessarily be the case if Vp) were lower. Indeed, in non- 
saturation negative drain current transients are possible, and this has been verified 


+The origin of this result will be understood after non-quasi-static analysis is described in Sec. 7.7. 
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by measurements.f Such currents would not be possible to predict if gp were 
taken to be identically zero. 

3. A 0/100 choice may ensure that ip flows in only one direction, but it does not en- 
sure this for is. 

4, Notice that ip, depends on the rate of change of vg, as seen in (7.6.2). It can be 
shown that if (7.6.3) is satisfied, the negative excursion in the ip plot is limited to 
only a couple of percent of the eventual, maximum value of ip. Equation (7.6.2) 
will only predict a negative current with a large magnitude if dyv,/dt is large, in 
which (7.6.3) is violated. However, in such cases the quasi-static model should not 
be used in the first place! 


Thus, to conclude, we can state the following: for rates of change at which the 
assumption of quasi-static operation is valid, (7.3.9) is the correct choice for gp and 
gs. Several facts in support of this claim have been listed following (7.3.12). 


MULTISEGMENT MODELS. One way to model a transistor at speeds where its quasi- 
static model breaks down is to view it as consisting of several sections, each section 
being short enough to be modeled quasi-statically. This idea is shown in Fig. 7.42. In 
b, each box is assumed to be a “subtransistor,” with its own imaginary source and 
drain points. Of course, with the exception of the left and night extremes, these sub- 
transistors are assumed to consist only of intrinsic parts. In other words, no extrinsic 
source and drain regions at intermediate points are assumed to exist. 


OTHER EFFECTS. Note that in our discussion above we have not considered short- 
channel effects. The latter can greatly complicate the picture.!92!.38.45-53.55.56 A mong 
the phenomena observed in them, but not in truly long-channel devices, are a tran- 
sient transport current2! (in addition to the transient charging current) and, of course, 
velocity saturation which renders (7.4.1) and the relations based on it invalid. Two- 
dimensional numerical simulation is a valuable tool in this case.!?-2° Finally, there is 
another phenomenon, not related to short-channel effects, that we have not consid- 
ered in our modeling. This phenomenon is observed during the falling part of a gate 
voltage waveform. As u,(f) is decreased, the magnitude of the inversion layer charge 
~ must be reduced. To this end, electrons exit through the drain and source terminals. 
The dynamics of this removal process show that there is a finite removal capability 
associated with it.’ If ug is decreased too fast, the ensuing “bottlenecks” at either end 


tIf Vopp were smaller, so that the maximum value of vg corresponded to the nonsaturation region, we would 
have a situation analogous that in Fig. 1.25¢. Here, as the piston moved downward fast and stopped at the posi- 
tion shown, fluid would initially flow into the “channel” not only from the source but also from the drain. This 
would correspond to a negative drain current. After things settled, of course, a regular flow toward the right 
would have to be established, so the drain current would go through zero and then would become positive. 
These predictions are, indeed, verified by actual measurements on transistors. 
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of the channel result in some electrons being temporarily “trapped” in the channel, 
The field-induced junction consisting of the inversion layer and the substrate can then 
become momentarily forward-biased and the electrons can cross into the bulk. There 
they recombine with holes and cause a substrate current to flow. This phenomenon is 
called charge pumping. It is more pronounced for shorter falling times of the gate 
voltage waveform, as might be expected intuitively.”°-? It is estimated that | percent 
of the total inversion layer charge will exit through the substrate if the fall time is 
0.04 ns for a 3-zm-long device, or about 1 ns for a 10-yem-long device.” 

We conclude this section by reminding the reader that parasitic elements associ- 
ated with the extrinsic part of the device can significantly alter the behavior of the 
transistor, compared to that predicted here. Such elements include the gate-source — 
and gate-drain overlap capacitances, and the substrate-source and substrate-drain 
junction capacitances. In addition, the fact that the substrate is not a perfect conduc- 
tor can become important. The significant resistance associated with the latter, in 
conjunction with the intrinsic and extrinsic substrate capacitances, can affect the dy- 
namic performance of the device. Extrinsic elements will be considered in Sec. 8.4. 


(b) 


FIGURE 7.12 
(a) A long-channel transistor separated into several sections; (6) model for (a), each box represents a 
quasi-static model corresponding to one section in (a). 
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7.7 NON-QUASI-STATIC MODELING 


7.7.1 Introduction 


In the previous section it was seen that, for a given channel length, the quasi-static 
model breaks down if the input changes too fast. It was suggested that one way to 
extend the validity of quasi-static models in that case is to consider the device as a 
connection of several shorter devices (Fig. 7.12) and to model each section quasi- 
statically. Note that, for each section, the current entering one end is, in general, 
different from the current leaving the other end during transients. This accounts for 
possible inversion layer charge buildup within each section, just as different magni- 
tudes of drain and source current are encountered because of charge buildup in the 
single-section quasi-static model. The faster the change of the input, the shorter 
each section must be, and the larger the number of sections. In the limit, one can let 
the section length approach zero, thus making the total number of sections ap- 
proach infinity. The resulting model would then not be subjected to the speed limi- 
tations of quasi-static models. We will develop this idea formally in this sec- 
tion. !-4,6.9,12,13,17,19,20,22,32,54,62-69,71 Note that, following the argument above 
concerning currents, we should allow for the current to be a function of position x 
along the channel as well as, of course, time: 


i= id (7.7.1) 
Similarly, the inversion layer charge per unit area will be a function of position 
and time: 


q, = 41a 0 (7.7.2) 


7.7.2 The Continuity Equation 


Consider a section of the inversion layer of very small length Ax, as shown in Fig. 
7.13. Let the current entering on the right be in general different from that leaving 
from the left by a small amount Ai, as shown. The total charge entering on the nght 


FIGURE 7.13 
A chunk of the inversion layer of small Jength Ax. 
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in a small time interval At is (i+ ADAz; the total charge leaving from the left in the 
same amount of time is iAt, Thus, in the interval Az, the charge inside the chunk must 
be increasing by (i + Ai) At—i At= Ai At. The corresponding increase Aq; in the in- 
version charge per unit area will simply be the total charge increase divided by the 
chunk’s area, as seen from above. Thus, 


Ai At 
7 = 7.73 
Aq; W Ax ( ) 
which can also be written as 
Ai Aq; 
—=w—t 1.74 
Ax At ( : 


We now let the finite differences approach 0. The left-hand side then becomes / 
the partial derivative of i(x, ) with respect to x. Similarly, the fraction on the right be- 
comes the partial derivative of q;(x, 1) with respect to «. Thus. 


di(x,t) _ y Fails?) (7.7.5) 


Ox ot 


This equation is referred to as the continuity equation.f It is simply a way to ex- 
press charge conservation for a chunk of infinitesimal length. Note that if g; does not 
change with time (dq;/dt = 0), the above equation gives di/dx = 0, that is, i then has a 
constant value independent of position x. This is because there is no charge buildup, 
and thus the current exiting must be equal to the current entering. That is the case 
under de conditions. In fact, the constancy of i was instrumental in developing the dc 
Tp equations in Chap. 4. 


7.7.3 Non-Quasi-Static Analysis 


Non-quasi-static analysis of the MOS transistor is a difficult mathematical exer- 
cise.2-6.12,13,17,22,32,54,62-69.71 We will illustrate it for the special case in which all points 
in the channel are in strong inversion, which simplifies matters considerably. We can 
relate q/(x, t) to the external terminal voltages and the internal effective reverse bias 
Veg # by the time-varying version of (4.5.10a): 


qi(x, t) = ~C| ¥en") — Veg — bh - Ucg{*, t) — YP + Uc (x ‘)| (7.7.6a) 


+The reader may have encountered this equation with i defined in the opposite direction from that in Fig. 7.13, 
in which case a minus sign would appear in one side of the equation. The above form of the continuity equation 
is appropriate for our purposes. Note also that, while in the case we are considering only electrons are assumed 
to be present as usual, in more general cases the continuity equation remains valid if the current and charge in it 
are taken to include the effect of both electrons and holes. If separate equations are written for each carrier, ad- 
ditional terms must be included to account for carrier generation and recombination.*? 
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_ The variation of v¢g(x, t) with x is the “driving force” for the current flow. This 
is expressed from (4.5.6) with, of course, Ip, replaced by ix, 2): 


) Fu ca(x, t) 


i(x, t) = —uWea)(x, t . (7.7.6b) 
Finally, the continuity equation developed in the previous subsection is 
dil x, t Oq;(x, t 
a(x, t) = yw 24il% t) (7.7.6c) 
aX ot 


Equations (7.7.6) constitute a system of three equations in three unknowns: 
qy(x, 1), i, 0), and veg(x, t).T The last two equations express basic facts about current 
flow. They have both been developed by considering a chunk of material with mobile 
electrons in it. Apart from the convenient symbols used and the assumption of only 
drift current in (7.7.66), the development was independent of whether the material is 
part of an MOS structure. The MOS transistor physics only enters in the first equation. 

The solution of (7.7.6) requires a set of initial and boundary conditions. These 
will depend on the terminal voltages. As an example, consider the circuit of Fig. 
7.14a with the step input shown in Fig. 7.14b.° The device is assumed to have settled 
in the off condition before the positive step is applied. The values of the step V and of 
Vpp are such that, after a transient period, the device settles in the saturation region. 
Since the device is initially off, g; will be zero at t = 0 everywhere in the channel: 


q}(x, 0) = 0 (7.7.7a) 


With the large value v,,(t) = V applied at t= 0, the source end of the channel 
(x = 0) is assumed to reach strong inversion immediately after t = 0. Since at that end 
Uca = Usp = 0, (7.7.6a) gives, for all positive time 


qi(0,t) = -Ci,.(V - Vex ~ b - yh) (7.7.1b) 


*We remind the reader that the analysis presented assumed that the channel is in strong inversion. In the more 
general case, corresponding to the model of Sec. 4.3, we must allow for diffusion currents. Thus (7.7.6a@) must 
be replaced by [see (4.3.15)] 


gi(x t= ~Cx| alt) — Veg — (x, t) - yfbelx, ‘| 


where #,(x, f) is the surface potential at position x and at time f. Similarly, (7.7.66) must be replaced by [see 
(4.3.5)] 


1 r ae, (x, r) oq; (x, t) 
x,t) = -—nWq)(4, t) -—-— + ws Wd, —— 
i ) ad qil« ) Ox BW, Ox 
or, alternatively, (7.7.65) can be used, with vc, taken to be the “quasi-Fermi potential difference” (Appendix J). 
Equation (7.7.6c) is general and remains unchanged. 
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FIGURE 7.14 

(a) A transistor with a step excitation; (b) gate-source voltage; (c) inversion layer charge per unit area as 
a function of position along the channel] with time as a parameter; (d) drain current as a function of time. 
A sufficiently large Vpp is assumed, so that even the maximum value V of v(t) corresponds to operation 
in the saturation region. 


Finally, at the drain end (x = L), q; is zero whether the device is off or in satura- 
tion (“pinchoff” assumption). Thus 


qi{L, t) = 0 (7.7.7c) 
The system (7.7.6) with the conditions (7.7.7) can now, in principle, be solved 
by using partial differential equation techniques to provide the distribution of i, vcp, 


and q; with position and time. The drain and source currents can be determined from 
the solution for i(x, t) by noting that 


in(t) = (L, 0) (7.7.8) 
i(t) = -i(0, 1) (7.7.9) 


From the solution for v¢,(x, f) one can determine gz, 1) and integrate it with 
respect to position to find the total instantaneous depletion region charge as in 
(7.2.3c). The substrate transient current can then be determined as in (7.3.2). The gate 
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transient current can be found in a similar manner. We remind the reader that extrin- 
sic parasitics are not considered here. In a real device, substrate and gate extrinsic re- 
sistance (Sec. 8.4) can change the picture. 

Unfortunately, the actual details of the solution outlined above are complicated. 
The results presented in the literature are obtained by using numerical techniques. We 
will not present these long procedures here,®-!2.19.20.22,32,54,62-69 byt will only summia- 
rize the most important results. Solution of (7.7.6) for the circuit of Fig. 7.14a@ results 
in g;(x, t), as shown in Fig. 7.14c. At t=0, the channel is empty. At f= 4%, the elec- 
trons coming from the source have reached up to point x =x,; hence, q; is zero be- 
yond this point. The wavefront of electrons continues moving to the right as shown, 
and reaches the drain at t= 1,; t; will be referred to as the delay time. At the instant 
t=1,, the channel charge has not reached steady state yet. Steady state is reached as- 
ymptotically and corresponds to the curve marked ¢ =o, Note that a quasi-static 
model implicitly assumes instead that this distribution is reached instantly at t= 0+ 
(“an instant after” f= 0). 

The drain current as a function of time is shown in Fig. 7.14d. It is zero up to 
t=t,, at which time the electrons reach the drain. Current then begins to flow and, 
eventually, builds up to the value /,, which is the value calculated from dc equations. 
[In contrast to the drain current, the source current starts flowing immediately at 
t=0*, since electrons start filling the channel from the source end as soon as u(t) 
goes high, as expected by the fluid analog in Fig. 1.25d.] 

Assuming q; corresponds to the approximate model of Sec. 4.5.3 wit a=l,a 
numerical solution of the above problem gives for the delay time® 


= 0.387, (7.7.10) 


where 
if, 
=>. oa a=] (7.7.11) 
° HM Ves = V;) 


with Vc. being the value of the input for ¢ > 0. The same numerical solution predicts 
that at ¢=7, the current has reached about 98 percent of the final value /,. Note that 
the quantity 7, in the above equation is the same as in (7.5.4), which was derived for 
de conditions. However, the fact that the same quantity is involved in the two different 
types of analysis does not mean that one can casually use the dc transit time to explain 
directly the non-quasi-static behavior of the transistor. Care is required at this point. 
We now briefly consider what happens when the above circuit ts driven by an 
input with significant risetime tp.!2-!9:20.22,32,54,64,66.68.69.71 In this simplified analysis, 
we will assume again that the transistor is off until a time f=t,, when ug, < Vz, and 
operates in strong inversion when ug, > Vy. The value of Vpp is again assumed to be 
\ large enough to keep the device in saturation, even when the input attains its maxi- 
' mum value. The definitions of various currents are shown in Fig. 7.15a. In Fig. 
7.15b, we show these currents vs. time for an input with t, equal to several times 7,. 
As seen, ~i, (the current /eaving the source) starts flowing as soon as the device turns 
on and is positive; positive current leaving the source is equivalent to negative current 
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FIGURE 7.15 

(a) A transistor with a varying v_(#) and a fixed drain voltage (the latter is assumed to be large enough 
for the device to be in saturation, even with vg at its maximum value); the currents plotted in the other 
parts of the figure are defined as shown here. (6) Waveforms for tz equal to several times 7,. 
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Vg(t) 


{e) 


FIGURE 7.15—{ Continued) 
(c) Waveforms for tp approximately equal to 7,. Extrinsic capacitances are assumed zero, in order to 


clearly reveal the intrinsic transient behavior. 


. entering it; the channel of the device is been “charged” with mobile electrons. The 

current —i, soon rises to a value that is almost balanced by the gate current i,; the 
small difference seen is due to the substrate current, which is also shown in the fig- 
ure. At time ¢, the electrons reach the drain, and drain current begins to flow. This 
current approximately balances further increases in —i,, and i¢ does not increase any- 
more. Since the channel must be charged further as ug rises further, —i,; continues to 
be larger than ip. When the input stops rising at ¢ = 1,, the channel is nearly charged, 
but not quite, since the inversion layer charge distribution has not reached steady 
state yet; thus —i, continues to be larger than i, for a little while longer. However, ~i, 
and i, both gradually tend to their steady-state value, determined by the maximum 
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value of vg using dc equations. At f = !, we have approximately ip =—is and 
ig = ip = 0; thus, we have practically reached dc steady state. 

In Fig. 7.15c, the input rise time tz has been reduced to a value of about 7. The 
waveforms of the currents in this case should be compared to those in Fig. 7.15b. As 
seen, in Fig. 7.15c there is no time for ig to taper off. Also, the larger value of dug/dt 
causes large charging currents (as would be the case even for a simple capacitor), 
Again, initially —i, rises to a value close to that of ig, save for a small difference due 
to ig. Once the maximum input value is reached, the behavior is qualitatively similar 
to that in Fig. 7.15b. Here, though, the mobile electrons happen to reach the drain at a 
time t, which is about equal to the time the input reaches its maximum value. Note 
that f, is smaller in Fig. 7.15c, since larger vg values are available earlier than in Fig. 
7.15b, and these help charge the channel faster. 


As can be seen from the above example, the delay time 1, depends on the rise : 


time tp. As long as tg is much less than 7,, the observations given earlier for the case ! 


of the step input are approximately valid. However, if tp is significant (larger than 7,), 


the delay time is given approximately by t;= «/fp7, , a8 found by another numerical 
solution. If tz is over 207,, the numerical solution of (7.7.6) gives roughly the same 
results as the quasi-static model. This is the reason why the limit of validity for the 
latter is expressed as in (7.6.3). . 

The above results have been derived for a long-channel device. If, instead, L is 
small, velocity saturation can occur, and electrons will be traveling at maximum 
speed |vjlmax toward the drain. If it is assumed that this happens over the whole 
length of the channel, the delay time will be, for a step input, 


- 
| a |e 


which can be significantly Jarger than what long-channel theory would predict. !90 
On the other hand, if the rise time of the input is significantly larger than the above 
limit, and saturation velocity is no longer the limiting factor, the delay is found to be 
less than that predicted by long-channel theory. One may attribute this to the fact 
that in short-channel devices the drain and source act also as gates, owing to two- 
dimensional effects (Sec. 6.3). These “gates” have already been activated before 
t= 0 in Fig. 7.14. Hence, the main gate does not have to start building up the whole 
inversion layer “from scratch.” This heuristic explanation is supported by accurate 
numerical calculations.”° 


(7.7.12) 
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PROBLEMS 


7.1. 
7.2. 


73. 


74. 


7.5. 


7.6. 


7.7. 
7.8. 


7.9. 


7.10. 


7.11. 


7.12. 


Show that (7.4.4) and (7.4.5) are equivalent. 

Derive in detail the expressions for the total charges Q;, Qz, Qq, Qp, and Qs in (7.4.14), 
(7.4.15), (7.4.17), (7.4.19), and (7.4.20). 

Consider a transistor with N, = 10!? cm, t,, = 100 A, Q=5 x 10° Clem’, dys= 
-1 V, W=L=2 yum, with Vop = 0 V. Plot the total charges Qc, Qa, Qp Qp, and Qs vs. 
Vis with Vs between 0 and 5 V, for V¢s=3 and 5 V. Use the results of Sec. 7.4.2. 
Compare the empirical expressions for Q, and Q, in Appendix M to those correspond- 
ing to the approximate model [(7.4.19) and (7.4.20)]. 

Prove the expressions given for Qs, Q;, and Q; corresponding to the complete strong- . 
inversion model in Appendix M. 

Compare the following three expressions for the total inversion layer charge Q;: 
(a) Empirical expression in Appendix M 

(b) Expression corresponding to the simplified model, (7.4.14) 

(c) Expression corresponding to the complete model in Appendix M 

Prove the expressions for Q,, Qp, and Qx in weak inversion given in Sec. 7.4.4. 
Using the method outlined in Sec. 7.4.5, develop expressions for Q;, Og, Qg, Qp, and Qs 
in terms of #,,. and y,, corresponding to the general model in Sec. 4.3.1 (this is a long 
problem). 

Repeat Prob. 7.8 by using a first-degree polynomial approximation for Q» as in (4.3.25). 
Lengthy computations are needed. 

For the device of Prob. 7.3, plot O;, Gg, Op. and Qs vs. Vgs, with Vs from —2 to +5 V, 
and for Vps = 1 and 2 ¥. 

Assume a fixed parasitic extrinsic capacitance C,,, exists between gate and drain in the 
device of Fig. 7.11a (such a capacitance can be caused by the physical overlap between 
gate and drain, as will be discussed in Sec. 8.4). Show that the effect of such a capaci- 
tance will be a downward shift of the current waveforms in Fig. 7.11d and e, between 
t=O and t= fs. 

Consider the transistor of Prob. 7.3, and assume a constant effective mobility 4 = 600 
cm2/(V-s). The transistor is connected as in Fig. 7.1 1a with Vpp = 3 V; u(t) is as shown 
in Fig. 7.115, with t, =4 ns and UG max = 3 V- Plot ip(t), ig Is, and i,(t) as functions 
of time. 


CHAPTER 


8 


SMALL-SIGNAL 
MODELING 
FOR LOW 


FREQUENCIES 


8.1 INTRODUCTION 


In the previous chapter we considered the MOS transistor with terminal voltages un- 
dergoing variations with time. No restrictions were placed on the magnitude of these 
variations. In this chapter we will consider the case where the terminal voltage varia- 
tions are sufficiently small so that the resulting small current variations can be ex- 
pressed in terms of them using linear relations. We will derive such linear relations 
, and develop linear circuits to represent them. These circuits will be called small- 
“ signal equivalent circuits. When excited by voltages equal to the small variations of 
the actual terminal voltages, these circuits will produce currents equal to the small 
_ variations of the actual transistor currents. Such models find wide use in analog cir- 
cuit design, and have been studied since the early days of MOS transistors.'-> 

In most of this chapter, we will concentrate on the intrinsic part of the transistor 
(Fig. 7.1). We will first develop a small-signal model valid when the voltage and cur- 
rent variations are so slow that charge storage effects can be neglected. Then we will 
develop a small-signal model valid at medium speeds, assuming quasi-static opera- 
tion. Such models! are sufficient for many applications. (More advanced models 
will be presented in Chap. 9.) It is convenient to discuss modeling by assuming that 
the voltage and current variations are sinusoidal. In that case, one often talks of 
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frequency rather than “speed,” and we will adopt this convention from now on. Fol- 
lowing the discussion of the models for the intrinsic part of the transistor, we will 
consider modeling for the extrinsic part. We will then consider the noise generated 
within a MOS transistor. 
As in the previous chapter, n-channel devices with long and wide channels on a 
uniform substrate and with constant mobility will be assumed, unless noted otherwise. 
We begin by considering the intrinsic part of the device. 


8.2 A LOW-FREQUENCY SMALL-SIGNAL 
MODEL FOR THE INTRINSIC PART 


8.2.1 A Two-Path View 


In developing a small-signal model for the de drain current, we should recall that, in 
the general case, this current does not consist only of the channel (drain-to-source 
current) Ips. As we have seen in Sec. 6.6, assuming Vp, > 0, high electric fields near 
the drain can result in impact ionization, which can cause a parasitic current Ipg to 
flow from the drain to the substrate. We assume that all of this current exits through 
the substrate terminal B. This current must be added to /ps, in order to obtain the total 
drain current: 


One can thus view the MOS transistor as containing two paths, as shown in 
Fig. 8.1. Since the channel path leads to the source, it is convenient, as we will see, to 
express Ip, as a function of voltages defined with respect to the source. Similarly, 
since the drain-to-substrate path leads to the substrate, it is convenient to express Ip, 
as a function of voltages defined with respect to the substrate. These conventions are 
indicated in the figure. f 

Although the above approach could be generalized to include a gate current, as 
mentioned in Sec. 6.6 this current is negligible during normal operation. We thus as- 
sume for the dc gate current: 


Iq = 0 (8.2.2) 


Assume that the terminal voltages are changed by a small amount. The result- 
ing changes Aly, Alps, and Alp, in the de values of the three currents are related by 


Alp = Alps + Alpg (8.2.3) 


From both this equation and from Fig. 8.1 it is clear that, for modeling pur- 
poses, we can consider each path separately, develop a small-signal model for each, 
and then combine the two models. 


+We assume here that Vps > 0, so that impact ionization occurs near the drain. For a symmetric model, one 
would need to include also a source-to-substrate path, which would be important if Vsp > 0. ; 
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Tos( Vas: Vas: Vos) 
—_—_—___ 


FIGURE 8.1 

The MOS transistor in de 
operation, viewed as the 
combination of two paths. 


8.2.2 A Small-Signal Model for the Channel Path 


Let us consider an n-channel MOS transistor biased with Vgo, Vsg, and Vpg fixed at 
values Vico, Vego, and Vicp, respectively, as shown in Fig. 8.2a (the subscript 0 indi- 
cates “quiescent” values). Let I.) be the resulting value of J,,. We can study the ef- 
fect of very small changes of the bias voitages on /p, by varying these voltages one at 
a time, as shown in Fig. 8.2b, c, and d. We are for now interested only in the change 
of the dc steady-state value of Ipy; that is, we assume that the voltages are constant 
before and after each change and that Ip, has reached dc steady state in both cases. 
We then consider the change A/,, between the two dc steady-state values. We can re- 
late cause and effect by using three conductance parameters, which can be measured 
as shown next to each figure. These parameters are 


1. The small-signal gate transconductance g,,, often referred to simply as “transcon- 
ductance.” Mathematically, it is defined by the following relation, corresponding 
to the situation in Fig. 8.25: 


_ Alps 
Sm = Dy (8.2.4) 


IVGs Vas. Vos 


where to the right of the vertical line we show the voltages being held fixed.t 


{Strictly speaking, this “reminder” is redundant, since it is implied by the definition of a partial derivative, pro- 
vided we remember that Ip, is expressed as a function of Vgs, Vas, and Vp. If, however, Ips were expressed as a 
function of other independent variables (e.g.. Vgc, Vep, and Veg), then olp./IVg, would nof mean the same as 
(8.2.4). So, for clarity, it doesn’t hurt to remind ourselves which voltages are being held constant. 


(a) 


Alps; (b) 
Sem AV. 
Al ns) 
Smb = A Vos fc) 
Al ns, 
arg = AV ns (a) 


Yea0 


FIGURE 8.2 

(a} A MOS transistor with dc voltages at a certain operating point. The rest of the figure shows 
the same circuit with very small changes (denoted by A) in the terminai voltages, and specifically 
(b) a small change in V5, (c) a small change in Vgs, (¢d) a small change in Vps, and 
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(e) 


Vong «= Migs 


FIGURE 8.2—{ Continued) 
(e) small changes in Vics, Vas, and Vp, simultaneously. 


2. The small-signal substrate transconductance g,,,. Corresponding to the situation 
in Fig. 8.2c,we have: 


AL ys 
OV, 


8mb = 


(8.2.5) 


5 |¥es.¥ns 


Increasing Vp, as shown in Fig. 8.2c decreases Vsp. A consideration of the results 
of the body effect on J, shows that Ips increases. Thus, AV,. has on Ip, qualita- 
tively the same effect as AV... has on Fig. 8.26. The substrate acts, in this sense, as 
a second gate, and is often referred to as the back gate. 

3. The smail-signal source-drain conductance g,,. Corresponding to the measure- 
ment in Fig. 8.1d, we define 


_ Alps 


S sd (8.2.6) 


IV ns 


Vos Vas 


The approximate equality signs in Fig 8.26 to d become “equal” signs as AVcx, 
AVao, and AVp, approach zero. All three parameters have units of conductance and 
are expressed in S (S stands for Siemens; | S = 1 A/V). 

Let us now consider the general case in which all three voltages are changed si- 
multaneously, as shown in Fig. 8.2e. The corresponding total change in the drain-to- 
source current will be 


Alps AVis oe Alps Ves 4 Alps 


IVGs Vas+Vps BS | Vas. ps Vos Vos: Vas 


: (8.2.7) 


Als * 
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FIGURE 8.3 
A low-frequency small-signal equivalent circuit for the channel of a MOS transistor. The drain-to- 


substrate path is not included in this partial model. 


From our above definitions, this becomes 


Alps = 2a AVes + Omnb AVps + Esd AVns (8.2.8) 


In addition, (8.2.2) gives 
Alg = 0 (8.2.9) 


The above two equations relate small-signal quantities and can be represented 
by the small-signal equivalent circuit in Fig. 8.3, where the rhombic symbols repre- 
sent controlled current sources. It is easy to verify this circuit by writing Kirchhoff’s 
current law for the right-hand node. As seen, we were able to represent the last term 
in (8.2.8) by a resistor of conductance g,,, since AVpg is the voltage across that resis- 
tor and thus g,, AVps is the current through it. However, the other two terms in 
(8.2.8) have controlling voltages defined at nodes other than the node into which the 
current flows; thus, these terms are represented by voltage-controlled current sources. 

In the preceding model derivation, the changes AV, AVgs, and AV p, represented 
differences between two dc steady-state values of the terminal voltages Vis, Vas, and 
Vis respectively. However, the model derived will be valid for representing the effects 
of gate and substrate on the drain current, even if the changes are continuously varying 
with time, as long as the variations are slow enough so that capacitive effects can be ne- 
glected. This will be understood better, and will be made more quantitative, after more 
complete models are considered. It will then be shown that, as the frequency of varia- 
tion is decreased, more complete models reduce to the one in Fig. 8.3. 

In the above definitions, we followed the common convention of referring the 
gate, drain, and substrate potentials to the source. An alternative approach, in which 
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AV sg 


FIGURE 8.4 
Measurement of source conductance. 


all four terminal voltages are taken with respect to an arbitrary reference, is consid- 


ered in Prob. 8.1. 
In body-referenced models, a quantity used often,'.2° measured as shown in 


Fig. 8.4, is defined as follows: 
Jf, 


0d Vom Vos Vos 


Bis = (8.2.10) 


where J, = —Ip;. The quantity g,, is seen to be the small-signal source conductance. 
Applying the small-signal equivalent circuit of Fig. 8.3 to the situation in Fig. 8.4, it 
is easy to show that (Prob. 8.3): 


8ss = 8m + S8mb + Esd (8.2.11) 


8.2.3 A Smail-Signal Model for the 

Drain-to-Substrate Path 

One can follow an entirely analogous approach to model the drain-to-substrate path 
in Fig. 8.1. The role played above by the source will be played here by the substrate. 
With [pg expressed as a function of Vcg, Vsg, and Vp, as indicated in that figure, we 
have, in analogy to (8.2.8) 


Alpp = 8hg AVor + Ebs AV sp + Bbd AV pp (8.2.12) 
where 
Al pp 
&,. = = (8.2.13) 
. Nor Vsp.Vpp 
g,, = 2B (8.2.14) 
OVsy Voa.Vpr 
Al py, 
84 == (8.2.15) 
Nog VoasVsa 
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FIGURE 8.5 
A low-frequency small-signal model for the MOS transistor, including impact ionization effects. 


Equation (8.2.12) can be modeled by three branches, in analogy to those used 
to model the channel above. Adding these three branches to the model of Fig. 8.3, we 
obtain the complete model of Fig. 8.5. It is easy to verify that the new elements 
model (8.2.12), and that the complete small-signal drain current A/p satisfies (8.2.3). 
Although the J,-related elements are usually omitted from small-signal models, they 
can have important implications in analog circuit design (particularly the substrate- 
drain conductance g,4, as will be seen).t 


tOne could have modeled the drain-to-substrate path by taking all voltages with respect to the source.*? How- 
ever, this would have resulted in three controlled sources. In the approach we have chosen, the element relating 
changes in Vpg to changes in /p, is a two-terminal resistor, as seen in Fig. 8.5. 
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We will now derive expressions for the various small-signal parameters, consid- 
ering each region of inversion separately. (Models valid in all regions of inversion 
will be considered in Sec. 8.2.7.) For brevity, the words smail signal may be omitted 
when referring to a small-signal parameter when there is no chance for confusion, 
€.2., 8,4 Will be referred to as the source-drain conductance. Unless noted otherwise, 
in the derivations that follow no impact ionization will be assumed to be present. 


8.2.4 Strong Inversion 


GATE TRANSCONDUCTANCE. Consider a long-channel device with constant effec- 
tive mobility. Using either the complete or the simplified model of Sec. 4.5 in the 
definition for g,, (8.2.4), we find 


- UCL Vos, Vos S Vis (8.2.16a) 


> UC oe. Vos > Vis (8.2.16b) 


In the saturation region, the simplified model (4.5.37b) gives for the current 
Ins = 4( WIL) UCG,(Ves — Vzr)*/a. This, along with (8.2.4) produces the following 


equivalent forms? for g,,: 
(8.2.17a) 


(8.2.17) 


(8.2.17) 


As noted from (8.2.16a), in nonsaturation g,, is independent of V¢,. This is il- 
lustrated graphically in Fig. 8.6. We assume that the V,, step used to obtain succes- 
sive curves was fixed, so that g,, can be estimated from the spacing of the curves if 
the Va, steps are small. As seen, for lines a and 6 the spacing is independent of Vg. 


fIt is interesting to note that, at V5 = V7, and with /p, calcuiated from (4.5.376), these three equivalent expres- 


sions give g,, values of 0, ./2(W/L)(uC;,/a)fp,, and infinity! This is a good example of the absurd results that 
can be obtained if modeling expressions are used outside their intended region of validity. 
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fos 


0 Vos 


FIGURE 8.6 

A family of Ips-Vps curves, obtained for fixed V. increment. In nonsaturation, spacing is proportional to 
Vps but independent of Vg (lines a, 6); in saturation, spacing is independent of Vp, but depends on Ves 
(lines c, d). 


but depends on Vp, as expected from (8.2.16a). In saturation, the situation is 
reversed, as seen from (8.2.16) and illustrated by lines c and d. Now g,, is indepen- 
dent of Vp, but depends on V¢s (through Vj,). | 

Various corrections can be applied to the above equations to increase their ac- 
curacy in the presence of higher order effects. For example, if the effective mobility 
is not constant with Vs, differentiating Jp, to produce g,, will lead to an additional 
term (Prob. 8.6). An analogous correction should be applied if channel length modu- 
lation cannot be neglected. For example, a first-order correction results when obtain- 
ing g,, by differentiating (6.2.12). 

Short-channel effects can strongly affect the value of all small-signal parame- 
ters. An extreme example is what happens to g,, in the presence of velocity satura- 
tion. The drain current is then roughly given by (6.5.14). Differentiating that equa- 
tion with respect to Ves gives 


Bm = WC, HE, velocity saturation (8.2.18a) 


= WC’, |Uq| max Velocity saturation (8.2.18) 


SUBSTRATE TRANSCONDUCTANCE. Using the definition of g,,, in (8.2.5) with the 
complete strong inversion model of Sec. 4.5.1, with Vpg = Vos + Vsp, we get 
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Y , 
= |  —————— |e, Vos S V, 8.2.19, 
” ier + ade ps Ss EE? 
= aes | Vos > Vis |  (8.2.195) 
Vos + Vsp + By + V Von + Fy 


If Vps is small, it can be neglected in (8.2.19a). Similarly, if Vg, is small, Vjs 
will also be small, so Vj, can be neglected in (8.2.19b). We thus obtain the following 
useful approximation: 


Smo. 4% as Vg 1 =n 1, low Vos oF Veg (82.202) 
8m 2 Vsp + Py dV sp 


where, to obtain the last parts, we used (4.5.33), (4.5.41), and (4.6.16). Using the ex- 
pression for y from (3.4.3), as well as (2.2.4) and (3.4.8), it is easy to show that the 
above relation gives 


Bmp. £3. fox » low Voge or Ves (8.2.20b) 


& m Cox Bm 


where d,,, is the depth of the depletion region, which is nearly uniform if Vpg is 
small (or if Vos, and thus Vj,, is small). The ratio g,,/g,, can be thought of as a mea- 
sure of the relative control of the “back gate” (substrate) and the “front gate.” As seen 
in (8.2.20b), the thinner the oxide the smaller the value of g,,,/g,,. This makes sense, 
since then the “front gate” is close to the channel and its control on it ts strong. Thus 
the control of the “back gate” is smaller in a relative sense. The opposite is true if dz,, 
is small. Then the edge of the depletion region is close to the channel and the sub- 
Strate’s relative influence is large. In addition, the permittivities enter the picture. 
Large oxide permittivity means large control of the gate on the channel through the 
oxide, hence a smail relative influence of the “back gate” (small g,,,/¢,,). The oppo- 
site is true for large e€,, which implies strong substrate control. The quantity g,,,;/g,,, is 
typically 0.1 to 0.3, but can rise significantly above those values for devices with 
i large y, operated with low Voy. 
It is not worth it to derive expressions for g,,,/g,, using the simplified model of 
(4. 5.37), since the dependence of a on Vsn, discussed in Sec, 4.5.3, is approximate. It 
was developed to provide reasonable accuracy for Jp,, with no regard to the deriva- 
tive of In. with respect to Vp.. “Reasonable accuracy” for a function does not neces- 
sarily imply reasonable accuracy for its derivatives. Such problems are common 
when differentiation of empirical or semiempirical expressions is attempted, and one 
must exercise caution. We will thus avoid obtaining g,,, by direct differentiation of 
the simplified drain current expression and rely only on (8.2.19). 
If high-order corrections not involving Vspg are made on g,, [e.g., correspond- 
ing to (6.5.11)], then the corresponding corrections on g,,, will be taken care of 
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automatically through (8.2.19). Corrections involving Vs, [such as (4.10.20)} must, 
of course, be considered separately. In the presence of charge-sharing effects dis- 
cussed in Sec. 6.3, approximate expressions for g,,, can be found by using approxi- 
mate equations from that section in the definition (8.2.5). As might be expected, 
&mb8m can become very smail in the presence of strong short-channel effects, be- 
cause in such cases the trapezoidal shape of the depletion region in Fig. 6.7 becomes 
close to a triangle, cutting off substrate control on the channel. 


SOURCE-DRAIN CONDUCTANCE. The small-signal source-drain conductance 
8400-18214 is the slope of the Ipc-Vps characteristics with Vo, and Vop held con- 
stant. Applying the definition (8.2.6) of g,, to the nonsaturation complete model - 
[(4.5.2b), with Vpp = Vos + Vspl gives 


we, . 
= 7 HEox es — Vos — Veg ~ % - 7+ Vos + Vsp + dy } Vos S Vos 
(8.2.21) 
The simplified model (4.5.37a) gives 
(8.2.22) 


The two expressions are equivalent for Vp. = 0. 

In the saturation region, simple long-channel drain current models assume that 
Ips is fixed at the value J, (the value found from nonsaturation expressions with 
Vps = Vps)- The quantity Ip, is then predicted independent of Vp,, resulting in 
Ins-Vps curves parallel to the Vp, axis. Since g,, is the slope of these curves, its value 
is predicted as zero, which is unacceptable. For many applications one needs instead 
a model that provides an accurate slope, which implies that the plot Of Ing vs. Vos 
using such a mode] should track the nuances of experimentally observed behavior. 
This, unfortunately, represents a major problem area in MOS transistor modeling, as 
illustrated in Fig. 8.7.* In a, the solid line represents a measured characteristic. The 
broken line represents a model, the parameters of which have as usual been adjusted 
so that Ip, is predicted relatively accurately. Indeed, as shown, the error in predicting 
Ins Values is at most a few percent. In 6, the slopes of the two curves are shown—the 
slope (g,,) efror exceeds 50 percent! This can have a very serious consequence in 
analog circuit design. For example, the small-signal “gain” of a CMOS inverter is in- 
versely proportional to the sum of the g,,’s of two devices and can be in very ae 
error if the above model is used to calculate it. 


fc 
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Vins 
0 (a) 


FIGURE 8.7 

(a) Ips-Vpg characteristics; solid line: mea- 

0 sured; broken line: model; (6) slopes ob- 
(b) tained from (a) (© 1984 by TEEE). 


If the saturation current is assumed to exhibit a first-order dependence on Vp, 
as in (6.2.12), the following g,, value results: 


i 
aa = 7 > Vos > Vos (8.2.23) 
A 


As expected from the above discussion, this formulation is too crude. In order 
to do a better job, we need to examine in more detail the phenomena responsible for 
the increase of I, with Vrs in saturation. In Chap. 6, we saw that two such phenom- 
ena are the channel length modulation (Sec. 6.2), and the drain-induced barrier low- 
ering (Sec. 6.3). Although these phenomena appear simultaneously, we consider each 
one separately in order to provide some intuition through the use of simple relations. 

To model channel length modulation (CLM), consider (6.2.55), repeated 
here:*+.!2 


lps 


=, Vac > VA ade 
ps = 7 _ L/L DS DS (8.2.24) 
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where |, is the length of the “pinchoff” region. Using this in (8.2.6) we have (in the 
partial derivatives below, it is understood that Vgs and Vp, are kept constant) 


8:4 Ws Ay OVps 

d 1 al 

DS p 
= > =e (8.2.25) 

(1 1,/L) L OVps 

or 

fe 1 A, , . 
P =e 5 Vac > Vos, CLM onl 8.2.26 
Esd Ine L OVpg DS DS 2 ( 


This, if I p5/Ips is not very different from unity, simplifies to 


/ 1 dl, 


ad, ae ; Vic > Vee, CLM onl . vy 
Es DST Vos DS DS y (8.2.27) 


Various expressions for g,, can be found, depending on the behavior assumed 
for i (Sec. 6.2). For example, if (6.2.6) is used, we obtain 


a) ee (8.2.28) 
OVns Nag 2VGp + Vos — Vos _ 
Thus, using (8.2.27), we obtain 
i. 
Bud “ilos (8.2.29) 


2LJN,v%p + Vos ~ Vos 


This level of modeling is widely used in computer-aided MOS circuit analysis 
and design, and is sometimes adequate for digital circuits. For analog circuit applica- 
tions, though, it is still not satisfactory, because such applications can place heavy de- 
mands on the models of g,, in saturation, as already explained. The reason that this 
parameter resists attempts to model it as above is that near the drain the electric field 
distribution is actually two-dimensional. The gradual channel approximation fails in 
that vicinity, and the field can have a significant horizontal component. The details of 
the field there are influenced by the drain region details (junction depth, for exam- 
ple) and, notably, by field lines emanating from the gate. The result is a current flow 
which, at least in part, takes place in a subsurface path. The associated charge in the 
“pinchoff” region should be taken into account for very accurate 8.4 modeling. For 
an accurate evaluation of J, (and thus g,,), then, one must resort to two-dimensional 
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numerical simulations using a computer.!° Pseudo-two-dimensional approaches have 
also been proposed. !2.17,18,21,23,25,26.42.43 One such analysis*243 leads to the result for 
bs given in (6.2.11). Using this in (8.2.27) we obtain: 


Eo I DS 


LH Was = Vi) 6230 


Ssd 


where /, depends on junction depth, as discussed in Sec. 6.2, and Vz is best deter- 
mined from measurements. Typically, V; is less than | V. Note that the above equa- 
tion can be written in the form of (8.2.23) as follows: 


Ins 
8sa = 2. 
id V, (Vos) (8 2 3la) 
where 
L , 


Let us now consider the effect of drain-induced barrier lowering (DIBL, Sec. 
6.3) on g,4. In order to reveal the main effects of this phenomenon, we will neglect 
channel length modulation in the following discussion. We will assume that no veloc- 
ity saturation occurs, and that the device can be described in saturation by the simple 
square-law equation 


W uC 


mL 2a 


a 2 
[Vos - Ve(Vos)] > Vos > Vas (8.2.32) 


where V;-(Vpps) was seen in Sec. 6.3 to depend on Vps, and was modeled using charge 
sharing or DIBL concepts. It was seen that V; decreases as Vp, is raised, even in the 
saturation region. This gives a positive slope to the Jp, vs. Vpg plot, 1.e., a positive 2,4. 
Differentiating (8.2.32) with respect to Vp, we obtain 


_ Wu, - av, 
8s = [Ves - V¥;(Vps)| [- o (8.2.33) 


We will relate this result to the gate transconductance g,,. Using (8.2.32) in (8.2.4) we 
find that g,, is given by (8.2.17a), with V; replaced by V;(Vp;). From this and 
(8.2.33) we obtain 


(8.2.34) 
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_ To obtain a qualitative feel, let us use the simple model of (6.3.3) and (6.3.15) 
for V;(Vps). This gives 


Bsa. 0.5 5. fx (8.2.35) 
8m Ex, L 


Qualitatively, the behavior predicted by this equation can be reached by using a 
different picture,? which assumes that some field lines from the drain curve down, 
then bend and turn up, and terminate directly on inversion layer charges throughout 
much of the channel. Thus, the drain acts as a “somewhat inefficient gate”; increasing 
the voltage on this “gate” increases the current and gives rise to a NONZETO gq. The | 
parameter g,,/2,, is a measure of the “competition” between this “gate” and the nor- © 
mal gate (just like g,,,/g,, played a similar role as a measure of the relative competi- 
tion between the substrate and the normal gate above).The smaller the L, the closer 
the whole of the inversion layer is to the drain region, and the stronger the influence 
of the latter; g.,/g,, can be large in this case. The smaller the #,,, the closer the actual 
gate is to the inversion layer, and the more this gate wins out in the competition; then 
8,q/8m Will be small. The relative influence of the two gates also depends on the per- 
mittivity of the media separating them from the inversion layer: Large permittivity 
implies a large effective capacitance and, hence, a strong influence. All these qualita- 
tive results are consistent with (8.2.35). Similar qualitative conclusions can be 
reached if the model of (6.3.17) and (6.3.18) is used for V;(Vps), which gives: 


2 
ta «op - |e a, (8.2.36) 
Finally, note that the larger the drain junction depth, the stronger will be the drain’s 
“presence” as far as the inversion layer is concerned. Hence, g,,, and g,,/g,,, should 
increase with increasing drain junction depth. Dependence on junction depth is pre- 
dicted by “charge-sharing” models such as those in Sec. 6.3.2, provided junction 
depth is retained as a parameter (Prob. 8.11). 

Although the effects of channel-length modulation and DIBL were discussed 
separately above, in a real device they are of course present simultaneously. In gen- 
eral, DIBL can be dominant for V,;, close to V;, with channel length modulation be- 
coming dominant at higher Vg, values. For a complete description of g,,, one would 
have to differentiate a complete expression for ps, including all short-channel ef- 
fects. This can lead to very complicated expressions involving all device geometrical 
parameters, substrate doping, saturation velocity, and even inversion layer thick- 
ness.!7 The resulting expression is very much dependent on the form of the model 
used to derive it. 

The transition from nonsaturation to saturation is especially difficult to model 
(i.e., for values of Vps close to Vs). As has been remarked in Sec. 4,7, strong- 
inversion models are not accurate in that region, since the drain end of the channel is 
then moderately inverted. Thus, if strong-inversion expressions are used in that re- 
gion, errors in g,, can result. 
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FIGURE 8.8 

Small-signal gate transconductance, substrate transconductance, and drain conductance versus Vos for 
fixed Veo and Vs», as predicted by the simplified model (solid lines). The broken line represents a more 
accurate modeling for g, ,;. 


It should be emphasized that, if separate J), expressions are used to derive g,, 
for different regions, it should be made sure that the resulting expressions for g,, are 
continuous at the region boundaries, and that at least the first derivatives of g,, with 
respect to each terminal voltage are also continuous (see also Chap. 10). In some 
computer simulator models, “smoothing functions” are used to produce a single Ip. 
expression out of the separate expressions for each region.*6 

Figure 8.8 shows the small-signal conductance parameters g,,, 2,.,. and g,, plot- 
ted vs. Vp. for a fixed Vgs, using simple nonsaturation expressions derived above up 
to Vos = Vps, and assuming that the parameters are constant above that point. The 
sharp corners are, of course, artificial and are the result of the simplifications in- 
volved in the modeling process. More accurate models would provide smooth curves. 
For example, if one models correctly the transition region between nonsaturation and 
saturation, and includes channel length modulation in saturation, the 8,q Plot would 
be of the form shown by the dashed line in the figure. 

It is interesting to note that, as follows from Fig. 8.8, 


if@ = 1 (8.2.37) 


Bsd\ysy=0 Srlvag>Vis 


assuming, of course, the same Vy value. 


SUBSTRATE-DRAIN PATH ELEMENTS. As already discussed, the effect of impact 
ionization can be modeled by using the three elements in the lower part of Fig. 8.5. 
The values of these can be obtained by using the definitions (8.2.13) to (8.2.15) with 
appropriate expressions for [p, (Sec. 6.6). From (8.2.13) and Fig. 6.26 it is seen that 
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Spe Will be positive for Vgs values below the peak of Jp,, and negative for values 
above that. The magnitude of g,, in normal operation is much smaller than g,,, and its 
effect is usually negligible. Similarly, g,, is usually negligible. However, the effect of 
8pq can be very important, as we will see shortly. Using (6.6.1) in (8.2.15), and keep- 
ing the dominant terms, we obtain: 


InpV. 
Spa = DB (8.2.38) 


Vos ~ Vos y’ 


where V, is typically 10 to 30 V, and Ip, is normally several orders of magnitude 
below I. This formula is very approximate, and should be used only for rough 
calculations. 


OUTPUT CONDUCTANCE. Consider a transistor connected as shown in Fig. 8.9a. Its 
total drain current, Jp, is shown versus Vp, in Fig. 8.9b. Let us define the slope of this’ 
plot as the small-signal “output conductance” g,: 


al 
8, = (8.2.39) 
OVos 


Vos. Vsz 


This quantity is shown plotted versus Vp, in Fig. 8.9c. The main effects respon- 
sible for the behavior of this plot are marked on the figure. There are two ways in 
which impact ionization can influence the value of g, and make it rise with Vps. One 
is directly through the change in /p,. Limiting attention to the intrinsic device, it is 
easy to see that g, = 2,4, + 84g. This can be seen from the small-signal equivalent cir- 
cuit in Fig. 8.5, by using in it AVg, = AVgg = AVsg = AVgs = 0, and connecting the 
substrate to the source, corresponding to Fig. 8.9a. 

A second effect‘ is present due to the resistance of the substrate material (this 
resistance belongs to the “extrinsic” part of the device, which will be discussed in 
Sec. 8.4; however, it is appropriate to mention its effect here). Assume that the sub- 
strate offers a resistance R,, to the substrate current Jpg. This causes a voltage drop 
Rpg, which opposes the source-substrate voltage Vsp; i.e., the intrinsic transistor 
now does not see Vs,, but rather an effective voltage Vs, — R,-Zpg. As an increasing 
drain voltage increases Ip, the above effective voltage decreases, which decreases 
the threshold voltage due to the body effect. This then causes an extra increase in Ips, 
not accounted for by the effects considered so far. One easily finds that, assuming R,, 
<< l/g,,, the output conductance g, is given by (Prob. 8.12): 


Bo ™ Bsa + BmbRoeBba + Bod (8.2.40) 


This quantity is difficult to calculate accurately, as the path over which [pg 
flows changes with bias, thus changing the effective R,,. For devices built on a low- 
resistivity epitaxial layer, R,, is small and so is the middle term in the right-hand side 
of the above equation. 
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FIGURE 8.9 
(a) Transistor with fixed V,-; and V5,, and a variable Vp. (b) Total drain current J, versus Vp, for the 
connection in (a). (c) Output conductance [slope of the plot in (é)], with dominant effects marked. 
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FIGURE 8.10 
Output conductance (on a log scale) (a) for a short-channel device (W = 10 4m, L=0.35 xm, t,, = 100 A) 
and (b) for a long-channel device (W = 1.2 wm, L= 10 um, 1, = 150 A) (© 1993 by IEEE). 


The quantity g, is shown versus Vps, with V¢, as a parameter, in Fig. 8.10, for a 
short- and long-channel device.3> For the former, the presence of strong channel- 
length modulation and DIBL effects keeps 2,, large, no matter what bias values are 
used. In contrast, the long-channel device g,, can vary over a very wide range and can 
be made very small for Vps of a couple of volts, in fact smaller than the other terms in 
(8.2.40). This helps reveal those terms and is the reason that impact ionization effects 
are more apparent in this device. As seen, impact ionization can increase g, by over an 
order of magnitude. This can have very serious consequences in analog circuit design, 
so it is very important to include g,, in the small-signal equivalent circuit of the intrin- 
sic device (and, of course, R,, in the model of the complete device—see Sec. 8.4). 


APPARENT TRANSCONDUCTANCE “OVERSHOOT.” The effect of the substrate ex- 
trinsic resistance, referred to above, does not only affect g,. When Vos is increased, 
Ing initially increases, as shown in Fig. 6.26. This decreases the effective source- 
substrate bias Vs, — R,-/p_, and thus decreases the effective threshold, causing an ex- 
cess increase in Ips, above what would be expected in the absence of R,,. If the origin 
of this effect is not known, the increase in dIp/@Vgs might be interpreted as a "hin 
overshoot.” However, this would be misleading; as explained, this effect has nothing 
to do with g,,, as defined in (8.2.4) for the intrinsic device. Thus, instead of having to 
rederive “effective” g,, values, it is best to just include R,, in the model for the com- 
plete device (Sec. 8.4); this will take care of the effects just discussed. 


8.2.5 Weak Inversion 


Using the weak inversion current equation (4.6.13) in the definition for g,, (8.2.4), we 
find 
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e8 1 los 
ae (8.2.41) 


where n is given by (4.6.16), assuming the effect of interface traps is negligible, a 
valid assumption for many modern devices (Sec. 2.6). If this effect is not negligible, 
ncan have a larger value, best determined experimentally. 

Thus, in contrast to the behavior in strong inversion, here the quantity g,,/Ing is 
independent of W/L. This is a consequence of Ip; being an almost exponential func- 
tion of V., in weak inversion. In fact, the behavior here is qualitatively the same as 
for a bipolar transistor. For the latter, the current in the forward active region is given 
by I, = Ipe"se:, where Vp, is the base-emitter voltage and [, is a characteristic cur- 
rent independent of Vp,-. Thus, g,, = dic/dV pr = Ic/, OF 8n,/1¢ = l/h, independent of 
geometrical details. Note that the corresponding quantity for the MOS transistor, 
8nllns = 1/(nd,), is always smaller since n is larger than unity. The value 1/¢,, 
reached by the transconductance-to-current ratio for the bipolar transistor but not for 
the MOS transistor, is sometimes called the Boltzmann limit. 

The substrate transconductance will not be obtained from (4.6.13) since Jy, Vay. 
and n depend on Vs, in a complicated manner. We will use instead (4.6.6)-(4.6.7) 
with Vox = Vos — Vas and Vong = Vas — Vas. Then from the definition of g,,,, (8.2.5), 
we obtain (Prob. 8.13) 


Bmp * nat fos 8.2.4 

nd (8.2.42) 

Thus the ratio g,,,,/g,, is given by: 
Smb sn — | (8.2.43a) 

Em 
———— (8.2.43b 
2.) Vs— + 2b ao) 

t 
a SE “Ok (8.2.43c) 
Cox ds 


where we have assumed negligible interface trap density, and where in the last ex- 
pression d, is the approximate width of the depletion region in weak inversion. This 
- relation is of the same form as (8.2.20). 
For g,; we find, using the definition (8.2.6) in (4.6.13), 


(8.2.44) 
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This equation predicts a g,, that rapidly goes to 0 with increasing Vps. How- 
ever, this neglects the direct influence of the drain field on the channel (already dis- 
cussed above for the case of strong inversion). Because of this effect, one often finds 
that for large Vp, a behavior similar to that predicted for saturation by our simple 
strong-inversion model is exhibited. One can again use an approximation of the form: 


(8.2.45) 


where Vy is typically smaller than the corresponding quantity V, used for strong in- 
version, and Vp, > 5, has been imposed as a condition to ensure operation in the 
“flat” part of the curves in Fig. 4.25. For short-channel devices, g,, can be larger than 
the value predicted by the above equation, as Vy, in (4.6.13) stays close to the thresh- 
old voltage and can be drastically affected by DIBL. Working with (4.6.13) and as- 
suming the changes of Vy with Vps track those of V;, it is easy to show that (8.2.34) 
is valid in weak inversion. This equation leads again to (8.2.35). From this and 
(8.2.41) it is seen that g,, can still be written as in (8.2.45), with V,,, roughly propor- 
tional to L again (but with a smaller constant of proportionality). 


8.2.6 Moderate Inversion 


As has been noted in Sec. 4.5, in some models for Jp, the moderate-inversion region 
is neglected, and the weak- and strong-inversion regions are taken to be adjacent. 
This results in some error in predicting J,,, which can be tolerated for some applica- 
tions. Unfortunately, though, the corresponding error in the small-signal parameters 
is usually unacceptable, and cannot be made small no matter what empirical values 
are chosen for the model parameters. To illustrate this, we will choose g,, aS an exam- 
ple and will consider the behavior of this parameter over a wide range of Vas for a 
fixed Vs. To avoid the interference of higher-order effects, such as channel length 
modulation or uncertainty as to the exact value of Vp, we will not choose a Vp, in 
the saturation region. We will choose instead a negligibly small Vps, which corte- 
sponds to a very common condition for measuring the threshold voltage and the 
quantity 4C’, (see Fig. 4.28). The results for g,, and for g,,/Ips are shown in Fig. 
8.11.48 These results were obtained by using the general charge sheet model of Sec. 
4.3.1, which is valid in all regions of operation (see also Sec. 8.2.7). As seen, in 
strong inversion g,, is approximately constant (g,, reaches a maximum and then de- 
creases with increasing Vz (due to the influence of Vgs on the effective mobility”) 
corresponding to the slope of the solid line in Fig. 4.28.) In weak inversion, ,,/Ips is 
seen to be approximately constant. This is expected from (8.2.41) and is a conse- 
quence of the practically exponential dependence of Zp; on Vgs. In moderate inver- 
sion, neither g,, nor g,/Ips can be considered approximately constant, as seen in the 
figure. Yet, models which neglect the moderate inversion region predict that the re- 
gions of constant g,, and of constant g,,/[ps are adjacent at some point; clearly, 20 
such point exists in Fig. 8.11. Thus, using such models in analog circuit applications 
and for Vgz values in the vicinity of V; can lead to very wrong predictions. 
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FIGURE 8.11 
Transconductance and transconductance-to-current ratio, both normalized to their maximum values, as a 


function of V,,, for negligibly small, fixed Vps. 


Unfortunately, there are as yet no analytically derived closed-form expressions 
for the small-signal conductances in the moderate-inversion region. Thus, one must 
resort to general models, discussed in the following subsection. 


8.2.7 General Models 


In Sec. 4.3 it was shown that general expressions can be developed for J, which are 
valid in all regions of operation for a long-channel device (neglecting channel length 
modulation). Such expressions can, in principle, be used to provide expressions for 
the small-signal conductances, which will be valid in all regions including moderate 
inversion and for the transition from nonsaturation to saturation in strong inver- 
sion.°-53 The difficulty here will, of course, be complexity. The drain current expres- 
sion contains Vg, explicitly in (4.3.16) and (4.3.17), and also implicitly through #9 
and W,, [see (4.3.18)]. As expected, the results are algebraically complicated. A dif- 
ferent approach is now suggested. It can be shown? that for the charge sheet model, 
the quantities g,, and g,,, defined in (8.2.6) and (8.2.10), respectively, are given by° 


Wi.» 

Bsa = w= (-Oi) (8.2.46) 
Ww 

855 = u—-(-Qho) (8.2.47) 


+The easiest way to derive this equation is through a quasi-Fermi potential formulation for the current; see 
(3.10) in Appendix J. 
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where Q/, and Q,o are the inversion layer charges per unit area at the drain end and at 
the source end of the channel, respectively. If desired, these can be expressed in terms 
of the surface potential by using (4.3.15). For example, g,, becomes: 


Woe 
8sa = T BCox Von — Veg — Yu — Y tar) (8.2.48) 


As a check, consider the nonsaturation region. Substituting #,, by Vpg + $y = 
Vis + Von + Go in the above equation, produces (8.2.21). In the transition region from 
nonsaturation to saturation, the use of precise values for ¥,, in (8.2.48) can provide 


accurate values for g,, in long-channel devices. Of course, this equation should not 


be used in saturation, as it ignores channel length modulation and DIBL. 

Simpler results are possible if the above relations are applied to the simplified 
charge sheet models discussed in Sec. 4.3.2. As an example, we will assume opera- 
tion in saturation and will develop expressions valid in all regions of inversion. In sat- 
uration, Q;, is negligible. Using Q7, = 0 in (4.3.410), solving this equation for Qj in 
terms of Jp, and using the result in (8.2.47) gives>2> (Prob. 8.14): 


saturation (8.2.49) 


where 
WwW ow 2 
airs uC, (2n¢?) (8.2.50) 


is a characteristic current.545? Further manipulation of the equations of the simplified 
charge sheet model produces**? 


= " 


Since, in the saturation region, g,q is negligible compared to g,, and Bin, (We as- 
sume no short-channel effects), (8.2.11) gives 


2m + 8mb = Brg Saturation (8.2.52) 
Using (8.2.51) and (8.2.52) we obtain 


&mb = ae , Saturation (8.2.53) 
n 
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Source conductance and gate transconductance, normalized to their maximum values, versus normalized 
drain-source current.*995.57.57a 


As acheck, consider /y,; « I,; then the above expressions for g,, and g,,,, reduce 
to those obtained for weak inversion in (8.2.41) and (8.2.42). Or consider Ip, > 17; 
then g,, can be easily seen to reduce to the strong inversion expression (8.2.17), with 
n replacing @ (the two quantities are of similar magnitude); similarly, g,,, approaches 
the value given by (8.2.20a). Similar results have been produced earlier using inter- 
polation techniques.>*+->’ 

The above results are plotted, in normalized form, in Fig. 8.12.53-55.57.57@ In the 
same plot, we show g,, plots from our earlier weak- and strong-inversion expressions. 
The point p,/fz = 1 falls in the moderate-inversion region. Clearly, the weak- and 
strong-inversion expressions fail for a range of about 2 orders of magnitude centered 
around this point. Instead, (8.2.49) has been extensively compared to measurements 
and has been found to be very accurate> throughout, for a variety of processes. This 
means>* that, for a given temperature, g,,/Ipg is fully determined by the ratio Ips/Iz. 
Note that the maximum possible value of g,, is Jp5/@, (the “Boltzmann limit”), and 
that of g,, is Ing/(nd,). 

Thus, in saturation, for a given bias current in any region of inversion, the de- 
termination of the transconductances becomes trivial! One need only to find g,, from 
(8.2.49) (or Fig. 8.12), and then find what part of g,. is apportioned to each of g,, and 
Snap bY using (8.2.51) and (8.2.53). In a similar manner, other small-signal parame- 
ters can also be expressed in terms of [ps/I7.°5>7 An example is shown in Table 8.1 at 
the end of this chapter. 

In Fig. 8.13, log g,, is plotted versus log ip, for various values of W/L and for 
operation in the flat part of the [j>-Vps characteristics; a fixed Vc, is assumed. For 
each W/L value, the straight-line segment on the right corresponds to strong inversion, 
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FIGURE 8.13 
Comparison of log g,, versus log / behavior for a bipolar transistor and for MOS transistors with various 


WIL values, with fixed Von. 


and the straight-line segment on the /eft corresponds to weak inversion. The curved 
part corresponds to moderate inversion. In strong inversion, for a given value of Ins, 
one can obtain a larger g_, by using a larger value for W/L, as expected from (8.2.175). 
However, this is not true in weak inversion, as can be seen both in the figure and from 
(8.2.41). There, once Ips is fixed, g,, is known (assuming a fixed value for n). This be- 
havior is compared to that of a bipolar device in Fig. 8.13 (see comments on the latter 
in Sec. 8.2.5). 

Plots of 2. Sm and g,4 VS. Ves for a fixed, large Vps have the form shown in 
Fig. 8.14. Such plots show these quantities varying continuously over all regions of 
inversion. The order in which the various regions are encountered as Vgg is increased 
has been discussed in Sec. 7.4.8 in conjunction with Fig. 7.8. 


8.3 A MEDIUM-FREQUENCY SMALL-SIGNAL 
MODEL FOR THE INTRINSIC PART 


8.3.1 Introduction 


When the small-signal voltages applied to an MOS transistor are varying fast, the 
small-signal terminal currents can be very different from those found using the circuit 
of Fig. 8.3. We now introduce a simple mode! that will predict such behavior as long as 
the frequency is not too high. The model achieves this by taking into account charge 
storage effects, assuming quasi-static operation. !:2.58,13.15,16.28,29,58-97,51-57.42-44 Not 
all such effects are included; additional charge storage effects will be considered in 
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FIGURE 8.14 
Small-signal gate transconductance, substrate transconductance, and drain conductance as a function of 
Ves for fixed Vp, and Vs, as obtained from the complete charge sheet model, for a tong-channel device. 


Chap. 9. Nevertheless, the model we are about to introduce here is important in its own 
tight, and we present it in a self-contained manner for two reasons: 


1. It is widely in use, because it achieves a reasonable balance between accuracy and 
complexity. Some readers might find it adequate for their purposes, so it was felt 
that they should not have to be subjected to the general treatment of Chap. 9 be- 
fore they encountered a useful model. 

2. The material in this section will be a useful foundation for the general treatment in 
Chap. 9. In fact, the more complete model in that chapter can be produced just by 
adding a few extra elements to the model we will develop here. 


As before, we will consider only the intrinsic part of the transistor in this sec- 
tion. This fact will be understood without being indicated explicitly. Extrinsic device 
modeling will be introduced in Sec. 8.4. No impact ionization is assumed. 

In this section we will emphasize intuition. For more rigor, the reader will have 
to wait until Chap. 9. 


8.3.2 Intrinsic Capacitances 


The intrinsic part of a long-channel transistor (neglecting the two-dimensional effects 
very close to the source and drain regions) can be considered by itself by viewing it 
as a fictitious device in which the length of the source and drain regions has shrunk to 
zero, as shown in Fig. 8.15a. Our discussion will be more convenient if we define the 
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AV, 


FIGURE 8.15 

Measurement of intrinsic capacitances (in principle). The figure shows the intrinsic part of a transistor. 
(a) Transistor biased with four dc voltages at a certain operating point; (b) effect of a small increase in 
the source voltage; (c) effect of a small increase in the drain voltage; (¢) effect of a small increase in the 
substrate voltage. The relations in the figures give the corresponding capacitance values. 
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voltages at the four terminals with respect to an arbitrary reference, as shown by the 
“ground” symbol in the figure. A subscript 0 will be used to denote the “quiescent” 
values of the voltages and charges in Fig 8.15a. Let us consider the effects of small 
changes of Vs on the gate and depletion region charges (Fig. 8.155), the effect of small 
changes of V, on the gate and depletion region charges (Fig. 8.15c), and the effect of 
small changes of V, on the gate charge (Fig. 8.15d). The details in these figures and 
the definitions next to them will be explained shortly. In order to discuss a concrete 
case, and to be able to draw the figures, we have assumed that the device operates in 
strong inversion, and that AV,, AVp, and AV, represent increases. However, the defini- 
tions given are general; they apply in all regions, and are independent of the sign of 
the voltage increments. All voltages are assumed constant before and after the change, 
and all cases in Fig. 8.15 are assumed to be in dc steady state. Thus, for example, AQ, 
in Fig. 8.15 is the difference between the total steady-state charge when the source 
voltage is held fixed at V,+ AV, and the steady-state charge when the source voltage 
is held fixed at V;. For simplicity, the interface charge Q, is not shown. 

We now consider the experiment of Fig. 8.15 in detail. The potential across 
the oxide at various points decreases relative to that in Fig. 8.15a and, hence, the gate 
charge decreases too, and thus AQ; is negative. The relation between the cause (AV;) 
and the effect (AQ,) can be represented by the small-signal equivalent circuit of 
Fig. 8.16. In this circuit the voltage AV, places a charge C,, AV, on the bottom plate 
and a charge -C,, AV, on the top. For the latter charge to represent the change AQ, 
in Fig. 8.156, we must have -C,, AV; = AQ,,. Hence C,, = -AQ,/AV,, as stated next 
to Fig. 8.155, More formally, we have 


(8.3.1) 


where to the right of the vertical line we show the voitages being held constant. The 
reader is urged to carefully consider the rationale given for the minus sign in the 
above definition. 

It is important not to associate C,, with any parallel plate structure in Fig. 8.15. 
C,, is simply the value that the fictitious capacitor in Fig. 8.16 should have in order 
for the charge on its top plate to be the same as the charge change AQz in Fig. 8.150. 
Note that, since AQz is negative when AV, is positive, the value of C,, is positive.f 

Figure 8.15» also illustrates the capacitive effect of the source on the substrate. 
~ Increasing V, increases the width of the depletion region, thus making the total 
charge there more negative, and hence AQ, is negative. This is accomplished by 
more acceptor atoms being uncovered (in comparison to Fig. 8.154), which means 
that holes must leave the bottom of the depletion region, which causes a total charge 


{Throughout this section, all capacitances and charges are for the intrinsic part of the device only. For example, 
C,, is the intrinsic gate-source capacitance and no? the total gate-source capacitance of the device. It will be 
seen in Sec. 8.4 that an extrinsic capacitance caused by the physical proximity of the gate and the source must 
be added to C,, to arrive at the total gate-source capacitance. 
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FIGURE 8.16 
= Meaning of C,,, the small-signal intrinsic gate-source capacitance. 


|Qz| to leave through the substrate terminal. This is equivalent to saying that a nega- 
tive charge AQ, enters the device from the substrate terminal. Reasoning as before, 


we define 


pal (8.3.2) 
OVs |¥G.¥p.Ve 


The effects of increasing V, are entirely analogous to that of increasing V, and 
are illustrated in Fig. 8.15c. We define: 


= _% (8.3.3) 


Vy Vg. Vs.Vg 


- _ Wa (8.3.4) 


OV | Vg.¥s.¥e 


Finally, the effect of increasing Vz, is illustrated in Fig. 8.15d. The increasing V, 
causes positive charges to flow into the substrate terminal, which are partly balanced 
by a decrease in Q,. This is equivalent to a negative AQg flowing into the gate. This 
is easier to understand in weak inversion, where the inversion layer charge is negligi- 
ble. Then practically all the positive charge change AQ , must be balanced by an op- 
posite change in the gate charge; hence AQ, will be negative. We define 


_ 26 


OV, ¥g.¥s.¥p 


(8.3.5) 
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FIGURE 8.17 
Simple small-signal equivatent circuit for the MOS transistor. 


All the above five effects can be modeled in a manner analogous to that of 
Fig. 8.16. These effects can be included in a small-signal equivalent circuit by adding 
to the circuit of Fig. 8.3 five capacitors, as shown in Fig. 8.17. It is important to note 
that the various elements in the resulting model do not interfere with each other. For 
example, keeping terminals g, d, and 6 at ground and applying AV, at terminal s will 
cause a charge —C,, AV, to enter terminal g, thus modeling correctly the effect of the 
source on the gate. C,, and C,,, although connected to the gate, will not interfere 
since they will act as open circuits (the voltage across them is fixed). The reader can 
easily check that each of the remaining four capacitance effects is also modeled cor- 
rectly by the corresponding capacitors and with no interference from other elements 
(Prob. 8.15). This “noninterference” is a very important property which should be 
carefully checked every time several elements—each meant to simulate a separate 
effect—are connected together to form a circuit model. 

Since C,,, C,4, and C,,, represent the effect on the gate of each of the other three 
terminals, the circuit of Fig. 8.17 can model accurately the quasi-static small-signal ef- 
fects one “sees looking into” the gate of a MOS transistor. Notice that for now we cannot 
prove a similar statement for the other terminals. (This subject will be discussed further 
in Chap. 9.) At this point, we will only say that, as it turns out by comparison to more 
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complete models (Chap. 9), the model topology of Fig. 8.17 is satisfactory (as far as 
looking into any terminal, and as far as the effect of any terminal on any other is con- 
ceed), even if the terminal voltages vary continuously with time, as long as their varia- 
tion is slow enough. For sinusoidal small variations, this can be quantified by establish- 
ing an upper frequency limit of validity. The figure one comes up with depends on the 
accuracy desired, the region of operation, which terminals are being driven with signals, 
_ which terminal currents are of interest, whether the magnitude or the phase of those cur- 
rents is of interest,t etc. Thus, it is not easy to give a single number. Some general indi- 
cation can, nevertheless, be given by comparison to more sophisticated model topologies 
(Chap. 9). Thus, in strong inversion, whatever the criterion being used, the upper fre- 
quency limit of validity turns out to be proportional (but nor equal) to the quantity: 


(8.3.6) 


where the reason for the presence of the quantities in the right-hand side can be un- 
derstood after higher-order models are discussed in Chap. 9. Thus, assume that satis- 
factory values have been obtained for all model elements at low frequencies. Then, 
without touching these element values, the model will continue to be valid up to 
about 0.lw, (a conservative limit, for very critical applications) or even 0.5, (for 
noncritical applications). Such performance is sufficient in many cases. The degrada- 
tion of the model is very gradual as the frequency is increased, so no “sharp” deterio- 
ration is observed at any particular frequency. When, at high frequencies, the model 
eventually becomes unacceptable, it will not be because the element values are not 
right, but rather because the nature of the model (Fig. 8.17) is inadequate for such 
frequencies. The only way to achieve satisfactory modeling in this case is to use 
more sophisticated model topologies, as discussed in Chap. 9. 

The five capacitances defined above are strongly dependent on the “bias val- 
ues” of the terminal voltages, i.e., the values around which the small-signal voltages 
occur. These bias values are denoted by Vio, Vo, Vago and Vsq in Fig. 8.152. For sim- 
plicity, from now on we will denote them simply as Vp, Vg, Vg, and Vs. We now pre- 
sent expressions for the capacitances in terms of the bias voltages. We will consider 
each region of operation separately. 


STRONG INVERSION. Accurate capacitance expressions can be derived for the 
strong-inversion region by using the above capacitance definitions in conjunction 
with the charges corresponding to the complete model of Sec. 4.5.1. Expressions for 
these charges are given in Appendix M. However, the resulting capacitance expres- 
sions are complicated.'3.!54 


+As the frequency is raised, both the magnitude and the phase as predicted by the model will be increasingly in 
error. For many applications, the phase error becomes intolerable first. 

{For this reason, empirical capacitance expressions are often used in conjunction with the complete strong- 
inversion model (Appendix M). 
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For simpler, approximate results, one can use the charge expressions corre- 
sponding to the simplified model of Sec. 4.5.3. Depending on the generality one al- 
lows for the value and functional dependence of @ (Sec. 4.5.3), the resulting capaci- 
tance expressions can range from simple to very complicated. A good compromise 
between simplicity and accuracy can be obtained based on the following two assump- 
tions: (1) the value of a is equal to 


b+ ea 


a = (8.3.7) 


which was one of the choices for @ in Sec. 4.5.3, and (2) the derivative of a, with V, 
and V, is negligible; i-e., in our differentiation of the charge expressions, the quantity 
a, will be treated as a constant. These assumptions simplify the calculations, because 
every time a charge containing the term V; is differentiated with respect to Veg, it will 
result in the term | + dV;/dV., = a. This term can then be grouped together with 
other terms containing @,, resulting in simple expressions. From the material in Sec. 
4.5.3, it is clear that the above assumptions can be justified especially for large Vcp 
and small Vp (or small Vs, since then Vp, will be small). Hence, the accuracy of the 
resulting capacitance expressions can be expected to be good in such cases. In cases 
where V,. is large and/or Vs, is small, some error can be expected. However, such 
error is consistent with the overall accuracy of the simplified model. We will later 
show how the above error can be reduced. 

Using then @ = a, in (7.4.15) and (7.4.17), applying the definitions (8.3.1) to 
(8.3.5), and neglecting the derivative of a, with V, and Vp, we obtain, after much al- 
gebra (Prob, 8.16): 


2(1 + 27) 

Ox 3(1 + ny (8.3.8) 
2(1 + 2 

Cy. = (a, - INC, arent (8.3.92) 
= Co ~ INC, (8.3.9b) 
ee (8.3.10) 

* 3(b + n) 
(8.3.1 la) 
(8.3.11) 


(8.3.12) 
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where C,, is the total intrinsic oxide capacitance: 


Co. = CoxWE (8.3.13a) 


and 7 is the parameter defined in (4.5.38) and plotted in Fig. 4.20. 

In the case of C,, and C,, we note that, although it is convenient to express 
them in terms of (a, - 1)C,,, this quantity is independent of C,,. This is because, 
from (8.3.7), (a, — 1) is proportional to y which, from (2.5.16), is inversely propor- 
tional to C;,. Thus we have: 


2 
(a, - 1)C,, = ———=—= C,,WL = N29 NA WE = Ci.(Voq)WL (8.3.136) 


*  24dy + Ven 2.\ty + Vsp 


where C;.(Vog) is the substrate-channel depletion region capacitance per unit area, at 
the source end of the channel [similar to (1.5.19)]. 

The five capacitances are plotted in Fig. 8.18 using the above expressions. The 
behavior seen will be discussed intuitively shortly. 

Comparisons to (complicated) results®? from the charge sheet model (or from 
the complete strong inversion model—see Appendix M) show that the accuracy of 
the expressions developed above for C,, and C,, is excellent for all Vps. The expres- 
sions for C,,, Cyg, and C,, are found to be accurate at Vps = 0. When Vz and Vp are 
large, though, and at the same time Vc, is small, the accuracy is not good. Neverthe- 
less, in many circuit applications the consequences of the above errors will not be se- 
rious because C,,, C4, and C,, are usually small and are in parallel with other capac- 
itances (e.g., extrinsic capacitances and the capacitances of other devices in the 
circuit). C,, in particular is often short-circuited out through a source-substrate con- 
nection. One should also point out that within the above errors the expressions for the 
three capacitances track satisfactorily large variations in oxide thickness and sub- 
strate doping concentration, which is a desirable property for any model parameter. If 
more accuracy is desired, one can use for @, a simple modification. Thus, if in the ex- 
pression for C,, we substitute a, by 


¥ 
@a,=1+ 
5 2ldy + Veg + k.Vig(1 - a) (8.3.14) 


with k, = 1, the accuracy is much improved. Similarly, the accuracy of C,, and 
C,qcan be improved if we substitute a, by the above, with k. a small number (e.g., 
0.1 to 0.2). 

From (8.3.8) to (8.3.11) and (8.2.14) we obtain the following interesting ap- 
proximate result, mostly valid at small Vps or low Vs values:** 


bs ., bd. CN WB) 2 Om. +t = g - |i 
V, 1 (8.3.15) 


This result becomes exact for Vp5 = 0. 
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FIGURE 8.18 
Small-signal capacitances versus Vp, for a device with Vy = 0.5 V, y= 0.6 V2, dy = 0.9 V, with Vg. = 


2 V, as obtained from (8.3.8) to (8.3.12). (a) Vsg = 0; (6) Veg = 2 V. 


We now consider the capacitances for two cases of interest. 


NONSATURATION WITH V,, = 0. With Vp, = 0 (7 = 1), the capacitance expressions 
give: 


Cox 
Cys = Cg = 5 (8.3.16) 
Cy 1. 
Cys = Cog = (a, - 1) 7 = 7 Cre (Vsn) WL (8.3.17) 
Co, = 0 (8.3.18) 
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FIGURE 8.19 
A MOS transistor with Vp = Vs. 


It is easy to make these results intuitively plausible. With Vpg = 0 the channel is 
as shown in Fig. 8.19. Practically all the gate field lines terminate on the inversion 
layer, which is assumed strongly inverted throughout. If V¢ and Vz are kept fixed, 
and both Vs and V, are increased by the same amount AY, the potential across the 
oxide will decrease at every point by AV. Hence, the corresponding gate charge de- 
crease will be C,, AV. If, instead, only V, is increased by AV whereas Vp is kept 
fixed, the potential change across the oxide will vary from AV at the source end to 
0 at the drain end. This variation will be linear for a very small AV. It is easy to see 
that now the decrease in the gate charge will only be half as much as before, e., 
+¢C,, AV (Prob. 8.17). Thus, the value of C,, needed to properly model this effect is 
$e: A similar argument can be given for C,,, thus verifying (8.3.16). 

The values of C,, and C,, can be discussed in a similar manner. Here the argu- 
ments used above apply with C,, replaced by C,(Vsg)WL which, for the case we are 
considering, is seen to be the total capacitance of the uniform reverse-biased “field- 
induced junction” formed by the inversion layer and the substrate in Fig. 8.19. Thus 
(8.3.17) also makes sense. 

We will now attempt to make the relation to transconductances, shown in 
(8.3.15), intuitively plausible. Consider a nonzero, very small Vps, so that we can 
have a small nonzero current Ips (g_ and g,,, would vanish if Vpg were 0). As long as 
Vps is very small, it will not upset appreciably the uniformity in the channel, and the 
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picture will be practically as shown in Fig. 8.19. Keeping now Vz, V;, and Vp fixed, 
let V, change by AV,. This will cause an inversion layer charge change of magnitude 


|AQ,| = (C2,WL) AVG (8.3.19) 
and a corresponding current change 
Alyn, = 8m 4VG (8.3.20) 


Repeating this experiment by using the “back gate” instead of the front gate, we 
obtain 

[AQ;>| = [Ci(Vop)WL] AVs (8.3.21) 

Alp = 8mb AV, (8.3.22) 


Since the inversion layer is uniform, the current is proportional to Q,. Thus 
Alp /AIp, = |AQ;2|/|AQ,,|. Substituting the quantities in this relation by the corre- 
sponding right-hand sides in (8.3.19) to (8.3.22), we obtain g,,,/g,, = Ci(Vs—W/C6,- 
This, with the use of (8.3.135), (8.3.9), and (8.3.11) agrees with (8.3.15). 

We now consider C,,. At Vp, = 0, the strongly inverted electron layer, which is 
“connected” to the fixed voltages V; = Vp, keeps the voltage across the oxide fixed 
at all points, even if V, is varied. Hence the gate does not feel the variation, and 
4Q, = 0. This is modeled by [see (8.3.5)] 


Cop = 0, Vos = 0 (8.3.23) 


In other words, the strong-inversion layer acts as a “shield” throughout the channel, 
protecting the gate from the influence of the substrate. 

It is interesting to point out that, for Vp, = 0, complicated capacitance expres- 
sions corresponding to the complete model reduce precisely to (8.3.16) to (8.3.18). It 
is easy to trace this full agreement to our choice of value for a. Indeed, a = a, was 
seen in Sec. 4.5.3 to be the best choice for Vp. = 0. 


SATURATION. In the saturation region (77 = 0), we have from (8.3.8) to (8.3.12): 


Cos = 1Coy (8.3.24) 
Cry = F(a, - Cy (8.3.25) 
C, gan (8.3.26) 
Cae (8.3.27) 
ee (8.3.28) 
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The results for C,q and C,, can be easily seen to make sense as follows. In the 
saturation region, communication from the drain to the rest of the device is cut off 
owing to pinchoff (neglecting channel length modulation). Hence, when Vp is varied, 
the intrinsic device is not affected and all charges in it remain the same. In particular, 
AQ, = 0 and AQ; = 0. This, from (8.3.3) and (8.3.4) implies that Cod = 0 and C,,=0, 
in agreement with (8.3.26) and (8.3.27). 

Consider now C,, in (8.3.24). This value is accurate, as found by comparisons 
with accurate models and measurements (see below). The fact that C,, is found to be 
less than C,, often comes as a surprise, because one tends to think of the inversion 
layer as the lower of two “parallel plates” of a capacitor, the other plate being the 
gate. If we really did have a parallel metal plate all under the oxide (neglecting the 
pinchoff region near the drain), and if it were attached to the source and cut off from 
the drain, then we would, in fact, obtain a capacitance equal to C,,. This is because, 
if the source potential were changed by AV, we would have | Ay,,(x}| = |AVs| for 
any position x along the channel, with ¥,, the oxide potential. However, this is not 
what happens in the transistor. Using the analysis in Sec. 4.5.3 and (3.2.2), one can 
show that we will have | Ay,, | = [AVs] only at the source end of the channel, and that 
| Ays,,(x)| will be smaller and smaller as one goes toward the drain (in fact, for the 
complete model of Sec. 4.5.1, one can show that, in saturation, #7, at the drain end 
remains fixed at a value corresponding to the gate-drain threshold voltage, which is 
independent of V,). Thus, points further away from the source feel the change in the 
source potential less and contribute less to the change in the gate charge. This is why 
C,, is less than C,,.7 

Let us now consider C,, in saturation. Notice that (8.3.25) is of the form of 
(8.3.24). One can obtain an intuitive feeling for this result for the case of large Vp 
and small Vj¢. In such cases, the effective reverse bias of the channel with respect to 
the substrate does not vary much along the channel. Thus, the depletion region width 
is roughly uniform, just as was the case with Vp; = 0, and one can argue as we did 
above for C,,, with the role of C’. played now by C;,(Vsg). Thus, the result in 
(8.3.25) is not surprising. If the above conditions on bias voltages are not satisfied, 
though, the above intuition does not hold and, in fact, the model is not very accurate, 
as has been seen. If Ves and, thus, Vpy are large, the depletion region width will in- 
crease significantly as we go toward the drain, making the influence of the channel 
on the substrate weaker (as V, is varied). C,, is then found to be somewhat Jess than 
the value given by (8.3.25), as has been seen. 

Finally, we consider C,,. Assume a change AV, of Vz in Fig. 8.15d. Working as 
explained in the preceding paragraph, we find that here the resulting change in the 


+In circuits literature, the value 4 C,, in (8.3.24) is sometimes justified by saying that the length of the pinch- 
off region is 42, and thus the effective channel length is ¢ L. This explanation is not correct. The factor $ 
is the result of a mathematical derivation which has nothing to do with the length of the pinchoff region. This 
length, in fact, must be assumed zero in order to arrive at (8.3.8) and, thus, at (8.3.24). Besides, the length of the 
pinchoff region is not +Z in general; in fact it is predicted from first-order theory to be independent of L from 
(6.2.1). For long-channel devices, the pinchoff region occupies a very small part of the channel. 
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oxide potential, Ay,,, although zero at the source end, becomes nonzero at other 
points, and in fact | A%,,(x)| increases toward the drain. (For example, for the com- 
plete model of Sec. 4.5.1 in saturation, %,, at the drain is maintained at a value corre- 
sponding to the gate-drain threshold, as already mentioned; when Vz is changed, this 
value changes due to the body effect at that point.) The nonzero changes in &,,(x) 
contribute to a change in the gate charge. Thus C,, is nonzero in Saturation, as pre- 
dicted by (8.3.28). 

Closing our discussion of strong-inversion capacitances, we should point out 
that the expressions developed above, although derived by using the approximate 
model charges, are sometimes used in conjunction with other models. Obviously, in 
such cases, one should use in the expression for 7 a value of V,,, as predicted by such 
models, to be consistent with the [p.-Vpy characteristics predicted by them. 


INTRINSIC TRANSITION FREQUENCY. Consider a transistor in the connection 
shown in Fig. 8.20a, where the bias is assumed such that operation is in the satura- 
tion region. The voltage € sin wf is a sinusoidal small signal of angular frequency » 
(in rad/s). The small-signal equivalent circuit for this connection can be derived by 
substituting the transistor by the circuit of Fig. 8.17, and by substituting all dc voltage 
sources with short circuits (since for these sources AV = 0). Removing now all ele- 
ments which appear in parallel with short circuits and noting that C,, is 0 in satura- 
tion, we arrive at the circuit of Fig. 8.206. The small-signal drain and gate currents 
can be calculated by using this circuit, and are shown directly on the figure. Defining 


de sin wf 
(Cys + Cyn) 


é sin wt € sin we = oC,, + Cpg) € cos wr 


Bm © Sif Got 


onl 


{a) (>) 


FIGURE 8.20 
(a) A transistor operating in the flat part of the Ip.-Vpy, characteristics with a sinusoidal small-signal exci- 
tation; (6) the small-signal equivalent circuit for (a). 
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the “short-circuit current gain” magnitude a, as the ratio of the amplitude of the 
small-signal drain current to the amplitude of the small-signal gate current, we have 


ga, = ——o2__ 
‘= WG, + Cu) (8.3.29) 


For w — 0 this becomes infinite, which is to be expected since at de there is no 
gate current. As w is increased, a; drops. The intrinsic transition frequency, or intrin- 
sic cutoff frequency, denoted by w;,, is defined as the value of w at which a; drops to 
the value of 1. From the above equation this value is 


Em 


oT; = Cys + Cop (8.3.30) 


Assuming no velocity saturation, using (8.2.17a) and (8.3.24), and neglecting 
Cy» we get 


strong inversion (8.3.31) 


where «, is defined in (8.3.6). The value of w7; is outside the region of validity of the 
model used, so it should initially be looked at with suspicion. However, calculation of 
@,, using higher-frequency models (Chap. 9) gives essentially the same value. The 
reason for this is that the above calculation involves only the magnitudes of the cur- 
rents. For these, errors using the simple model are not large at these frequencies. 
However, significant phase errors can result from using the models derived in this 
chapter at such high frequencies. 

As an example, consider a transistor with 4 = 600 cm/(V-s), L = 1 wm, and a= 
1.2, operating in saturation with Vgs ~ Vr = 1 V. From (8.3.31) we have wy, = 75 
Grad/s. This corresponds to f;; = @7;/27 = 11.9 GHz. 

In practice, the current gain of a complete transistor becomes unity at some fre- 
quency less than w,; because of the presence of extrinsic parasitic elements (Sec. 
8.4). Velocity saturation can further limit the cutoff frequency; these effects are dis- 
cussed in Sec. 9.6. 


MODERATE INVERSION. In Sec. 7.4.3 it was mentioned that the moderate- 
inversion region is sometimes neglected in developing expressions for the various 
charges. The approach taken in such cases is to consider weak- and strong-inversion 
expressions as valid in adjacent regions. The resulting error is often acceptable for 
charge evaluation. However, such charge expressions will result in large error in pre- 
dicting capacitances. This will be seen later in this section when we compare the 
above approach to results derived from complex general models valid in all regions 
of inversion. 
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As was true for small-signal conductances, to evaluate the small-signal capaci- 
tances in moderate inversion one resorts to general models, which are valid in all re- 
gions of inversion (see below). Interpolation modes are also used; an example will be 
shown in Table 8.1 of the end of this chapter. 


WEAK INVERSION. In weak inversion things are very simple. The inversion layer 
charge is negligible throughout the length of the channel, and the gate “sees” the de- 
pletion region directly through the oxide. A small increase in V, will cause some 
charges to enter through the substrate terminal, and this will be balanced by some 
gate charge leaving through the gate terminal. The corresponding value of C,, can be 
found by using the weak inversion Q,, from (7.4.34) and (7.4.33) in (8.3.5): 


y 


[—— 
2jy714 + Veg — Veg (8.3.32) 


Varying V; or Vp in weak inversion can vary the inversion layer charge drasti- 
cally in a relative sense. However, this charge remains negligible compared to Q, and 
Q,, and can play no significant role in the charge-balancing process. Hence the gate 
and substrate do not “feel” the variations of V, and Vp, and the corresponding AQ; 
and AQ, in Fig. 8.15 and c are negligible. The values for the corresponding capaci- 
tances are thent 


(8.3.33) 


An intrinsic cutoff frequency can be defined for weak inversion (with Vp, > 
5@,) in a similar manner as in strong inversion, and Fig. 8.20 is still valid. Using 
(8.3.33) in (8.3.30) we get 


(8.3.34) 


Using the weak-inversion expressions for g,, and C,,, it can be shown that 


(Prob. 8.22) 


toy, = HEL weak inversion (8.3.35) 


rr Same ae 


{This discussion only considers the effect of the source and drain through the inversion layer charge. In addition 
to this, one has the proximity capacitances between the gate inside the broken line in Fig. 7.1 and the inside side 
walls of the n+ regions.®’ These capacitances are observed in weak inversion and depletion, but reduce to zero in 
strong inversion, since the inversion layer then acts as a shield between the gate and the inside side walis of the 
nt regions. See “Small-Dimension Effects” below. 
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where Ips is the current at the particular operating point and Jy is the maximum 
achievable current in weak inversion (i.e., the current at the upper limit of the weak 
inversion region). 

As an example, consider a device with 4 = 600 cm’/(V-s) and L = | am, oper- 
ated at room temperature with J, equal to one-fifth the maximum weak inversion 
current. Then (8.3.35) gives w;, = 311 Mrad/s. This corresponds to f;; = w7;/27 = 49 
MHz. The same device was seen earlier to have af; of 11.9 GHz in strong inversion, 
with Vo,~ Vr=1 V. 


GENERAL CHARGE SHEET MODEL. In Sec. 7.4.5, we have shown how the com- 
plete charge sheet model of Sec. 4.3 can be used to evaluate the various charges. The 
resulting expressions are valid in all regions of inversion. These charges can be dif- 
ferentiated to produce capacitances (not an easy task). The resulting expressions are 
too lengthy,5? unless an approximation is used for the bulk charge, as in Sec. : 
4,3,.25193 

To show the capacitance variation over all regions of inversion, we can fix Vps 
and plot vs. Vgs. This was the approach taken in the plots of Figs. 7.9 and 8.14. The 
resulting capacitance plots are shown in Fig. 8.21 and agree very well with experi- 
ment in all regions. In Fig. 8.22, we show an expansion of the horizontal scale around 
the moderate inversion region. In this region both strong- and weak-inversion expres- 
sions fail completely. Yet, in some models for circuit CAD, weak and strong inver- 
sion expressions are assumed to be valid in adjacent regions. 

In Fig. 8.23, we compare 8/8» Cys/Cys, and Cyg/C,4. It is seen that (8.3.15) is 
approximately verified. 

Both the simplified charge sheet modelS'-53 and the EKV interpolation model*** 
result in capacitance expressions which are valid in all regions of inversion. An exam- 
ple is shown at the end of this chapter. 


DEPLETION. In depletion, the only relevant capacitance of the intrinsic device is 
C,,.+ Using the corresponding gate charge (7.4.50) in the definition (8.3.5), we ob- 
tain the same expression as in weak inversion: 


Y 


a a 


It should be noted that the above expression has been developed by assuming a 
perfect depletion region with a sharp edge. However, if Vgp gets close to Vrz (within 
a few ¢,), such a region cannot be defined clearly and the above expression will be 
somewhat in error. More exact calculations can be done by taking into account the 
distribution of carriers below the oxide (Appendix F) in conjunction with (2.6.8). 


(8.3.36) 


+See, however, the preceding footnote concerning the effect of the inside side wails. 
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FIGURE 8.21 
Example of small-signal capacitances versus Vey, with Vp; = 4 V and Vo, = O, as predicted by accurate 
calculations.®? 
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Part of the plot of Fig. 8.21, expanded around the moderate inversion region.®2 
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FIGURE 8.23 
Comparison of capacitance ratios to transconductance ratios for the device of Fig. 8.21, with Vp;=4 V 
and Vs, = 0, as they result from accurate calculations. 


ACCUMULATION. In developing charge expressions for the accumulation region 
(Sec. 7.4.7), we assumed that an abundance of holes creates a conductive sheet right 
under the oxide. This picture or direct use of the gate charge (7.4.51) in the definition 
for C,, (8.3.5) results in 


(8.3.37) 


The above argument about the “conductive sheet” is really valid only deep in accu- 
mulation. If Vp is only slightly lower than Vg, the “sheet” will not have formed sat- 
isfactorily and (8.3.37) will not be accurate. Again, C,, can be calculated accurately 
by considering the distribution of mobile carriers with depth (Appendix F) in con- 
junction with (2.6.8). Figure 8.24 shows C,, in the regions of accumulation and de- 
pletion. The broken line represents (8.3.36) and (8.3.37), and the solid line represents 
a more realistic behavior. 


SMALL-DIMENSION EFFECTS. The evaluation of intrinsic capacitances of short- 
channel devices must take into account several effects that we could conveniently 
nepecr wn ine case di \ong-cnamnd Lohees. Goth Ties nites NSO SAIa- 
tion, channel-length modulation, and of course the two-dimensional charge-sharing 
or DIBL effects. Some of these effects can approximately be taken into account by 
using “effective” values for such parameters as the threshold voltage and the gate 
width in the long-channe) expressions, as was done in modeling the current in 
Chap. 6. To do a better job, the charges must be evaluated including such effects, 
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FIGURE 8.24 
Gate-substrate capacitance in accumulation and depletion plotted versus Vex. Broken line: simple model; 


solid line: accurate model. 


and the resulting expressions differentiated with respect to the terminal voltages, as 
we have done above. It should be emphasized that our definitions in (8.3.1) to (8.3.5) 
are still valid. However, the results are invariably complicated; the interested reader is 
referred to the literature.©4-76.78.80.81,83.84,88,90,94,43 

An effect which becomes important in short-channel devices is illustrated in 
Fig. 8.25,’' where the situation near the source is shown. In Fig. 8.25a, a strong in- 
version layer is assumed formed, and a capacitance between it and the gate exists; 
this gives rise to the capacitance C,, previously discussed. In Fig. 8.250, the device is 
assumed to be off. Here the absence of an inversion layer allows the gate to “see” the 
inner wall of the source region directly. This gives rise to an “inner fringing” capaci- 
tance C,, (“outer” fringing capacitances also exist, and will be discussed in Sec. 
8.4).¢ A similar capacitance exists at the drain end, when the inversion layer does not 
“screen” the gate from the inner wall of the drain, 1.e., at cutoff and in saturation. As 
a device is driven from deep nonsaturation into saturation, the effect of the inversion 


tThe capacitance C;; has been evaluated using electrostatics, and is found to be:95 


d. 
Cy = we, ln [ +— sin (2 fox } 
wT tox T €, 


where d; is the junction depth. 
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(a) (b) 


FIGURE 8.25 
Intrinsic capacitances near the source. (a) In the presence of a strong-inversion layer; (b) in the absence 


of a strong inversion layer. 


layer near the drain goes from fully screening the gate from the inner wall, to practi- 
cally no screening at all; thus, the effective inner fringing capacitance is really a func- 
tion of how far we are from saturation.+ The inner fringing capacitance exists also in 
long-channel devices, but is usually small in comparison to the other capacitances. 
For small-dimension devices, one typically obtains capacitance-voltage plots 
which are qualitatively similar to those of long-channel devices, but the details of the 
plots, and the actual values, can be significantly different.’”!-’° An example is shown 
in Fig. 8.26, where we indicate the general behavior of the normalized gate-source 
and gate-drain capacitances, for a long-channel and a short-channel device, versus 
Ves for a fixed Vpg (the same type of plot as in Figs. 8.21 and 8.22). Several differ- 
ences are apparent.’!-76 For the short-channel device, C,, rises at smaller Vg. values, 
which is to be expected from the effect of DIBL on the effective threshold (Chap. 6). 
Before it rises, it is not zero, in contrast to the case for the long-channel device; this 
is because of the inner fringe capacitance discussed above. The combination of the 
various short-channel effects results in a larger maximum capacitance for the short- 
channel device, as seen. Finally, it is seen that for the short-channel device it is not 
easy to identify particular regions of operation on the plot, because the transition 
from region to region is very gradual (this trend is also apparent in the current of 
short-channel devices; for example, in saturation Vp, continues to affect the current 
through DIBL and channel-length modulation, and makes the transition from nonsat- 
uration to saturation less distinct than for long-channel devices). The normalized 
gate-drain capacitance for the short-channel device is seen to be nonzero at low Ves 
values, and to exhibit a very gradual transition from region to region. Very gradual 
transitions are also seen in C,, plots. Finally, C,, can be very small for short-channel 
devices; this may be expected from the material in Chap. 6, since a large part of the 


+A measure of this is the ratio C,4/C,, which, as seen in Fig. 8.18, goes from 0.5 to 0 as Vpg is raised. Thus, the 
following empirical relation has been suggested for the effective inner-fringing capacitance:76 


Coa 
Cir ett = ce - 2 | 


OK 
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FIGURE 8.26 
Normalized gate-source and gate-drain intrinsic capacitances for a long-channel device (solid line) and a 


short-channel device (broken line), for Vs, = 0 and fixed Vp. 


depletion region charge is controlled by the source and drain fields, and the effect of 
the substrate potential on the device is weakened. 

The thin oxide effects described in Sec. 6.9 can also affect the device capaci- 
tances.® For example, depending on device type, oxide thickness, polysilicon gate 
doping, and voltage polarity, a depletion region can form in the polysilicon gate im- 
mediately above the oxide, and the corresponding capacitance wil] be in series with 
the oxide capacitance. This can decrease the gate capacitance by over 10 percent.” 

The study of small-dimension effects can be greatly aided by two-dimensional 
computer simulations,’!~’4 correlated with measurements. The latter can be very dif- 
ficult since the intrinsic capacitances of smal! devices are small, and their effect can 
be masked by the drain current and by parasitic capacitances due to extrinsic effects, 
packaging, and measuring circuitry. The measurement of MOS transistor capaci- 
tances has been the subject of several studies .©.65.67.68,71,74.76,92,93 


8.4 SMALL-SIGNAL MODELING 
FOR THE EXTRINSIC PART 


The “extrinsic” part of a transistor is everything outside the broken line in Fig. 8.27a. 
__ In this figure and in the top view in Fig. 8.27b we show some symbol definitions to 
be used in the following discussion. 
: The charge storage effects associated with the extrinsic part can be modeled by 
using six small-signal capacitances (one between each pair of terminals), as shown in 
Fig. 8.28. In the symbols used for these capacitances, the first two subscripts indicate 
the associated device terminals and the subscript e stands for extrinsic. If the transis- 
tor happens to be inside a well on a CMOS chip (Sec. 1.6), then one must consider 
also the capacitance due to the pn junction between the well and the common sub- 
strate on which the well has been formed. This capacitance is denoted by C,,, in 
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FIGURE 8.27 
A MOS transistor: (a) cross section; (4) top view. 


Fig. 8.28, with b corresponding to the transistor’s body and b’ corresponding to the 
common chip substrate. The dotted box represents the model of the intrinsic part, 
which has already been discussed in the previous two sections. We now concentrate 
on the seven extrinsic capacitances. Each of these can easily be associated with parts 
of the physical transistor structure, as discussed below. 


GATE CAPACITANCES. Capacitances C,,, and C,4, are oxide capacitances. Each 
consists of three components, C,,, C,, and C,,,, as shown in Fig. 8.29. If the doping 
of the source/drain diffusions is high, the overlap capacitance C,, can be modeled as 
a nearly linear “parallel plate” capacitance with the oxide as the dielectric (provided 
the polysilicon depletion effect can be neglected). The component C,, is the outer 
fringing capacitance, which can be calculated from basic electrostatics> All three 
capacitances are approximately proportional to W, and thus C,,, and C,,, can be writ- 
ten in the form 


C,.. = Coe = WC? (8.4.1) 
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FIGURE 8.28 
Extrinsic transistor capacitances added to an intrinsic smail-signal model. 


FIGURE 8.29 
Extrinsic gate-diffusion capacitances. 
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where C” is a “capacitance per unit width,” including overlap, fringing, and top 
contributions.t This quantity is often estimated using 2D numerical simulations or 
measurements. In LDD devices, the overlap capacitances are found to be voltage- 
dependent, due to the light drain doping. 86.91.97.42.43 

There also exists a parasitic capacitance C,,, between gate and substrate along 
the channel length, outside the immediate channel area. This capacitance is propor- 
tional to the channel length, and can thus be expressed as 


Core = 2LC%, (8.4.2) 


where C%, is a “capacitance per unit length” on each side of the channel. The value of 
the latter is not straightforward to calculate in some technologies, as is evident from 
Fig. 6.136. Numerical calculations or empirical estimates are used. 


JUNCTION CAPACITANCES. The substrate-source and substrate-drain junctions give 
rise to small-signal capacitances C,,, and C,,,. Each of these is caused by a “bottom 
wall” part (over areas A, and Ap in Fig. 8.27) and two “side wail parts,” one due to 
the outer wall (along L, and Lp in Fig. 8.27) and one due to the inner wall of each re- 
gion (along W in Fig. 8.27). The reason one needs to consider such components is 
that, in general, the doping concentration of the p side for each of them is, in general, 
different, the details depending on device construction (see Sec. 1.6). For LOCOS 
processes, the capacitance per unit area along the outer wall can typically be several 
times that of the bottom wall, and comparable to that of the inner wall. STI (shallow- 
trench isolation) processes exhibit smaller outer wall capacitance per unit area than 
LOCOS processes. 

The bottom wall part of C,,. and C,,. can be expressed in terms of a capaci- 
tance per unit area. The sidewall capacitances per unit area, on the other hand, are not 
constant with depth and must normally be integrated over the sidewall areas for accu- 
rate calculations. A further complication arises because the sidewalls are not “plane,” 
but are instead nearly cylindrical. For approximate calculations, one uses effective 
sidewall capacitances per unit length, which only need be multiplied by the corre- 
sponding sidewall lengths to provide the total sidewall capacitances. According to the 
above, if Ay and C;, represent the source bottom wall area and capacitance per unit 
area, 1, and C; represent the source outer sidewall length (Fig. 8.27b) and capaci- 
tance per unit length, and if W and C;,, represent the source inner sidewall length and 
capacitance per unit length, we will have 


Cyse = AsCj, + IsCiy + WC, (8.4.3) 


+It can be shown” that CZ can be approximated by 


i 
Co = Igy Cog + 2 ey In { + ‘et. + Ciks 
WT 


OR 


where J,,, is the overlap distance and f,), is the thickness of the poly gate, as shown in Fig. 8.29. The quantity 


Cc top can be about 10 percent of the total,* and increases somewhat with L. 
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Similarly, with Ap, Cjz, lp, Cjap, W and C;g, the corresponding quantities for the 
drain, we will have 


Cote = Api + IC + WOK (8.4.4) 


The values for the C;and C7’ are usually provided for zero junction reverse bias. 
Under nonzero reverse bias ( Vee or Vp,), the new values of these parameters can be 
approximately found by assuming a functional dependence as in (1.5.22). 

For devices inside a well on a CMOS chip, a third junction capacitance C,,, 
must be considered, as already explained. For this capacitance, we have 


Coy = AwChy + lwC%, (8.4.5) 


where Ay and C;,, are the welt’s bottom wall area and capacitance per unit area, /y is 
the well’s sidewall length (the total perimeter as seen from above), and C;, is the 
well’s sidewall capacitance per unit length. It is obvious that, if a group of more than 
one transistor share the same well, C,,- must be included only once in the model for 


the group. 


SOURCE-DRAIN PROXIMITY CAPACITANCE. As with any objects in close proxim- 
ity, a capacitance exists between the source and drain n* regions, denoted by C,,,, in 
Fig, 8.28. Because of the complicated shapes involved, the value of this capacitance 
is difficult to evaluate. However, it is, in general, very small and can be neglected in 
comparison to other capacitances, unless the channel is very short. 


RESISTANCES. The above capacitances are very easy to incorporate in a complete 
small-signal model at relatively low frequencies, since they appear in parallel with 
the corresponding intrinsic capacitances in the model of Fig. 8.17 (compare to Fig. 
8.28). However, a more complete model for the extrinsic part should include parasitic 
resistances as well. Such resistances are those of the source and drain regions and 
their contacts, and of the substrate and the gate material and their contacts (see Sec. 
6.8). The modeling of these resistors is complicated,9*!©242 especially in LDD de- 
vices (Sec. 6.6), in which the resistances can show significant voltage depen- 
dence.8%42.97 At high frequencies, the magnitude of the impedance of the capaci- 
tances drops to the point where it becomes comparable to the resistances; hence, the 
latter should be taken into account. This is done most simply by approximating the 
resistive paths by a few lumped elements. An example is shown in Fig. 8.30, where 
the resistance symbols with subscripts s, d, g, and b model the resistive materials of 
the source region, drain region, gate, and substrate, respectively. Unfortunately, no 
general rules can be given for the frequency where such effects of these resistances 
become important. This depends greatly on the resistivity of the regions, their geome- 
try, the way they are contacted, etc. 

A cutoff frequency can be defined for the complete transistor as the frequency 
at which the small-signal current gain becomes unity, in analogy to the intrinsic cut- 
off frequency defined earlier in conjunction with Fig. 8.20a. Because of the presence 
of the extrinsic elements, the cutoff frequency for the complete transistor is smaller 
than for the intrinsic part (Sec. 9.6). 
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Small-signal equivalent circuit of the MOS transistor, including extrinsic capacitances and resistances. 


8.5 NOISE 


8.5.1 Introduction 


It has so far been assumed that the drain current of a MOS transistor varies with time 
only if one or more of the terminal voltages vary with time. This is not exactly true. 
A careful examination of the current reveals minute fluctuations, referred to as noise, 
which are present whether externally applied signals are present or not. Such fluctua- 
tions can occur due to several mechanisms (see below). Noise can interfere with 
weak signals when the transistor is part of an analog circuit, 03-195 s6 ways to predict 
and possibly reduce noise are very important. For this reason, the subject of noise in 
MOS transistors has received extensive treatment in the literature. This section is de- 
voted to this subject. We have chosen to treat noise as part of our discussion of small- 
signal modeling, because noise is, in a sense, an internally generated small signal in 
the device, and can be modeled with appropriate additions to the small-signal equiva- 

lent circuits we have already developed in this chapter. 
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FIGURE 8.31 
(a) A MOS transistor biased with fixed noiseless terminal voltages; (6) the drain-to-source current for the 


connection in (a), including noise. 


Consider a transistor with dc bias voltages, as shown in Fig. 8.31a. The total 
drain current, shown in Fig. 8.315, can be expressed as 


ing(t) = Ing + i,(t) (8.5.1) 


where Ip. is the ideal (bias) current and i,(t) is the noise component, which has zero 
average value. The instantaneous value of i, at a given f is, of course, unpredictable. 
Instead, one talks about certain measures characterizing the behavior of i,(¢). In noise 
work, such measures are the mean square value, denoted by i°, and the root mean 
square (rms) value, i. 

In measuring noise quantities, the amount of noise depends on the bandwidth of 
the measuring instrument. A common measurement involves a very narrow band- 
width, centered on a frequency f The current noise spectral components within this 
bandwidth have a certain mean square value. The ratio of this value to the bandwidth, 
as the latter is allowed to approach zero, tends to what is called the power spectral 
density} of the current noise, denoted by $;(f). This quantity has units of square am- 
peres per hertz. Often the square root of the power spectral density is used instead, 
given in A/ Hz. For a noise voltage v,, one can similarly define a power spectral 
density S,,(f) Gn square volts per hertz) or its square root (in V/ Hz). 

The total mean square noise current within an arbitrary bandwidth extending 
from f = f, to f = f. can be found by summing the mean square values of the indi- 


+More rigorous definitions can be found in specialized texts.!03.104 
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FIGURE 8.32 
(a) A real (noisy) resistor; (6) Thevenin noise equivalent circuit for (a), (c) Norton noise equivalent cir- 
cuit for (a). 


vidual components within each subbandwidth Af. More precisely, using the power 
spectral density concept, we have 


Z_ fe (8.5.2) 
n= J SD of 


A similar result can be obtained for voltage noise. 

A well-known example of device noise is the thermal noise in a resistor (also 
called Johnson noise or Nyquist noise). It is due to the random thermal motion of the 
carriers in it.!93!04 A real (noisy) resistor (Fig. 8.32a) can be represented as an ideal 
(noiseless) resistor R in a series with a noise voltage source as shown in Fig. 8.325. 
Using concepts from statistical physics, it can be shown that the corresponding power 


spectral density is!031% 
Si, = 4KTR (8.5.3) 


where k is Boltzmann’s constant (1.38 x 10-23 V-C/K) and T is the absolute tempera- 
ture. Thermal noise is said to be white noise, because its power spectral density, as 
given by the above formula, is “flat” up to extremely high frequencies (over 10!2 Hz). 

The circuit in Fig. 8.32b is a “Thevenin equivalent circuit.”!* This can be con- 
verted to a “Norton equivalent circuit,”!°5# shown in Fig. 8.32c, with a noise current 
i, = v,/R, or equivalently with i? = v?/R?, thus, the power spectral density of this 
noise current is 


(8.5.4) 
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FIGURE 8.33 
A typical plot of the drain-noise current power-spectral density versus frequency in log-log axes. Sub- 
script i refer to total noise, iw to white noise, and if to flicker noise. 


A typical plot of power spectral density for the drain current noise of a MOS device 
is shown in Fig. 8.33 on log-log axes. Two distinct frequency regions, with different 
noise behavior in each, can be identified. These regions can be thought of as sepa- 
rated by a corner frequency f.. Values from several hertz to several megahertz are 
common for this quantity depending on device construction, geometry, and bias. The 
type of noise dominating at high frequencies in Fig. 8.33 is white noise (its power 
spectral density is constant up to extremely high frequencies). The corresponding 
noise current component will be denoted by i,. The noise dominating at low frequen- 
cies is called flicker noise or \/f noise; the power spectral density for the current 
caused by this type of noise is nearly proportional to 1/f (Sec. 8.5.3). The current 
component due to flicker noise will be denoted by i,. 

The noise currents i,, and i, are independent. In calculating the total noise 
mean square value due to both, one can consider the effect of each separately and 
then add the individual mean square values. To see why, consider a noise current 
i{t) which consists of the two independent contributions 1,(¢) and p(t). We have 
i i,(0) =j w(t) + + i(0), W which gives ?(1) = = j2 2+ a) + 2i,,(Di-(2). The average of I(t) i is 


i P(t) =i i? (1) +i i? (t) + 2i(t)i ‘{t), where bars denote averages. However, if two con- 
tributions are independent, and at least one of them has zero mean, their product av- 
erages to zero!9.! and thus 


PoP +e (8.5.5) 


Let now i2, i2, and it be the mean square values of the corresponding noise 


mr Sw 


spectral components within a very small bandwidth, and divide both sides of (8.5.5) 
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by that bandwidth; allowing the bandwidth to approach zero, and recalling the con- 
cept of power spectral density discussed above, we see that S,(f), the power spectral 
density of the total noise, will be given by 


SUF) = Swf) + SpA) (8.5.6) 


where S,,(/) and S,-(f) are the power spectral densities of the white and flicker noise 
components, respectively, indicated in Fig. 8.33. 
We now consider MOSFET white noise and flicker noise separately, !95-195.106-233 


8.5.2 White Noise 


STRONG INVERSION. In the strong-inversion region, the white noise is actually ther- 
mal noise (also called Johnson noise or Nyquist noise) and is certainly the type of 
noise best characterized for the MOS transistor (most of Refs. 103, 104, 106-159 
deal with this type of noise). The term thermal is due to the origin of this noise, 
which can be traced to the random thermal motion of carriers in the channel. Before 
embarking on an evaluation of this noise, we give here two conventional relations de- 
rived for the strongly inverted MOS transistor in Sec. 4.5.1. The drain current (as- 
sumed noiseless) was shown there to be, in the absence of velocity saturation, 


dV 
Ins = —nWOi(Ven(x)) a) (8.5.7) 


where x is the position along the channel, V(x) is the “effective reverse bias” of the 
strongly inverted channel with respect to the substrate at position x (see Fig. 8.34), 0; 
is the inversion layer charge per unit area, 4 is the mobility, and W is the width of the 
channel. Integrating this equation was seen to give, assuming a constant mobility, 


W floes ., 
Ips = -+ J). O;(Vea(x)) 4Vcx(x) (8.5.8) 


with ZL being the channel length. Depending on the expression for Q;(Vcg), we have 
seen that models of differing complexity and accuracy are obtained. 

In the following development, we also need an expression for the resistance AR 
of a small element of the channel of length Ax centered around a point x = x). Since 
AV cp = Ips AR we have, from (8.5.7), 


Ax 
AR = —————_——_ 
-“WQ; (Veg (x; )) 


where the right-hand side is, of course, positive, since Q; < 0. 


(8.5.9) 
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FIGURE 8.34 
(a) Part of a MOS transistor in strong inversion; (b) effective reverse bias V-, vs. distance along the 


channel. 


Assuming that the small element of the channel acts as a resistor of resistance 
AR, we will observe across it a small noise voltage Av, with a power spectral density 
4kT AR [see (8.5.3)]. Thus, the mean square value of Av, over a bandwidth B will bet 


(Av,) = 4kT ARB (8.5.10) 


from which, using (8.5.9), we get 


4kT Ax 


ia eeit (8.5.11) 
—uWO,; (Veg (x)) 


(Av, y = 


+Here B does not have to be small ia order to write (8.5.16), since the power spectral density is constant (the 
noise is white). If the power spectral density were a function of frequency, # would have to be chosen very 
small. 
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This noise will cause noise in the drain current. To study the mechanism by which 
this happens, we consider the following “thought” experiment. A fictitious de voltage 
source of negligible length and of very small magnitude Av is inserted at point x, in 
the channel, as shown in Fig. 8.35a. This will create a jump Av in the potential 
Veg(x), as shown in Fig. 8.35b,'™ and will cause a change in the drain current, in 
comparison to that in Fig. 8.34. To get a feeling for this effect, one can consider Fig. 
8 36.!3 Here we have two transistors of lengths x, and L — x,. The dimensions of the 
source-drain regions connected to Av are assumed to have shrunk to zero. If Av = 0, 
the connection of the two transistors is equivalent to the single transistor in Fig. 8.34. 
If Av # 0, the drain bias of the transistor on the left and the source bias of the transis- 
tor on the right will be disturbed. A new value for the current will then be estab- 
lished, along with a new potential distribution. These will correspond to the situation 
shown in Fig. 8.36. Let the new drain current value be Ips + Ai, as noted in Figs. 8.35 
and 8.36. We can write equations similar to (8.5.8) for the left and the right transis- 
tors. These will be, correspondingly, 


; WwW oa, 
xX, <¥sp 
W v , 
Ips + Ab = - Lx 7 O(Vea(x)) dVea(x) (8.5.13) 
H 


where V, is defined in Fig. 8.35b. Eliminating x, among these equations and using 
the assumption that Av is very small easily gives (Prob. 8.24) 


* Ww V, F Ww ? 
Ins + Ai = — 7 Pa Qi (Vea(x)) dVeg(x) + L 101(Vea(; )) Av (8.5.14) 
AY) 


As Av goes to zero, Vcg(x,) has a well-defined value, in fact the same as in 
Fig. 8.34b. Recognizing in the above equation the first term on the right-hand side as 
Ins from (8.5.8), we obtain for the change Ai: 


Ww 
Ai = = #0;{Vep(x,)) Av (8.5.15) 


In the above development, we have assumed that Av is a dc voltage. However, 
the result will be valid even if Av is varying with time as long as the variation is slow 
enough so that quasi-static behavior is maintained (Sec. 7.2). This implies frequen- 
cies several times less than w,, just as was the case for the small-signal model we 
have already developed in Sec. 8.3. Let us now remove the battery and instead con- 
sider the thermal noise voltage generated across the small element of the channel 
centered at x,. Let Av, represent that part of the total thermal noise voltage which has 
frequency components in a bandwidth B within the above frequency range. If Aj, 


+This assumption will result in models sufficient for many applications. Noise at higher frequencies is discussed 
in Chap. 9. | 
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FIGURE 8.35 
(a) The transistor of Fig. 8.34a, with a fictitious de source placed at point x = x, in the channel; (&) result- 


ing effective reverse bias V., versus distance. 


FIGURE 8.36 
Schematic representation of the situation in Fig. 8.35a. 
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represents the corresponding drain current variation, we will have, in analogy with 
(8.5.15), 


Ai,(t) = = 10; (Veu(x;}) du, (t) (8.5.16) 


The mean square value of Ai, can be found by noting that, for negligibly small 
Av, Vcg(x;) has a practically constant, well-defined value, in fact the same value as 
in Fig. 8.345, as already mentioned. (We do not need the actual value, as will be seen. 
We only need to know that it is practically independent of Av, for negligibly small 
Av,.) Thus, the mean square value of Ai, will be 


ence Ae *——3 
(Ai,)” = E HQ; ( Vow (x )) (Av,)° (8.5.17) 
Using now (8.5.11) in the above relation, we obtain 
(Ai,)° = ~4kT WO} (Vex (x,)) Ax B (8.5.18) 


This gives the contribution of the element at x, to the drain current noise. The 
contributions of all similar elements in the channel are assumed uncorrelated and 
with zero average value, and one can thus find the mean square value of their com- 
bined effect by adding the individual mean square values. In the limit, letting Ax be- 
come a differential and integrating over the channel length, we obtain 


Zz L 
i? = -AkT a (i Ow dx }B (8.5.19) 


where we have used i2 i? to denote the total noise current mean square value in a band- 
width B. Recognizing the integral in the above equation as the total inversion layer 
charge Q,, and dividing both sides by B, we obtain the power spectral density of the 
white noise 


S. = 4kT a (-Q,) (8.5.20) 


iw 


This equation is valid for any model, provided the appropriate expression is 
used for Q,. In particular, for the approximate strong inversion model, we can use Q, 
from (7.4.14). This gives 


2l+nty 
5, = 440) uc; (Gs - yoann | 


(8.5.21) 
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FIGURE 8.37 
Normalized power spectral density of MOS transistor thermal! noise current versus Vp. Operation is in 
strong inversion. S,,9 is the value of the power spectral density at Vp, = 0. 


where 77 has been defined in (4.5.38). In nonsaturation with Vp, = 0 we have 7 = I, 
giving 


Siw = si uC. (Vos - ¥)f Vng = 0 (8.5.22) 


Using (8.2.22), we can see that S,,, is precisely 4k7g,,, where g,, is the source- 
drain small-signal conductance. This is fully consistent with (8.5.4) and shows that, 
at this point, the channel behaves as a resistor of value R = I/g,). 

In saturation 77 = 0, giving 


Siw = 4] 5 Mea Vos - ¥,)| Vos > Vos } (8.5.23) 


S;, is plotted versus Vp, in Fig. 8.37. Notice that, for a given Vgs and Vop, the 
noise is maximum at Vp, = 0. 

As follows from the above, for a given bias the power spectral density is inde- 
pendent of frequency, at least in the range of frequencies where the assumption of 
quasi-static behavior is valid. 


tif in (8.5.23) we use (8.2.16) and (4.5.34), we obtain S,, = 4kT + (@g,,) in the saturation region. In circuits lit- 
erature and circuit simulators, this formula is sometimes used indiscriminately in both saturation and nonsatura- 
tion, which can lead to very wrong results. For example, at Vp, = 0, we have g,, = 0, which would predict zero 
noise if this formula were used! This is, of course, physicaily impossible and clearly false, as follows from 
(8.5.21). 
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A common representation of noise involves the so-called equivalent input noise 
voltage. This quantity is defined as the noise needed in the voltage between the gate 
and source of a hypothetical noiseless transistor, to produce the correct amount of noise 
current. Let us denote by v,,., the equivalent input noise voltage. Recalling the def- 
inition of the gate transconductance, v,,., must be such as to give f, = 8mU neq and thus 
i? = gi v..q. Considering the spectral components within a bandwidth B, and di- 
viding by B, we obtain the relation between the corresponding power spectral densities: 


(8.5.24) 


where S,,, is the power spectral density of the equivalent input noise voltage. In ana- 
log applications, an “input” signal is intentionally superimposed on the bias between 
gate and source. This signal can be viewed as being in series with Un cop and thus the 
two can be compared to discuss the resulting signal-to-noise ratio. The quantity 5,,, 
has the problem that it becomes infinite at Vp. = 0, since g,, in (8.5.24) becomes zero 
at that point. This, of course, does not imply infinite noise in the channel, the product 
g2, S.,,, is finite, and gives the correct value for S,,. 

Yet another common description of noise involves the concept of equivalent 
input noise resistance. This is a fictitious resistance of such value that its thermal 
noise power spectral density is S,,,. Since the power spectral density of the thermal 
noise voltage across a resistance R is given by (8.5.3), it is seen that the relation be- 
tween S,,, and R,, is 


S,, = 4kTR, (8.5.25) 


At Vps = 0, R,, becomes infinite, as expected from the above discussion. 
The use of the concepts of S,,, and R,, requires some care. Some problems that 
can arise in this respect are discussed in Prob. 8.26. 


WEAK INVERSION, Transistors operating in weak inversion exhibit a “flat” part in 
the power spectral density for the noise current, just as devices in strong inversion do 
(Fig. 8.33). In some treatments, this is taken to be caused by thermal noise, just as in 
strong inversion!3%4! (the alternate assumption!®* of shot noise is discussed later). 
Expressions for the power spectral density are then derived by taking (8.5.20) to be 
valid in weak inversion,'4! on the basis of a proof given elsewhere.'!° Q, can be ob- 
tained from (7.4.36), repeated here: 


QO, = wr So + On (8.5.26) 


Expressions for the inversion layer charge per unit area at the source and drain 
ends of the channel were developed in Sec. 4.6. Using these in the above equation, 
and using the current expression (4.6.12) in the result, we easily get (Prob. 8.27) 
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2 
Q; = ae Ig (1 + € *s/#) (8.5.27) 
t 


where /,,, is the current in the flat part of the Ip.-Vp, curve (Vp, > 5¢,). Using this in 
(8.5.20) (which is still considered valid!*') and recalling that ¢, = k7/q, where q is the 
electron charge, gives: 


(8.5.28) 


For large Vp, (>5¢,), this reduces to 2g[p5. Although we have assumed the 
presence of thermal noise in deriving the above resuit, this is precisely the same 
value as what one would get if a different type of noise, called shot noise, were as- 
sumed.'36 Shot noise is associated with dc flow produced by carriers crossing a po- 
tential barrier (such as the one from source to channel), and is due to the discreteness 
of the arriving charges. Shot noise can be shown to have a power spectral density of 
2ql, where J is a de current.'23-!04 Thus, whether one assumes thermal or shot noise in 
weak inversion, the same result is obtained.t This has led to some controversy as to 
which of the two types of noise is actually present in weak inversion. '6139.141 

An equivalent input noise voltage can be defined as before by using (8.5.24). 
An equivalent input noise resistance can be defined using (8.5.25). 


MODERATE INVERSION AND) GENERAL MODELS. As has been seen, (8.5.20) can 
be used in both strong and weak inversion to produce valid results. This equation has, 
in fact, been used to model white noise in all regions of inversion!*® with Q; as ob- 
tained from the charge sheet model. Interpolation models have also been used for this 
purpose.>*57 An example will be shown in Table 8.1 at the end of this chapter. 


INDUCED GATE NOISE. The above results have been based on random fluctuations 
of the potential in the channel. These fluctuations are coupled to the gate terminal 


fit would appear that this equivalence does not hold as Vp, is reduced, since the right-hand side of (8.5.27) in- 
creases (in agreement with experiment!*?-!*!) whereas the expression 2q/p, predicts a decreasing value with de- 
creasing Vy,¢ (in fact, that value would be 0 at Vp, = 0, a physically impossible result). This would tend to favor 
the assumption that the noise in weak inversion is of thermal origin.'3%!4! This discrepancy between the two 
theories is, however, removed if one views [y, as the superposition of two components, one associated with the 
drain and one with the source'*®-'55 (a similar superposition view is encountered in bipolar transistor theory). 
Thus, from (4.6.3) we can write [py = I, — 1, where [, = -(W/L)ub,Qjy and 1, = (W/L) ug,Q,,. if each of f, and 
i, is assumed to have shot noise (which has zero average value) and the two noise components are assumed un- 
correlated, their mean square values will add. Using then equations from Sec. 4.6 it is easy to show (Prob. 8.27) 
that the combined power spectral density of the shot noise in the two currents is given identically by the right- 
hand side of (8.5.28) for all values of Vp,. in this way, both the shot noise assumption and the thermal noise as- 
sumption are seen to produce identical results for all bias points in weak inversion. A similar observation for the 
noise in a zero-biased pn junction is well known.!™ 
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through the oxide capacitance, and they “induce” a minute noise current in the gate 
terminal even if all external voltages are fixed,!08111,103,104 This phenomenon is usu- 
ally neglected in models intended for operation at low or medium frequencies (which 
are the subject of this chapter). Induced gate noise is considered in Chap. 9. 


8.5.3 Flicker Noise 


As shown in Fig. 8.33, at low frequencies flicker noise is dominant. This noise is also 
called “I/F” noise, because the power spectral density is nearly proportional to the 
inverse of the frequency. Flicker noise in MOS transistors has been the subject of in- 
tensive studies for several decades. There are several theories for the origin of this 
noise, with involved physics and sometimes conflicting conclusions, and several re- 
maining unresolved issues. Here we will only summarize the main conclusions of the 
two dominant theories; the reader is referred to the literature for more informa- 
tion, 106.160-222 

The first theory attributes the origin of flicker noise to the random fluctuation 
of the number of carriers in the channel, due to fluctuations in the surface potential; 
the latter are in turn caused by trapping and releasing of carriers by traps located 
near the Si-SiO, interface, !60.163.170,171,173,175,194.213 The characteristic times in- 
volved in this process cover a very wide range, and when very large numbers of 
such events are considered, it can be shown that a power spectral density nearly 
proportional to the inverse of the frequency resuits.!°3.!04 The detailed physics is 
complicated; here we will give some intuitive arguments to help make plausible the 
dependence of flicker noise on device parameters. The effects discussed above can 
be thought of as randomly varying the effective interface charge density Q,, thus 
modulating the flatband voltage through the term Q;/C,, in (2.2.6).?°7 This is 
equivalent to a noise voltage in series with the gate, and proportional to 1/C4,; the 
mean square value of this noise is proportional to (1/C5,). Flicker noise results 
from the superposition of such variations due to many traps; the larger the gate area 
WL, the more the effects of these variations tend to average out, and the smaller the 
resulting flicker noise. Using detailed physical considerations, the power spectral 
density of the equivalent noise voltage appearing in series with the gate can be 
shown to be!%.207 


_K, 1 1 


Sup (F) Cc? WL fF (8.5.29) 


where, for n-channel devices, the exponent c is between 0.7 and 1.2, and K, is a quan- 
tity independent of bias (see below) but dependent on fabrication details; it is gener- 
ally found that cleaner fabrication processing can result in lower values for K,. Since 
the equivalent noise voltage appears in series with the gate, one can determine its ef- 


SMALL-SIGNAL MODELING FOR LOW AND MEDIUM FREQUENCIES 423 


fect on the drain current by multiplying by g,,; thus, instead of an equivalent noise 
voltage, we can consider an equivalent drain noise current with power spectra density 


Sif) = 82 Sy(f) (8.5.30) 


This represents the contribution of flicker noise to the total power spectral den- 
sity of the noise current, as shown in (8.5.6). 

A second theory attributes flicker noise to mobility fluctuations, due to carrier 
interactions with lattice fluctuations. !8%!90.191.219.213 Results based on this theory sug- 
gest that the power spectral density for the equivalent input noise voltage is 


(8.5.31) 


where K(Vc.) is a bias-dependent quantity (see below). The inverse proportionality 
with C;, is not universally accepted. The corresponding noise current power spectral 
density can again be found from (8.5.30). 

The above results are generally used for all regions of inversion. Some re- 
search suggests that flicker noise is due to both carrier number fluctuations and mo- 
bility fluctuations. !93208 After all, the carrier number fluctuation theory talks about a 
randomly varying charge at traps near the interface, and we have seen that charge 
can affect mobility through “Coulomb scattering” (Sec. 4.10); so it is not surprising 
that both effects may be present and correlated in a given device.?°4 However, one or 
the other effect may be dominant. For example, flicker noise in n-channel devices is 
today often attributed to carrier number fluctuations; such devices may follow 
(8.5.29), with typical K, values between 5 x 10°! and 1 «x 10-°° C?-em™?. On the 
other hand, the flicker noise of p-channel devices is often attributed to mobility 
fluctuations and is predicted by (8.5.31), with typical values of K(V,,) of the order 
of 6 x 10-76 to 2 x 10°23 V2.F at |V., — V;| of about 1 V. For p-channel devices it 
is found!®9.2!6 that, in strong inversion, K(V,,) increases approximately linearly 
with |V;; - V;| to various degrees, from negligible to rather high [e.g., K(Vgs) 
can increase by several hundred percent as Vos 18 increased over several volts]; 
however, it has been reported that, in weak inversion, K(Vgs) increases as |V,,,| is 
decreased.?!6 

Flicker noise power spectral densities in p-channel devices are generally found 
to be significantly less than those of n-channel devices of the same dimensions and 
fabricated with the same CMOS process (by | order of magnitude or more), unless 
Ves — V7| is very large, in which case the two types of devices may give similar 
noise.2!6 For buried-channel pMOS devices (Sec. 5.4.2), the low value of flicker 
noise observed is attributed to the fact that the channel is farther away from the 
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Si-SiO, interface, and is thus less affected by interface traps. The power spectral den- 
sity of some pMOS buried-channel devices has been reported to be up to 2 orders of 
magnitude lower than those of pMOS surface-channel devices,!'°%!? but this is not 
always observed. 


8.5.4 Smali-Dimension Effects 


The results presented so far are for long-channel devices. Short-channel devices can 
be significantly noisier than the above formulas would predict.'94138223-255 One rea- 
son these formulas fail in such cases is that they do not include short-channel effects 
such as velocity saturation. Another is that the high electric fields present in such 
devices near the drain produce “hot carriers” in that vicinity, for sufficiently large Vpg 
values (Sec. 6.6). The effect of these can be modeled by an equivalent “carrier tem- 
perature” that is higher than the lattice temperature,’ so it is not surprising that the 
thermal noise of short-channel devices can be high. A “noise excess factor” can be 
defined as the factor by which the noise current power spectral density is higher than 
that predicted by long-channel theory. Both measurements!47.24 and models”! show 
that noise excess factors of 2 to 5, or even more, can be expected. 

As we have seen, hot carriers are also responsible for the drain-to-substrate cur- 
rent, Jpg. This current shows noise of its own;?% at low substrate current values, this 
has been found to be shot noise, with power spectral density of 2gIp,. At higher Jpg 
values, excess noise is found in this current, too. Since Jpg produces a voltage drop 
across the substrate resistance, its noise modulates the effective substrate potential; the 
fluctuations in the latter are coupled to the drain current through the substrate transcon- 
ductance g,,, and can contribute to an increase in the observed drain current noise. 

Hot carriers can also compromise the quality of the oxide near the interface, and 
introduce additional traps near the interface in the area close to the drain. Consider a 
device in which such traps have been generated, due to, say, operation at or near 
punchthrough for several hours. When the drain voltage is reduced and the device is 
operated in the normal saturation region, this does not result in a noise increase since 
these traps are located in the pinchoff region, which does not affect significantly the 
value of the current. If, however, the device is operated in nonsaturation, that region of 
the channel affects the channel charge and the current, and the extra traps cause an in- 
crease in flicker noise.223.225-229.232 The same happens if the above device is operated 
in reverse saturation (with the source and drain terminals interchanged), in which case 
the damaged area will lic next to the new “source.” Excess flicker noise of over an 
order of magnitude can be observed in this case. 

Consider now a device with negligible hot carrier effects. If the gate area WL is 
very small (a fraction of 1 m2), the flicker noise can be expected to be high, as can 
be seen from the formulas in the previous section. This is because there will now be 
only a few traps which can exchange charge with the channel, and their individual ef- 
fects will be noticed, rather than tending to average out as in the case of large gate 
area. It is, in fact, possible, that only a single trap of this type exists in a very small 
device. Then, as it captures and releases charge, abrupt changes in the drain current 
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FIGURE 8.38 
Typical variation of the drain current in a device with extremely small gate area, due to random telegraph 


noise. 


can be noticed, as shown in Fig. 8.38; these changes will be on top of the more com- 
mon noise variation.”3+-*4! This is reminiscent of the so-called “random telegraph 
signals” (RTS) in communication theory, and for this reason is often referred to as 
random telegraph noise. The variation of the drain current due to this effect can be 
significant (e.g., 0.1 percent, or more, of the dc current value). It is interesting that 
the flicker noise observed in large-dimension devices has been viewed as a superposi- 
tion of many RTS waveforms, of the type shown in Fig. 8.38.235 

Noise in smail-dimension devices is the subject of current research. Although 
several models have been proposed, they have not been widely tested yet, and their 
incorporation in circuit simulators is far from complete. 


8.5.5 Equivalent-Circuit Model 


Adding a noise current source to the small-signal equivalent circuit of Fig. 8.17 pro- 
duces the model in Fig. 8.39. The power spectral density of the noise source is given 
by (8.5.6). When using such models to calculate noise in circuits, one has to work 
with mean square or root mean square values of noise currents and voltages, rather 
than with the noise currents and voltages themselves, and this requires some care. 
Convenient techniques for such calculations are given in several texts, !03-105 

The extrinsic resistances discussed in Sec. 8.4 exhibit thermal noise. One can 
model this effect as discussed in Sec. 8.5.1. For certain device structures, the polysili- 
con gate resistance can be a significant contributor to noise.!4>:!59 The same is true 
for the substrate resistance,'4©!47 the noise of which is coupled to the drain current 
through the substrate transconductance g,,,. One way to reduce this effect is to de- 
crease g,,,, which, as follows from Sec. 8.2, can be achieved by increasing the source- 
substrate bias Vop.!47 
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FIGURE 8.39 
A small-signal equivalent circuit for the intrinsic part of a transistor, with a noise current source added; 
the power spectral density of this source is given by (8.5.6). 


8.6 GENERAL MODELS 


General expressions for small-signal parameters can be developed for the simplified 
charge-sheet model>!-53 discussed in Sec. 4.3.2, as well as for the EKV model**-578 
discussed in Sec. 4.8. An example of a set of expressions valid in weak, moderate, 
and strong inversion saturation regions is shown in Table 8.1. Except for channel 
length modulation, short-channel effects are not included. All symbols not defined in 
the table are as used in the corresponding sections of this chapter. 

The value of n shown is a compromise for medium accuracy in all regions, and 
it is adequate for simple estimates. In weak inversion, better accuracy is obtained if n 
is modeled as in (3.4.25). In strong inversion, if the expected voltage ranges are sig- 
nificant, better accuracy for Ips is obtained if n is replaced by @ as used in Sec. 45,3, 
However, unless the transition between n and @ is made gradually as the moderate in- 
version is crossed, discontinuities will occur. 
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TABLE 8.1 
A saturation region long-channel nMOS model vaiid in all regions of inversion 


Ve. —¥; 
i : In, = f, In?) 1+ exp | 2 —* 
Drain current: ps = fz =| P( ond, | 


Small-signal conductances: 


2 _ Jos _! 
"nd, flu) 
mb = (2 — Em 
— Ips 
Sa = V, 


Small-signal intrinsic capacitances: 


=I 
C= WUC 3 + LO] 


Coq = (8 = WC gs 


-1 
Cy = WLC, atl) -(3£u) 


Cua = Cyg = 0 


Noise power spectral densities: 
1 1 H 
5,(f) = sur +<¢ TG |nt 
Ww 
= HO ox (20?) 


Ve = Veo + oy Ven + b> - vbr | 


¥ 
a=1+ 
2 Ven + te 
fz 


flu) = = (vi + 4u +1) 


+The current equation’? has been adopted from Refs. 54—57a for using the source as a reference and for making possi- 
ble the inclusion of an accurately evaluated V;. The small-signal and noise expressions are from Refs. 55 and 57. The 
expression for f(i) is from Refs. 52 and 53. 
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PROBLEMS 


8.1. 


8.2. 


8.3. 


Restate the definitions of g,,. Sm» and g, in terms of voltages Vg, Vz, Vp, and Vs, all 
taken with respect to an arbitrary reference. Put these in a form as simple as possible. 
Discuss what types of J-V plots you would need in order to determine g,,, 8p» ANd 844 
graphically, and describe the procedure for determining these parameters. Discuss qual- 
itatively the accuracy you would expect from such a procedure. 

Prove (8.2.11). 


. For an n-channel device in strong inversion with Vp = 0.5 V, Vsz = 0 V, (W/L) uC, = 


30 wA/V?2, and @ = 1.5, plot: (a) g,, VS. Vos with Vps as a parameter, (b) g,, VS. Vs with 
Vag aS a parameter. 

Prove (8.2.16) and (8.2.17). 

Assume that the effective mobility varies with Vg, according to (4.10.20), with #, = 0. 
Show how (8.2.16) should be modified to take this effect into account. 


. Prove (8.2.19) and (8.2.20). 


For a given Ips and Vs,, state qualitatively what will happen to the ratios 2,44/8, and 
8.4/8, if: (a) the substrate doping is increased; (b) the channel length is increased. 
Prove (8.2.30) and (8.2.31). 


. Prove (8.2.35). 


Show that an appropriate “charge sharing” model (Sec. 6.3) can predict an increase of 
8,4 in saturation with increasing drain junction depth, other things being equal. 

Prove (8.2.40). 

Prove (8.2.41) to (8.2.44). 

Prove (8.2.49) and (8.2.50). 

Using the equivalent small-signal circuit of Fig. 8.17, perform all “measurements” illus- 
trated in Figs. 8.2 and Fig. 8.150, c, and d. Show that in each case the elements do not 
interfere with each other, i.e., the results given next to each figure are still obtained. 
Prove (8.3.8) to (8.3.12) using the simplifying assumptions stated above them. 

Show that, for the device of Fig. 8.19, assuming V, and V, are almost equal, a very 
small change AV of V, only will decrease the gate charge by +C,, AV. 

Derive the results in (8.3.24) to (8.3.28) by differentiating the saturation charge expres- 
sions (7.4.26) and (7.4.30), using the simplifying assumptions made in Sec. 8.3 (i.e., 
that a =a, and that the variation of a, with V; and V, is negligible). 

Show that (7.4.21) and (7.4.25) cannot be used in the capacitance definitions to derive 
(8.3.16) and (8.3.17). Explain the reasons for this. 

For the device of Prob. 8.4 operating in strong inversion, plot all capacitances (a) versus 
Vas, with Vp, as a parameter, and (5) versus Vps, with Vs as a parameter. 

Prove (8.3.32). 

Prove (8.3.35). [Hint: Use (4.6.2), (4.6.6), (4.6.7), and the fact that, at the upper limit of 
weak inversion, #, = 2¢¢ + Vox (Sec. 3.4.1).] 

Show that the models of Fig. 8.326 and c are equivalent. 

Derive (8.5.14), assuming Av is very small. 

(a) For a transistor in saturation, with 4 = 600 cm?/(V's), f,, = 80 A,@=1.2,W= 
L =2 um, Vr= 0.5 V, and Vgs = 2 V, evaluate S,,, S,,. and R, at T = 200, 300, and 
400 K. 

(b) Find the mean square value of the thermal noise current for the above device at 300 K, 
in the band from 100 to 200 kHz. 


8.26. 


8.27. 
8.28. 


8.29. 


8.30. 
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The MOS transistor is sometimes modeled by a noiseless transistor with a noise voltage 
source in series with its gate, representing the equivalent input noise voltage. If capaci- 
tances are to be added to this model, on which side of the above source should C,,, C,, 
and C,,, be connected? Show that, for one of these choices, a problem will result as high 
frequencies if the device is driven by a signal source (between gate and source) with a 
significant internal resistance. 

Prove (8.5.27) and (8.5.28) as well as the claims in the footnote following (8.5.28). 

A transistor is operating in weak inversion at T = 300 K, with Jj, = 10 nA, and n = 1.5. 
Plot §,,, versus Vp. 

The device of Prob. 8.25, operating at T = 300 K, exhibits a “corner frequency” f. (see 
Fig. 8.33) of 4 KHZ. Assuming c = | in (8.5.29) and k, = 7 x 10-3! C? - cm, calculate 
the mean square value of the total current noise (flicker plus thermal) in the band of 
20 Hz to 200 kHz. 

Develop an expression for an equivalent input noise resistance representing both ther- 
mal and flicker noise in strong inversion. 


CHAPTER 


9 


HIGH- 
FREQUENCY 
SMALL-SIGNAL 
MODELS 


9.1 INTRODUCTION 


In this chapter we study models that are valid in a wider frequency range than the 
five-capacitance quasi-static model of Chap. 8.!~°> The first model considered is what 
will be called the complete quasi-static model. This model represents an attempt to 
take every possible advantage of the quasi-static assumption, and gives an improved 
upper frequency limit of validity. Beyond that limit, though, the model becomes very 
inaccurate. It is then necessary to consider non-quasi-static models. Such models will 
be considered after a general discussion of y-parameter models. A comparison of all 
models presented will be performed. Noise at high frequencies will then be consid- 
ered. The chapter will conclude with a discussion of modeling for radio-frequency 
(RF) applications, including the effects of extrinsic elements. 

All effects considered in this chapter will be understood to be for the intrinsic 
part of the transistor (see Fig. 7.1) except in Secs. 9.3 and 9.6. No impact ionization 
is assumed to be present. 


9.2 A COMPLETE QUASI-STATIC MODEL 


9.2.1 Complete Description of Capacitance Effects 


In Sec. 8.3, we assumed quasi-static operation (defined in Sec. 7.2), and we modeled 
the capacitance effect of the drain, source, and substrate on the gate, and the effects 
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of the drain and source on the substrate. Clearly, we did not consider all possible 
combinations in choosing the above five effects. Nevertheless, the model was 
claimed to be satisfactory for many applications up to a certain frequency. We will 
now undertake the rigorous development of a complete quasi-static model. The 
mode] will be complete in the sense that the capacitance effect of every terminal on 
every other will be modeled. !8:28-37,39.47,53 

Consider an intrinsic transistor with time-varying voltages, as shown in Fig. 
9.1a. Lowercase letters with capital subscripts denote total quantities (as opposed to 
bias or small-signal quantities). In Sec. 7.3 we showed how the transport and charg- 
ing components of the drain and source currents in quasi-static operation can be eval- 
uated. The meaning of the drain and source charging components is rather subtle, and 
was discussed at length. The gate and substrate currents consist only of charging 
components. The four charging currents satisfy (7.3.15) and are given by (7.3.16a) to 
(7.3.16d). We now assume that the total voltages consist of a dc bias part and a 
small-signal part, as shown in Fig. 9.1b. Bias quantities will be represented by capital 
symbols with capital subscripts; small-signal quantities will be represented by lower- 
case symbols with lowercase subscripts. If the small signals v,{f) = g(t) = v,(t) = 
v,(t) = 0, for all 4, then dup/dt = dug/dt = dug/dt = dvs/dt = 0, and thus all currents in 
(7.3.16) are zero. If the small-signal voltages are nonzero but vary sufficiently slowly, 


rE () 


Vg (4) 


fy + igtt) 


FIGURE 9.1 
(a) A transistor with four time-varying terminal voltages; (6) a transistor with terminal voltages consist- 
ing of a de bias plus a time-varying small signai. 
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then all charging currents in (7.3.16) will be very small. They will be represented by 
baglt)s i(0), i,(2), and i,,(t). Over the small range of variation of the small-signal volt- 
ages, the slopes of the form 7q,/du,, where q, is any of the four charges and v, any 
of the voltages in (7.3.16), will be assumed constant and equal to their values at the 
bias (or “operating”) point (vp = Vp, vg = Ve Ug = Vg, U, = Vs). Denoting evaluation 
at this point by o, we define 


C, = + 2a (9.2.1a) 
Ovex |, 

c,=-4e|, 1#k (9.2.16) 
Gv, |, 


The choice of the algebraic signs in the above definitions is common. It will prove 
convenient in developing small-signal equivalent circuits later in this section, and in 
relating these circuits to the ones in Sec. 8.3. The sign choice in (9.2.15) is consistent 
with (8.3.1) to (8.3.5), the negative sign of which was discussed above (8.3.1) (see 
also Prob. 9.1). | 

Of the capacitance parameters defined above, five (C,,, Cys» Cyr Cog and C,s) 
have precisely the meaning discussed in Sec. 8.3. Ways to measure Cy, and C,; will 
be considered in the next section. Using the above definitions, we have, from (7.3.16) 
and the above discussion, the following expressions for the small-signal charging 
currents: 


ig(t) = +Cug a — Cp at -~C» a -~C, “ (9.2.24) 
it) = —Cog oe + Cos Gt - Cy a ~ C,, (9.2.2b) 
i,(t) = —Cyg os ~ Cre oe + Cy a — Crg o (9.2.2c) 
i) = Cy oe — Ce we — Cy on "s o. (9.2.24) 


It will be helpful in this discussion not to associate the various capacitance pa- 
rameters above with any physical capacitor-like structures in the MOS transistor. It is 
better to consider them for the present as simply quantities defined in the precise 
manner of (9.2.1). We note here that in general C,, # C,. For example, consider a 
iong-channel device in saturation. Varying the voltage at the drain will not affect the 
rest of the device because of pinchoff (assuming no channel length modulation). 
Hence, the gate charge will not change [see (7.4.30)], and, from (9.2.15), C,4 will be 
zero. However, varying the gate voltage will change the inversion layer charge. As 
explained in Sec. 7.3, this change will be accomplished in part by the drain current 
temporarily becoming different from the transport value. The difference under smali- 
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FIGURE 9.2 
A transistor with all four terminal-to-ground small- 
signal voltages equal. 


signal conditions is i,,(¢) and (assuming all other voltages are kept constant) is equal 
to -C,,(dv, /dt) from (9.2.2a), which can only be nonzero if Cag # 0. Another way to 
see this is to observe that the charge “associated with the drain” t does depend on the 
gate voltage even in saturation [see (7.4.28)]. Thus, from (9.2.1b), Cz, #0. Therefore, 
it is seen that C,, # C,,, and this can be verified by measurements, as will be seen. 
This fact may seem strange at first, because we may have a tendency to think of C,, 
and C,,. as the capacitances of two-terminal capacitors between gate and drain. How- 
ever, such an interpretation is not correct. C,, represents the effect of the drain on the 
gate, and C,, represents the effect of the gate on the drain, in terms of charging cur- 
tents. There is no reason to expect that the two effects are the same in general, just as 
there is no reason to expect that, at dc, the effect of the drain on the gate current 
(which is zero assuming no leakage) is the same as the effect of the gate on the drain 
current (which can be large). We will expand on this point later on. 

We now make some important observations about the capacitance parameters 
and (9.2.2). First, assume that v,(t) = u,(t) = u,(0) = v(t) = v(t) in Fig. 9.1b. This is 
equivalent to the situation shown in Fig. 9.2. From (9.2.2a) we will have 

. du 
inet) = (Cag — Cag — Cap ~ Cie) 7 (9.2.3) 

However, since there is no small-signal voltage across any two of the terminals 
in Fig. 9.2, all terminal small-signal currents must be zero. Since this must be true 
even for nonzero dv/df, (9.2.3) implies that 


Cua ~ Cap - Cap - Cas = 9 (9.2.4) 


tTo appreciate the points made here requires a careful interpretation of the term “charge associated with the 
drain.” This term can easily be misinterpreted. A related extensive discussion, which is very relevant to our pre- 
sent topic, has been given in Sec. 7.3. 
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Let us now make another observation. As follows from (7.3.15), the small- 
signal charging currents must add up to zero: 


itt) + i(t) + i,t) + i,,() = 0 (9.2.5) 
Consider a case in which du,/dt = dv,/dt = dv,/dt = 0. Using this in (9.2.2) to 
(9.2.2d) and the results in (9.2.5), we have 
dv, _ 


(Cus — Cy - Coa - Cra) — = (9.2.6) 


which, since it must be valid even for nonzero dv,/dt, implies that 
Cua — Coa — Cra — Csa = 9 (9.2.7) 


Equations (9.2.4) and (9.2.7) provide two expressions for Cy, in terms of other 
capacitance parameters. Similar expressions can be derived in the same manner for 


Cygr Cr», and C,,. Thus, we have 


Cup + Cap + Cas = Cpa + Cra + Coa (9.2.84) 
Cop = Coa + Cap + Cys = Cag + Cog + Cog (9.2.8) 
Cor = Coa + Cog + Cys = Car + Cop + Cop (9.2.8c) 
Ca t Co t Cy = Cas + Cos + Crs (9.2.84) 


An interesting result that can be derived from these equations is considered in Prob. 
9.2. 

Our next observation is simply that, if three of the small-signal charging cur- 
rents are known, the fourth can be determined from (9.2.5). Thus, any one among the 
four equations (9.2.2) can be omitted without losing any information. We will omit 
the last equation from now on. 

Without loss of generality, we can write (see Fig. 9.3) 


Up = Ups t+ Us (9.2.9a) 
Up = Ugs + Us (9.2.9¢) 


Using analogous expressions for the small-signal voltages in (9.2.2a) gives: 


d 


iaa(t) = Cag - 


The quantity in parentheses is equal to zero, as can be seen from (9.2.8a). Thus, 


dy C dv,, 


. du s 
lua(t) = Cus S® — Cap GO ~ Cao (9.2.11) 
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FIGURE 9.3 
A transistor with terminal voltages referenced to 


the source. 


Similar relations can be obtained from (9.2.2b) and (9.2.2c). Equation (9.2.2d) 
will not be considered anymore, as explained above. Thus, we finally obtain 


dv, dv dp,. 


Ligh) = +Cuy at — Cas a - Cu ait (9.2.12a) 
dv du,, dy 
i,(t) = —Cyq a + C,, ah -— Cy 7” (9.2.12b) 
du dy du 
,(t) = -C,, —* - C,, —= + C,, —% 9.2.12 
i,(t) bd yy bs bb ( c) 


It is thus clear from the above discussion that a complete small-signal descrip- 
tion of the charging mechanisms requires no less (and no more) than nine indepen- 
dent capacitance parameters. 


9.2.2 Small-Signal Equivalent Circuit Topologies 


Small-signal equivalent circuits can be derived to represent (9.2.12). Many such cir- 
cuits can be constructed; the most straightforward one is shown in Fig. 9.4@, This cir- 
cuit can be verified by writing Kirchhoff’s current law for terminals g, d, and b, which 
results in (9.2.12). We do not yet have a complete model! for the transistor though, be- 
cause the transport component of the drain and source currents, originally in (7.3.4), 
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(b) 


FIGURE 9.4 
(a) A small-signal equivalent circuit for the charging current action, (b) a complete quasi-static model re- 
sulting from (a) by adding the transport current modeling elements of Fig. 8.3. 
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was omitted from the subsequent development. Now, if the small-signal voltages in 
Fig. 9.1b are zero, all terminal voltages and currents are fixed. The charging compo- 
nents are thus zero, and (7.3.4) gives (using capital / to represent dc current) 


ly = ly (9.2.13b) 


In the general case, where the small-signal voltages are not zero, (7.3.4) 
leads to 


In + it) = Ip + i) + i,,(1) (9.2.14a) 
Ip + if) = —Ip - it) + i,,( (9.2.14b) 


where now both small-signal transport components i,() and small-signal charging 
components appear in the drain and source currents. Subtracting (9.2.13) from 
(9.2.14), we obtain equations relating only the small-signal currents: 


id = i) + i,() (9.2.15a) 
i) = -i,0) + iD (9.2.15b) 


The small-signal transport current has been modeled by the three-element com- 
bination of Fig. 8.3. Since this current adds to the charging current in (9.2.15a), the 
corresponding part of the model of Fig. 8.3 should be added in paraliei with the rest 
of the elements between drain and source in Fig. 9.4a. This yields the complete 
model of Fig. 9.45. 

A different small-signal equivalent circuit will now be derived. Let us use 


ds = Vag + Uys = Ugg + Uys (9.2.16a) 


= Ugg + U—s = —Upy + Ups (9.2.16b) 


Up P 


7 


Substituting these equations in (9.2.125), we obtain 


du du du du d 
i,(t) = Cd - aa «| +C,, — - Cu - Se “> a 


dt dt se dt dt dt 
du, , du,, dv, (9.2.17) 
= Coe ap Cap * (Cee ~ Coe — Coe) Ge 
Using (9.2.85), we find that this becomes 
dv du du 
: _ ed gb 5 
i(t) = oF he + Cus Tt + Cos a (9.2.18) 
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Using similar manipulations in (9.2. 12a) and (9.2.12c), we can write (9.2.12) in 
the form 


(9.2.19a) 


(9.2.19b) 


(9.2.19¢c) 


(9.2.20) 
(9.2.20b) 
(9.2.20c) 


Equation (9,2.19b) has already been proved. To prove (9.2.19a) and (9,2.19¢c), 
simply express all voltages in these equations in terms Of Ug, Ugss and vp, and use 
(9.2.20) and (9.2.8); this will give (9.2.12a) and (9.2.12¢). 

Equations (9.2.19) are easily represented by an equivalent circuit. When the el- 
ements of Fig. 8.3 are added to it, we obtain the result shown in Fig. 9.5.56 Five ca- 
pacitors shown in this figure (C,,, Cyg, Co Coa and C,,) are exactly the same as 
those in the model of Fig. 8.17. In other words, the model of Fig. 9.5 can be viewed 
as resulting from simply augmenting the model of Fig. 8.17 by four more elements, 
but without having to modify the elements already in that popular model, neither in 
meaning nor in value. This is an important property of the model in Fig. 9.5, in con- 
trast to other models proposed in the literature. This point is considered further in 
Probs. 9.5 and 9.6. 

Note that, in Fig. 9.5, at sufficiently low frequencies dv,,/dt and du,,/dt will be 
small, and the currents proportional to these quantities can be neglected in compari- 
son to the currents g,,2/,, and 8,,,¥p5. respectively. Similarly, the current through C,, 
can then be neglected in comparison to the current through 8,4. Finally, we will find 
below that for the approximate strong-inversion model C,,, = 0. Thus, the model of 
Fig. 9.5 reduces to that of Fig. 8.17 at sufficiently low frequencies. More on model 
comparison will be found later in this chapter. 

To provide more feeling for the model in Fig. 9.5, we will consider two experi- 
ments, as illustrated in Fig. 9.6. In Fig. 9.6a, a small-signal voltage is applied only at 
the drain, and the resulting small-signal current entering the gate is observed; in Fig. 
9.6b, the opposite is done. The small-signal equivalent circuit used in each case on 
the right is that of Fig. 9.5, but only elements with nonzero current through them are 
shown for simplicity (short-circuited capacitances or resistances, and current sources 
proportional to zero voltages are omitted). As seen in a, the small-signal current en- 
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FIGURE 9.5 
A complete quasi-static small-signal modei. Although independently derived, the model can be viewed as 
resulting from the simpler model of Fig. 8.17 by adding four elements to it. 


tering the gate is -C,,(du4/dt). Thus, C,, actually represents the effect of terminal d 
on terminal g. However, although the capacitance C,, is connected between g and d 
in the general case, it does not represent the total effect of g on d. This can be seen in 
Fig. 9.6b. Indeed, the current entering the drain is g,,v, — (C,g + C,,\(dv,/dt). Note 
that not only is there a conductive current here but also the capacitive current is dif- 
ferent from that in a. Thus, C,, + C,, represents the capacitive effect of g on d. From 
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(2) 


(b) 


FIGURE 39.6 

[llustration of the way in which the different effect of the gate and drain on each other is taken into ac- 
count in the model of Fig. 9.5: (a) effect of drain voltage on gate circuit, (b) effect of gate voltage on 
drain current. In each part, the left half shows the complete circuit, the right half shows the small-signal 
equivalent circuit, in which elements with zero current through them are omitted. 
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(9.2.20a), Cog + Cin = Cag, which, in general, is different from C,,, as we have already 
argued, and as we will see quantitatively in the following subsection. C,, is then a 
transcapacitance, taking care of the different effect of the gate and drain on each 
other in terms of charging currents, just as g,, is a transconductance taking care of the 
different effect of these two terminals on each other in terms of transport currents. 
Similar comments hold for C,,, and C,,,. 


9.2.3 Evaluation of Capacitances 


STRONG INVERSION. In Sec. 8.3, we used the charges corresponding to the approxi- 
mate model to evaluate five capacitances: C,,, Cy, Cog» Cras Cop, and we gave several 
plots of these capacitances vs. Vp, and Vis. The evaluation of the new capacitances 
that have been defined in this section is done in the same manner. Again, in deriving 
expressions for these capacitances we will use the simplifying assumptions of Sec. 
8.3, that is, a = a, as given by (8.3.7), and da,/dV, and da,/dV, are negligible. Cy, is 
found by using q,, = Q,, from (7.4.19) in the definition (9.2.1b).f This gives, after 
much algebra, 


4 +28 + 227" + 677° 


Cy 


4 = 15(1 + ny (9.2.21) 


with 7 as defined in (4.5.38) and plotted in Fig. 4.20. Similarly, we find: 


Cy = (4 - Cy (9.2.22) 


and, using (7.4.15), 


(9.2.23) 


Comparing the last equation to (8.3.12), we see that, for the approximate model 


with the simplifying assumptions we have made, C,, = C,,. 
To evaluate C,,, we use Q, from (7.4.20) in the definition (9.2.16) and obtain 


(9.2.24) 


{The charges and voltages in Sec. 7.4 were assumed to be dc quantities. As before, we will use the expressions 
developed in that section, with Q replaced by ¢ and V replaced by wv, under the assumption of quasi-static opera- 
tion (Sec. 7.2). 
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Notice that this quantity is negative in nonsaturation (in saturation, C,, becomes 
zero). This is in agreement with measurements.>? The negative value can be viewed 
intuitively as follows. Raising the drain voltage by an amount AV, will increase the 
effective reverse bias at the drain end and will cause the magnitude of the inversion 
layer charge to decrease. Since Q, is negative, this means a change AQ, > 0. This 
positive change in Q, is shared by positive AQ, and positive AQp. Hence, C,, = 
~9Q,/AV p will be negative. 

Plots of C.4 Cag, Cap, and C,, are given in Fig. 9.7. Comparisons to accurate re- 
sults using the charge sheet model show that good accuracy is obtained except for Cy, 
and C,, when Vs, is small and Vas and Vp, are large. The accuracy of Cy, and C,, 
can be improved as was done for C,, and C,, in Sec. 8.3, i.e., by replacing a, by a 
function of the form of (8.3.14). 

The above relations, along with (8.3.8) to (8.3.12), give values for nine capaci- 
tances: Cy Ci Coar Cags Cras Capr Cyr Cogs and Cig. Any other capacitance parame- 
ter defined in this section can be found from these and (9.2.8) or (9.2.20). For exam- 
ple, using the latter we find 


1+ 27-27 - 7° 


(1 + ny (9.2.25) 
(9.2.26) 
Co, = 0 (9.2.27) 


Thus, we have expressions for all nine capacitance parameters in the model of 
Fig. 9.5. Plots of Ci4, Cup and C,,, VS. Vps are given in Fig. 9.8. The accuracy for 
C,,» for small Vs_ and large Vgs and Vpg is not good. It can be improved by replac- 
ing @, by a function of the form of (8.3.14). However, both this parameter and Cy, 
are not of prime importance for most applications. Also, note that our simple model 
predicts C,, = C,, or C,,, = 0. Accurate calculations®® using the charge sheet model 
give, however, 


Crp > Cop (9.2.28) 
and, consequently, f 
Ca > O (9.2.29) 


Nevertheless, C,,, is very small and will be unimportant in most practical cases. 


+The prediction that C,, = C,, by our simple model is a consequence of our setting a = a, before differentiating 
the charge expressions, as discussed in Sec. 8.3. If we use instead a < a, as is commonly done in conjunction 
with drain current modeling, we find C,, < C,, (C,. < 0), i.¢., a conclusion which is opposite from the result ob- 
tained by measurements and accurate models—a rather unexpected error. 
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FIGURE 9.7 
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Drain-gate, drain-substrate, substrate-gate, and source-drain small-signal capacitances for a device with 
Vro = 0.5 V, y= 0.6 V'?, J, = 0.9 V, with Vo. = 2 V, as obtained from (9.2.21) to (9.2.24). (a) Von = 0; 


(b) Vop = 2 V. 
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FIGURE 9.8 


Small-signal transcapacitances, C,,, Crp» and C,,, for a device with Vrg = 0.5 V, y= 0.6 V'2, 4,=0.9 V, 
with Vos =2 Y, as obtained from (9.2.25) to (9.2.27). (a) Vop = 0; {b) Vse =2Y¥. 
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Using results from above and (8.3.15), one obtains (if Vp; or Vgs is small 
and/or V., is large) 


(9.2.30) 


where we have used (8.3.135). 
We consider now the values of the capacitance parameters in two special cases 


of interest. 


Nonsaturation with Vp, = 0: Using Vp, = 0 (7 = 1) in the above results, we easily 
obtain the following values (below we also repeat the results obtained in Sec. 8.3 for 
completeness): 


Cop = Coy = Che WL (9.2.31a) 
C 

Cy = Cs = Cy = Cg = (9.2.31b) 

Crp = (a, _- 1) or = Che (Veg) WL (9.2.31c) 
Crp 

Ca» = Cot = Coe = Cy = (9.2.31d) 

Cop = Cog = 0 (9.2.31e) 

Cox 
Cu = Cy = 3 (9.2.31f) 
Cy, 
Cap = Cy = eH SE (9.2.31) 
C, = Cy = Cu = 0 (9.2.31h) 


We note that, for the case we are considering (Vp, = 0), we have C,, = Cy, 
where & and / represent any two among s, d, g, and b. This is actually the only case 
where such an equality is observed exactly by all C,,; with Vp, # 0 one finds C,, # Cy 
(for k # 2) in general, for reasons already discussed. 

Some of the above results have already been obtained and discussed in Sec. 8.3. 
Here we will attempt to make plausible the rest of them. The value of the inversion 
layer charge per unit area, Q% at the source and drain ends of the channel is, from 
Sec. 3.4.2, 


O19 = Cox(Ves - Vrs) (9,2.32a) 
O11, = -Ci,.(Ven - Vrp) (9.2.32b) 
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where 
Vrs = Veg + by + ¥VVsn + MH (9.2.33a) 
Vip = Veg + by + ¥\ Von + B (9.2.33b) 


Of course, here we are interested in the case Vp, = 0. However, we have al- 
lowed above for independent voltages Vp and Vs, so that we can differentiate the ex- 
pressions involved in terms of one voltage while keeping the other constant in accor- 
dance with the capacitance definitions. 

For Vp ~ Vs, one can assume a straight-line variation of Q/ with the position x 
along the channel: 


QF = Dio + (Qi. - Oo) + (9.2.34) 

One can now find Q,, and Q, by using the above in (7.3.9). The result is 
Qp = -C,,[4 (Ves — Vys) + 4 (Veo — Vin)] (9.2.35) 
O; = —Cx,[4 (Ves — Ves} + (Veo - Viv) (9.2.36) 


Various capacitance values in (9.2.31) can now be verified easily by using the 
above expressions. In particular, the reason for the denominators 3 and 6 in (9.2.31f) 
and (9.2.31g) becomes apparent. 

All results in (9.2.31) agree exactly with those obtained by using the charges 
corresponding to the complete strong-inversion model. 


Saturation: Using the general capacitance expressions with Vps = Vpgs (7 = 0) gives 
the following results (some of them have already been derived in Sec. 8.3 and are re- 
peated below for convenience). 


4 
Cag = Fg Con (9.2.37a) 
C,q = 0 (9.2.37b) 
Cy = (a - IC, = Ci.(Vsn WL (9.2.37c) 
Cu = 0 (9.2.37d) 
2 
Ce =% om (9.2.37e) 
2 
Co = 5 Con (9.2.37f) 
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2 

Cy = (a, - IC, = 5 Che( Ven) WE (9.2.37g) 
2. 

C,, = (a — UC,, = 3 Cio Vox )WL (9.2.37h) 

a,—1 . 

Cop = Coy = 3a, Cox (9.2.37i) 

4 
Cis = —&, we Cox (9.2.37)) 
15 
Cyy = 0 (9.2.37) 
2 a-l 
Cc, ={(-~+— Ci, 2. 
&& E 3a, | (9 371) 
2 a-i 
Cy = E (a, ~ 1) + 3a, i (9.2.37m) 
Cad = 0 (9.2.37n) 
2 
Cys = a& 5 Co (9.2,.370) 
cute (9.2.37p) 
fis 15 Ox — 

4. 

Cub = (4, ~ NEn = Te Che(Vse) WE (9.2.37q) 

Cr. = 0 (9.2.37r) 


Note that in saturation we have C,,; # C,, (for k # J), which is to be expected, for the 
reasons discussed following (9.2.2). Note also that in saturation C,, = Cy, = C,q = 0, 
which is a manifestation of the fact that in this region the drain voltage does not in- 
fluence the device charges. 


WEAK INVERSION. The most important intrinsic capacitance in weak inversion, C gb 
has been discussed in Sec. 8.3. The other intrinsic capacitances in Fig. 9.5 are small, 
and their effect is usually swamped by that of extrinsic capacitances (Sec. 8.4) for all 
but very long devices. 


GENERAL MODEL VALID IN ALL REGIONS OF INVERSION. Capacitances derived 
by using the accurate charge calculations suggested in Sec. 7.4.5 are shown in 
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FIGURE 9.9 
The nine capacitances in the small-signal mode] of Fig. 9.5, for the device of Fig. 8.21, plotted vs. Vgs for 
Vps = 4 V and Vs, = 0, using accurate calculations.* 


Fig. 9.9 versus V¢¢.26 All nine capacitances used in the model of Fig. 9.5 are shown. 
An expansion of the horizontal axis around the moderate-inversion region results in 
Fig. 9.10. Finally, Fig. 9.11 compares C,, to Cy, Cyqt0 Cy, and C,, to Cop. AS seen, 
the capacitances in each of these pairs are, in general, different, as predicted by the 
theory in this section. These predictions agree with measurements.”?32°¢ An example 
is shown in Fig. 9.12. 


9.2.4 Frequency Region of Validity 


The inclusion of the four capacitances C,,, Cros Cs and C,4 (Fig. 9.5) makes the 
complete quasi-static model better than the simple model of Fig. 8.17, as far as the 
frequency region of validity is concerned. The improvement depends on bias and on 
the terminals we are considering. For example, C,, is maximum in saturation, and it is 
there that the difference between the two models will be maximum, with respect to 
gate-to-drain action. At Vp; = 0, C,, = 0 and the two models are identical in that re- 
spect. On the other hand, it is at Vp; = 0 that C,, is maximum, and hence it is at this 
point that the difference between the two models is maximum, as far as drain-to- 
source action is concerned. . 
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The plot of Fig. 9.9 expanded around the moderate-inversion region.*© 
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FIGURE 9.11 
A comparison of Cy, to C,4, Cy to Cyq, and Cy, to C,, for the device of Fig. 8.21, plotted versus Vgs for 
Vps=4 V and Vp = 0, using accurate calculations.*° 
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FIGURE 9.12 
A comparison of Cy, to C,, for the device of Fig. 8.21, plotted versus Vay for Vpg = 0, and Vsg = 0 V. 


Points are measurements:22 lines are accurate calculations.*© 


To provide some rough indication of the difference between the two models, 
consider operation in the saturation region, which is the most important region for 
small-signal circuit applications. Assume the element values in the complete quasi- 
static model of Fig. 9.5 have been chosen so that, at very low frequencies, the perfor- 
mance is good. Then the performance will continue to be good, with practically no 
deterioration up to about w,/3, where w, is given by (8.3.6).°© This result follows by 
comparison to more sophisticated, non-quasi-static models considered in Sec. 9.4. At 
this point, a warning should be given. Although the frequency region of validity for 
the complete quasi-static model of Fig. 9.5 is larger, if this region is exceeded, this 
model can give very wrong results, in fact worse than those of the simple model of 
Fig. 8.17 in some respects. This important point is considered in a model comparison 
in Sec. 9.4.4. 


9.3 y-PARAMETER MODELS 


Design of very-high-frequency circuits (not necessarily using MOS transistors) 
is often done by using the so-called “y parameters.” In this section we develop 
y-parameter models for the MOS device. We will first derive the general form of such 
models. In doing so, no assumptions will be made as to the physics of the device. In 
fact, we do not even have to assume the device is a MOS transistor. The only restric- 
tion we will place on it is that it has four terminals. For later convenience we will de- 
note these terminals by D, G, B, and S, but for the present we do not have to associate 
these symbols with particular terminals of a specific device; indeed, we might as well 
have used X, ¥, Z, and W instead. 
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Smail-signal 


equivalent equivalent 


(a) (b) 


FIGURE 9.13 
(a) The small-signal equivalent of Fig. 9.15 in the time domain; (b) corresponding representation in the 
frequency domain using phasors. 


Let us consider the transistor driven by bias and small-signal voltages at each 
terminal, as shown in Fig. 9.1b. The small-signal equivalent circuit of the transistor 
driven by the small-signal parts of the voltage excitations is shown in Fig. 9.13a. We 
assume now that all small-signal voltages are sinusoidal and of the same angular fre- 
quency w. Then in the sinusoidal steady state all small-signal currents will be sinu- 
soidal and of the same frequency.>’-*? The small-signal voltages and currents can be 
represented by cosine functions, ¢.g., 


v,(t) = M,, cos (wt + by.) (9.3.1) 


We will use a phasor representation for each small-signal voltage or current, 
ie., a complex number with magnitude and angle equal to the amplitude and phase, 
respectively, of the corresponding cosine waveform.*’~°? Phasors will be denoted by 
capital letters with lowercase subscripts. For example, corresponding to v,(t) above 
we have a phasor V,: 


digs. cite 
V, = M,,e7°"8 (9.3.2) 


From now on we will use for brevity the terms “voltage” and “current” instead 
of the more complete terms “voltage phasor” and “current phasor.” Because the con- 
text will be clear, no confusion should arise. The phasor representation for the circuit 
of Fig. 9.13a is shown tn Fig. 9.130. 
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Let us assume that we are interested in the effect of Ve» V,, Vz and V, on the 
current J,. We will perform four experiments. In each, we will consider only one of 
the four small-signal voltages by setting the other three equal to zero in Fig. 9.135. 
This is equivalent to’ setting to zero the values of three of the small-signal voltage — 
sources in Fig. 9.1, but, of course, leaving all four dc bias sources intact in that fig- 
ure. The four experiments are summarized in Fig. 9.14. In each one, the ratio of the 
current phasor to the voltage phasor is a complex admittance.>’-*? We will use the 
symbols shown in Fig. 9.14 for the four admittances. 

Small-signal equivalent circuits are linear circuits, representing the fact that in 
an actual transistor with vanishingly small signals the quantities J, /,, I,, and I, are 
linear functions of V,, V,, V,, and V,. One can thus use superposition to find J, when 
all four of the small-signal voltages are active (nonzero). This is done by considering 
one voltage active at a time, evaluating the resulting current, and then adding up the 
currents: 


[= 4, Ve. Vp¥5=0 + Lalvg.%5.¥g=0 + Talvg.¥q.¥,=0 + Lal vg.¥p.Yp=' (9.3.3) 


Using the definitions in Fig. 9.14, the above equation can be written as follows: 
Ta = YaaVa + YagV, + YarVo + YasVs (9.3.4) 


We can perform similar experiments to determine the currents in each of the 
other three terminals. If, in each case, we define admittances as follows: 


(9.3.5) 
we have a total of four equations: 
Ty = Yaa + Vag + YabVn + YasVs (9.3.64) 
I, = YgaVa + YegV—p + YeoVe + YasVs (9.3.65) 
1, = YnaVa + YooVe + YooVy + YosVs (9.3.6c) 
I, = ysaVa + YseV_ + YoVe + YesMs (9.3.64) 


Note that these equations are similar in structure to (9.2.2), except that here no 
minus signs are used. This is a consequence of our definition (9.3.5) [which should 
be compared to (9.2.1)]. This definition of admittance parameters is standard in cir- 
cuit theory. Equation (9.3.6), expressed in matrix form, is known as a terminal, or in- 
definite, admittance matrix representation. 


(a) 


(} 


= fa 
Yd” 2 |V 5, Vy» V, = 0 


= fa 
7d V7 V4, Vy Ve = 0 


(c) 


ta 


Yds 0 Vg» Vpp Vy = 0 


FIGURE 9.14 
Definition of y parameters associated with the drain current. The notation V,, V,, V, = 0 means V, = 0, 


V,=0, V,=0. 
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We can follow a reasoning analogous to the one that led to (9.2.8) to get rela- 
tions between the y parameters (Prob. 9.11): 


Yaa + Vag + Yap + Yas = Yaa + Vea + Yea + Ysa = (9.3.74) 
Veg + Yea + Yen + Yes = Veg + Vag + Yog + Voge = 0 (9.3.76) 
Yoo + Yod + Yog + Yos = Yoo + Yao + Yen + Vp = 0 (9.3.7c) 
Yes + Ved + Veg + Yeo = Yas t Yds t+ Yes + Yor = (9.3.74) 


Similarly, following a reasoning analogous to the one that led to (9.2.12), we 
conclude that the fourth equation in (9.3.6) can be omitted (in fact, any one among 
the four equations could have been chosen for omission) without losing information, 
and that the remaining three equations can be written as follows: 


ly = YaaVas + Ydg gs + YaoVos (9.3.84) 
I, = YeaVas + YegVes + YgoYbs (9.3.80) 
= WaVas + YogVes + Yoo bs (9.3.8c) 


with V,, = V, — V). The above set of equations can be represented by the circuit of 
Fig. 9.15, a fact verifiable directly by writing Kirchhoff’s law at nodes d, g, and b for 
the current phasors. 

Other three-port y-parameter representations are also possible. For example, if 
instead of using the s terminal as a potential reference and omitting (9.3.6d) we had 
used the b terminal as a reference and had omitted (9.3.6c), we would have obtained 
the representation shown in Fig. 9.16. This representation has an appealing symme- 
try. For a symmetrically laid out device, the role of source and drain is identical; thus 
Vos = Vado Veg = Vdgr ANI Veg = Yas: Using such equal values in Fig. 9.16 makes the sym- 
metry evident. Nevertheless, small-signal models using the substrate as the reference 
are not in much use for high-frequency work. The relative merits of using the source 
or the substrate as a reference are discussed in Sec. 4.9. 

We now go one step closer in relating our present models to the one in Fig. 9.5. 
Following an approach similar to the one that led to (9.2.19), we can rewrite (9.3.8) 
as follows (Prob. 9.12): 


ly = —YeaVag ~ YsaV as 7” YoaVan + YnV gs + YnbV bs (9.3.9a) 
I, = —YeaVea ~ YeoVeo — VgsVes (9.3.9b) 
I, = -ysaVea — YeoVog + YxVeo — YosMbs (9.3.9c) 
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FIGURE 9.15 


A general y-parameter model using the source terminal as a reference. 


FIGURE 9.16 
A general y-parameter model using the substrate terminal as a reference. 
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FIGURE 9.17 

A general y-parameter model.>° 

where 
(9.3.10a) 
(9.3.10) 
(9.3.10c) 


These equations can be represented by the circuit of Fig. 9.17, as can be veri- 
fied by writing Kirchhoff’s current law for nodes d, g, and 6. Since the development 
of this model was general, the model in Fig. 9.5 should simply be a special case of it. 
By comparing the two circuits we get,t for this special case, 


To arrive at (9.3.11) we use the following fact:57-5° The time-domain i-» equation for a capacitor, namely i(f) = 
C du(t)/dt, corresponds to the phasor equation J = jaCV, where jwC is the admittance corresponding to the ca- 
pacitance C, 
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Vea = JOC yg (9.3.11a) 
Yes = jwC,, (9.3.11b) 
Yea = JoCyg (9.3.11¢) 
Yps = JC, (9.3.11d) 
Ypp = Joly, (9,3.11e) 
Ved = Bsa + Joly (9.3.11f) 

Ym = 8m — JoC,, (9.3.11g) 
Ynb = 8mb ~ JOC ry (9.3.11h) 
Ymx = JOC, (9.3.11i) 


In the above equations, observe that: (1) y,,, ¥,., and —y,, have a constant, real, 
positive part, and (2) all y parameters have imaginary parts which are proportional to 
frequency. These two observations are, indeed, verified by measurements at frequen- 
cies up to about w,/3, with w, as given by (8.3.6). Indeed, the capacitance values can 
be determined as the constant of proportionality in the imaginary part of measured 
admittances.2238 At frequencies higher than w,/3, however, the behavior predicted 
above fails. Measurements then show, for example, that both the real and the imagi- 
nary part of y,, decrease in magnitude with frequency, and that y,, begins to have a 
nonzero real part. To explain such phenomena, the quasi-static assumption must be 
abandoned. This is what will be done in the following section. 


9.4 NON-QUASI-STATIC MODELS 


9.4.1 Introduction 


In this section, the quasi-static assumption will be dropped and the dynamics of the 
channel charge at high frequencies will be investigated in detail. Before starting a 
mathematical analysis, we present a short discussion as to what one might expect in- 
tuitively at frequencies where quasi-static behavior is no longer observed. 

Let us consider the intrinsic transistor in Fig. 9.18. We assume that, in general, 
each terminal voltage consists of a dc bias and a small-signal sinusoidal component, as 
shown. Assume that only one small-signal voltage is nonzero at a time. If v, is varying 
very slowly, the inversion layer charge has time to follow with practically no delay. 
We have seen that the resulting effect on the gate can be modeled by connecting a ca- 
pacitance Cys from source to gate. However, if the vanation of v, is fast, the “inertia” 
of the inversion layer becomes nonnegligible, and the effect (gate charge change) will 
lag behind the cause (source voltage change). A similar effect will be observed be- 
tween drain and gate. Also, similar conclusions can be drawn for the effect of the 
source and of the drain on the substrate (the “back gate”). Consider now the effect of 
the gate voltage. If v, is varying very fast, the inversion layer charge does not have 
enough time to respond fully, and thus | y,,|, which models this response, will be 
small. Also, the angle of y,, should be significant and negative, because of the delay 
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FIGURE 9.18 
Intrinsic transistor with bias and small-signal voltages. 


between the cause (the variation in the gate voltage) and the effect (the variation in the 
drain current). Finally, similar observations hold for the effect of the substrate voltage 
on the inversion layer charge. Measurements®! on both long- and short-channel de- 
vices do, in fact, verify that such effects can influence transistor behavior. 

The above effects will be observed if the operating frequency exceeds the upper 
limit of validity for quasi-static modeling. From Sec. 9.2.4, this upper limit is propor- 
tional to w,, which in tum is proportional to 1/L? in the absence of velocity satura- 
tion. One way to model the transistor at frequencies above the limit is, in principle, to 
split the device into sections (Fig. 7.12). The length of each section is chosen such 
that, for it, a quasi-static model can be used. The combination of the models of all 
sections will then be a valid model for the whole transistor at the frequency of inter- 
est. The higher this frequency, the shorter the length needed for each section. One is 
thus led to carrying the idea to the limit, i.e., considering elemental sections the 
lengths of which are allowed to approach zero. The following analysis corresponds 
mathematically to this idea. The analysis is based on well-established princi- 
ples, 1:2,4.17.20.21.35 but is generalized to view the transistor as a four-terminal device.*? 
We want to establish all steps carefully, so the procedure will be rather long; once 
again we ask for the reader’s patience. 
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9.4.2 A Non-Quasi-Static Strong-Inversion Model 


In this section we will derive a useful high-frequency model corresponding to the 
simplified strong-inversion dc model. To end up with manageable expressions, we 
will use here the same simplifying assumptions we used in Sec. 8.3.39 The first as- 
sumption is that, in the expressions for the charge, the quantity a will be assumed to 
be given by 


a=a,=1+——L _— (9.4.1) 


2/dy + Vop 


The second assumption is that the derivative of a, with V, or V, is negligible 
for our purposes, and thus, @, will be treated as a constant during differentiation. At a 
later point, we will verify that the above assumptions do indeed produce a useful 
model by comparison to more exact models. 

Many of the expressions we have developed in previous chapters will be needed 
here. For convenience, we will repeat these below. We will take this opportunity and 
present the various expressions in an organized fashion, so as to present a complete 
picture of, and the relation between, the following cases: 


1, DC (bias) excitation 
2. Time-varying excitation 
3. The special case of (2) where the time variations are smail signals 


4. A special case of (3), where the small signals have a form particularly useful for 
high-frequency model development. 


DC (BIAS) EXCITATION. In our analysis we will find it convenient to express 
the gate, depletion region, and inversion layer charges per unit area in terms of Vg, = 
Vor — Vsg anid Ves(x) = Veg(x) — Vg. Recall that, in strong inversion, V-,(x) can be 
viewed as the effective reverse bias between the inversion layer at point x and the 
substrate. Thus, V(x) represents the potential drop across the part of the inversion 
layer contained between point x and the source region. Using the above in (4.5.29) 
and (4.5.30), using (9.4.1), employing the charge conservation equation Q; + Q%, + 
Q;+Q,=9, and recalling (7.2.3), we have the following results. 
The gate charge per unit area and the total gate charge are, respectively, 


D(x) = CoxlVas ~ Veg ~ do ~ Ves (x)] ~ 0% (9.4.2) 


L 
Og = w| Oe; (x) dx (9.4.3) 
0 
The corresponding charges for the depletion region are 
On(x) = -Ci, [rtp — Vas + (a — DVes(2)] (9.4.4) 


Lb 
QO, = a O},(x) dx (0.4.5) 
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The inversion layer charge per unit area can be written in the form 
| Osx) = -C1,U/(2) (9.4.6) 
where 
U(x) = Ves — Veg — BH — YG — Vas — a Ves(*) (9.4.7) 
The current at point x in the channel will be denoted by /,(x). This current is 


given by the right-hand side of (4.5.6). Using Vcs(x) = Veg(x) — Von, we have 


12) = awa) Sa 9.48) 


which, from (9.4.7), can be written as 


dU, (x) 


4. 
rs (9.4.9) 


I(x) = - WO, (x) 
1 


and, since at dc the current is the same everywhere along the channel, 


Using (9.4.10) and (9.4.6) in (9.4.9), and integrating both sides from x to L, we 
get 


_ Ww uC; ? + 
Ip = >— a Wi (x) - U7(L)] (9.4.11) 
which for x = 0 gives 
_ W KwCy [772 2 
Ip = > an Wi (0) - U7(L)] (9.4.12) 


From the above two equations, we can solve for U;(x): 


1/2 
U(x) = {U0 + = (uw -U; co} (9.4.13) 
At the source end of the channel we have 
thus 
U (0) = Vos — Ves — dy - bp — Vas (9.4.145) 
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At the drain end of the channel we have 
Ves(L) = Vos. Vos V's 


=Vns Vps> Vos (9.4.15a) 
thus, 


U(L) = Vos — Vex ~ Gy — Yb — Vas ~ %Vos, Vag S Vos (9.4.15) 


= Vos — Veg — fo — ¥V% — Yas — %Vas, Vos > Vos (9.4.15) 


Using the above relations for U,(0) and U,(Z), it is easy to verify that (9.4.12) is 
identical to the simplified-model equation (4.5.37) (with a = a,; this restriction will 
be removed later). Similarly, (9.4.13) is equivalent to the equation for the potential 
distribution corresponding to the simplified strong-inversion model, given by 
(4.5.49). The form we use for these equations here will be found convenient later in 
this section. 

As usual, for the gate and substrate currents under de excitation we assume 


I; = 0 (9.4.16) 
I, = 0 (9.4.17) 
TIME-VARYING EXCITATION. We will denote total (large-signal) quantities by 
lower-case symbols with capital subscripts. We show below how equations (9.4.2) to 


(9.4.7) have to be modified for the case of time-varying voltages (time dependence is 
explicitly indicated throughout): 


gij(%, t) = Ci fugs(t) — Veg — bo — Ues(e D] - 0%, (9.4.18) 


where Q’ is assumed fixed. 


L 

qc(t) = WI gals, t) dx (9.4.19) 

qa(x, t) = —Cin| 7914p ~ Ugs(t) + (a — Ives(s, H| (9.4.20) 
L 

qal(t) = WI gals t) dx (9.4.21) 

qi(x, t) = —Coxter(x, 1) (9.4.22) 


where 


u,(x, t) = vgs(t) — Vix — Bo — YW — Vas(t) — esx, t) (9.4.23) 
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Equation (9.4.9) must be replaced by 


; WwW, Ou,( x, f 
is) = A gifs, 
| 


(9.4.24) 


Since we will allow fast variations, (9.4.10) does not have a corresponding 
equation in the present case. Instead, we must consider the “continuity equation” 
(7.7.5). That equation, from (9.4.22), can be written as 


di,(x, t) --c Ww ou, (x, t) 
ax * at 


(9.4.25) 


Note that for the special case of no variation with time, this equation is consis- 
tent with (9.4.10). 
The terminal currents now are given by 


ip{t) = ith, p (9.4.26) 
ig(t) = ae (9.4.27) 
i,(t) = “aolt) 9.4.28) 


SMALL-SIGNAL EXCITATION. We now assume that the total terminal voltages are 
of the following form: 


Vgs(h) = Vos + v,{t) (9.4.29a) 
Ups (t) = Ves + v, At) (9.4.29b) 
Ups(t) = Vos + yl) (9.4.29¢) 


where in each right-hand side the first term is a bias quantity, and the second term is 
a small signal (all small-increment quantities will be represented by lowercase sub- 
scripts). As a result of the above form of the voltages, we will have for the other 
time-varying quantities in our analysis: 


gg(% ) = Oe(x) + 9g, (9.4.30a) 
Gg(t) = Oc + 4,(t) (9.4.30b) 
qa(x t) = Qplx) + 940% 4) (9.4.30c) 
Ggit) = Qp + 9,(t) (9.4.30d) 
u,(x, t) = U,(x) + u(x, ft) (9.4.30e) 
Yos(% DY = Veslx) + Yes DO (9.4.30f) 


iy, t) = Ix) + 10,9 (9.4.308) 
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ip(t) = Ip + id) (9.4.30h) 
ig(t) = Ig + i,{t) (9.4.30i) 


Assuming u,,(f), Ups(t), and v,,(t) are very small, all quantities denoted above 
with capital letters and capital subscripts will be the same as under dc excitation; val- 
ves for them have already been found. Using quantities from (9.4.29) and (9.4.30) in 
(9.4.18) to (9.4.28), one can split the resulting expressions into a “bias” and a small- 
increment part. For example, using (9.4.29a), (9.4.30a), and (9.4.30/) in (9.4.18), we 
have 


Oe(x) + q(x, i CalVes + U y(t) ~ Veg - Po 7 Ves(X) — UesX, ))) - Q, 
= {Ca.[Ves - Ves — 0 — Vests] - O50} 
+ Co lU gst) - Ueg(% 8] (9.4.31) 


The quantity in { } can be recognized as Q(x) from (9.4.2). Hence (9.4.31) 
gives 


Ge 1) = Colugs() -— Ues(% OH] (9.4.32) 
Similarly, using (9.4.30b) in (9.4.19), gives 
£ ¥ f 
Oz + ag(t) = WI” [OG (x) + a(x 0) ax 


Lb i 
W [ Of.(x) de + W [act 1) dx (9.4.33) 


which, using (9.4.3), gives 


q,{t) = wi a, (x, t) dx (9.4.34) 


To derive similar expressions for the depletion region charges, we first note that 
the term containing the square root in (9.4.20) becomes, from (9.4.29), 


¥V% — Ugs(t) = ¥\(o — Vos) — Ups (t) (9.4.35) 


Since v,,(¢) is small, the right-hand side can be approximated by the first two 
terms of a series expansion. This gives 


¥Py - Ups(t) = ¥/% — Ves —- (a, ~ 1)u,, (2) (9.4.36) 


with a, as given by (9.4.1). Using the above in (9.4.20) and proceeding as before, we 
obtain, for the smail-increment part of q,(#): 


Gilt 0 = (a, — 1) C,,[v,,(0) — v,(% 9] (9.4.37) 
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Following the approach that led to (9.4.34), for q,(t) we get 
L ¥ 
9p(t) = WI aisle t) dx (9.4.38) 


For u,(x, t), starting from (9.4.23), using (9.4.36), and proceeding as before, we 
easily get 


ux, t) Uy s(t) + (a, - 1) v,,(t) - a v(% t) (9.4.39a) 


[Up (8) — Vel OL + (@y - Dive) - Ye D] — 9.4.390) 


i 


Since v.,(x, 1) is zero at the source end and equal to v,,(f) at the drain end, we 
have, from the above equation, 


u,(0, ) = Uas(t) + (a, — 1)u,,(6) (9.4.40) 


“u(L,) = [v,,(t) — v,()1 + (a, — Diy, - vz (t)) (9.4.41) 


The small-signal quantity i;(x, can be obtained by starting from (9.4.24). 
Using the fact that u;(x, t) is very smail, the result can be put in the form (Prob. 9.13) 


BWC, 


I(x, th=- 2 [U(x r)] (9.4.42) 


Starting from (9.4.25) we get, using the facts that / (xox = 0 and dU, (x)ot = 0, 


dix, t) paz, OU; (X, Bt) 
iat BSc a a Ld |, | Ape Sh IB 
ox OK m (9.4.43) 
For the drain small-signal current we have, starting from (9.4.26), 
iw = i(L 0 (9.4.44) 
For the gate small-signal current, starting from (9.4.27), we obtain 
dq,(t 
i,(t) = dq,{t) (9.4.45) 


dt 


We can now use (9.4.34) and (9.4.32) in this equation. If in the result we substi- 
tute v.,(x, #) as it ensues from solving (9.4.39), we obtain 


ay ewe 4 f* Jan! . i 
i(t) = WCS, = | x [vgs(t) — %,()] + - u(x, fa (9.4.46) 


For the substrate small-signal current we have, starting from (9.4.28), 


dq, (t) 


i,(f)= 7” 


(9.4.47) 
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Using in this equation (9.4.38) and (9.4.37), and substituting v,,@, ¢) from 
(9.4.39) we obtain 


, da tft 1 
i) = (@ — DWC, = i, {2 [u,,(t) — o,,(¢)| + x u(x, o| dx (9.4.48) 


It is clear from the above expression that to find any of the terminal currents 
one needs an expression for u,(x, 4), and that must be found from (9.4.42) and 
(9.4.43). The result, of course, depends on the form of the terminal small-signal volt- 
ages through the boundary conditions (9.4.40) and (9.4.41). In what follows, we will 
present the solution when the terminal voltages assume a form of special interest. 


COMPLEX EXPONENTIAL EXCITATION. One could assume that the small-signal 
voltages are sinusoids and consider the corresponding small-signal terminal currents 
in the sinusoidal steady state. However, the algebra turns out to be unnecessarily 
complicated. We will thus follow instead a standard practice and consider a fictitious 
complex exponential excitation®’-*? of the form 


u(t) = Vi sem - (9.4.49a) 
v,,(t) = Vv, er" (9.4.49b) 
vf) = V ,e/ (9.4.49c) 


where capital symbols with lowercase subscripts denote time-independent phasor 
quantities which can, in general, be complex, and @ is the angular frequency (in 
rad/s). Since the equations relating the various small-signal quantities (derived 
above) are linear, each small-signal quantity that results as an effect of the excitations 
in (9.4.49) in the steady state wiil also be equal to a complex quantity times e/“*. In 
particular, we can write 


u,(x, t) = U,(x, wei (9.4.50a) 
i(x, t) = 1,(x, weit (9.4.50b) 
i) = L(w)e™ (9.4.50c) 
I(t) = I(w)eit (9.4.50d) 
i,(t) = I,(w)ei (9.4.502) 


Equations (9.4.50) are the various “responses” to the excitations (9.4.49). All 
these complex excitations and responses are fictitious, but they are useful for the fol- 
lowing reason.*’-*? If the real part of the above excitations is used instead to drive the 
device, all responses in the steady state will be given by the real part of the fictitious 
responses in (9.4.50). Now, the real part of any of the above excitations is a sinusoid. 
[For example, if M and ¢ are the magnitude and phase of V,,, respectively, then the 
real part of Uas(t) in (9.4.49) is simply M cos (wt + ¢).] Thus, working with the 
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above fictitious exponential functions provides all useful information about the actual 
sinusoidal steady state, with real excitations and real responses, only with greater 
mathematical ease. In addition, if the response to complex exponentials is known, the 
response to other types of waveforms can be determined by using transform tech- 
niques.°7-59 

The quantities in (9.4.49) and (9.4.50) can now be substituted into (9.4.42), 
(9.4.43), (9.4.40), (9.4.41), (9.4.44), (9.4.46), and (9.4.48). In all cases, eit appears 
as a common factor on both sides. Thus, we easily obtain (Prob. 9.14) 


1,0) = — AYSx 2 Ty, outs, o) (9.4.51a) 
a, ox 
d(x, . ot 
AO) _ _ jaC,WU,(x, «) (9.4.51) 
ox 
U;(0, w) = Vy, + (a) - Vrs (9.4.52a) 
UL, @) = (Vg, — Vas) + (a - Weg — Vas) (9.4.52b) 
L(@) = I(L, #) (9.4.53a) 
oe a,-1 1 fl 
1(w) = jue = (V,, — Vig) + ab U(x, @) as (9.4.53b) 
, 1 1 
[,(@) = jofa, ~ Nem LE ~ Ves) + a, [ue w) a (9.4.53c) 
1 1 


In the above equations, note the following: 4, W, L, and C,, are known device 
parameters, ‘a, is known for a given bias Vsp from (9.4.1), and U,(x) is a known func- 
tion of x, from (9.4.13). Vig Ves, and Vz, are known phasors representing the excita- 
tion. Thus, for a given «, (9.4.51) is a system of two differential equations in two un- 
known functions, /,(x, w) and U;(x, w). This system can be solved by using Bessel or 
Kelvin functions, with the boundary conditions given in (9.4.52); 1-7.17.21,35,39.45,52,55 an 
alternate solution uses symbolic iterative techniques.”? Once the functions U;(% @) 
and I,(x, w) have been determined, they can be substituted in (9.4.53) to give I,(@), 
Iw), and I,(w). The mathematical details are long (the procedure is outlined in the 
statement of Prob. 9.15) and will not be presented here. Below we summarize the 
form of the results. The final expressions are in the form 


Nuj(@)Vi, + Nip(@)Vo5 + Na(w)V,5 


L(w) = Da) (9.4.54) 
I, (e) _ N,al@)Vas + N,(@)Ve5 + N»(@)Vis (9.4.55) 


D(w) 
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_ Ngal@)Vag + Nop (@)V,5 + Nop (@)Vs5 


I,(@) = Dia) (9.4.56) 

where the quantities N,,(w) (k, / = d, g, b) and D(w) are infinite series in jeu: 
Ny(@) = nyo t Go)nyy + Jo@Pnyrt--- (9.4.57a) 
Dw) = dy + (jw)d, + (jw)*d,+--- (9.4.57b) 


The coefficients in these series up to second order as well as for all N,{w) in 
(9.4.54) to (9.4.56), are given in Appendix N. One is finally able to find the y param- 
eters, by comparing (9.4.54) to (9.4.56) with (9.3.8): 


_ Naa(@) _ Neel) _ Nu) 
Yea Dw) ” Yee Dw) wo) Yep Do) (9.4.59) 
y = Neale) y = Noglo) y _ Nwlw) 94.60 
od” D{w) * Dw) “D(a) (9.4.60) 


For example, using (9.4.57) in (9.4.59), we have 


dy + (jw)d, + (jo)’d, ++ (9.4.61) 


gd 


The y parameters can be computed, for a given frequency, to any desired accu- 
racy by keeping an appropriate number of terms in the numerator and the denomina- 
tor. The values thus obtained can be substituted in the small-signal equivalent circuit 
of Fig. 9.15. 

Consider now the equivalent circuit in Fig. 9.17. In this circuit, only three of the 
parameters determined above appear directly: y,4, y,4, and y,,. The rest of the pa- 
rameters can be trivially found from (9.3.7) and (9.3.10): 


Yes = Yoo — Yea — Yep (9.4.62) 
Yos = Yoo — Yoda ~ Yog (9.4.62b) 
Vsd = “Vdd — Ved ~ Yod (9.4.62c) 
Ym = Vag — Ved (9.4.62d) 
Ymb = Yab ~ Yod (9.4.62e) 
Ymx = Yog ~ Yeo (9.4.62f) 


where the quantities in the mght-hand side are given by (9.4.58) to (9.4.60). 
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We will write the expressions for the parameters of the model in Fig. 9.17 ina 
way that will help relate the model to the one developed in Sec. 8.3. We start from 
(9.4.58) to (9.4.60). In each y-parameter expression, we factor out the first nonzero 
term of the numerator. For example, consider y,, in (9.4.61). From Appendix N we 
have n,49 = 0 and dy = 1. Thus, we can write: 


1+ jeolrty42/Myq1) ++ -- 


1+ jad ++ (9.4.63) 


Ved = Jona 
A look at Appendix N reveals that —n,,, has exactly the same expression as Coa 
in (8.3.10). Thus we can write 


1+ jo rhgyy/ya1) +--- 
Veq = —joC,4 (9.4.64) 
ed ad 1 + jwd, +t 


Proceeding in a similar manner, we can find expressions for all parameters in 
Fig. 9.17. As each is being developed, part of the expression can be recognized as a 
familiar small-signal quantity discussed in Chap. 8.t The results are summarized 
below (minus signs are used in front of the y parameters, corresponding to Fig. 9.17): 


(9.4.65a) 
(9.4.65b) 
(9.4.65c) 
(9.4.65) 
- 42 

+ (Jee) Coosa +0 (9.4.65e) 

1+ jor, ++: 
wh (9.4.65f) 

1 

&m (9.4.65g) 


+ jor, to 


+Some of the expressions obtained wil! be valid with best accuracy at low Vps values because they include @,, 
which can be traced to our initial, simplifying assumption in (9.4.1). This same restriction (@ = a) was encoun- 
tered at various points in Sec. 8.3, and was subsequently removed. This restriction will soon be removed from 
the present model also. , 
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(9.4.65h) 


(9.4.65i) 


(9.4.66a) 


(9.4.66) 


(9.4.66c) 


(9.4.66d) 


(9.4.67) 


We note that the numerators in (9.4.65/) to (9.4.65) do not contain frequency- 
dependent terms. This is because of cancellations which occur when (9.4.62c) to 
(9.4.62e) are used. For —y,, in (9.4.65), we did not use the form of the relations im- 
mediately above it because, for this parameter, such a form causes numerical difficul- 
ties at 7 = 1. In the formula given, C,, .,, is the value of C,, in saturation (Sec. 8.3). 

Consider now low frequencies, so that w < w,. Then (9.4.65) gives —y,, = jwC,., 
“Vos * JOC 55) “Veg * JOC ga, —Yng ~ JOC ga: Ysa ~ Bsa» Ym * 8m ANd Yny ~ Smb- 
If, in addition, we uset —y,, = jwC,,, and since y,,, = 0, the model in Fig. 9.17 reduces 
to the model in Fig. 8.17. Thus the same model results, starting from different premises. 

The quantity 7 as it results in the above development is given by (4.5.38), 
where Vis = (Ves — V7)/a with a = a. This value for @ is not the best one to use, as 
explained in Sec. 4.5.3 (unless Vp, is small). It simply appears here because of our 
initial simplifying assumption in (9.4.1), which was necessary in order to obtain 
manageable results.¢ It is desirable, however, that our present model be consistent 


fThis approximation will be discussed shortly. 
tThe reader may want to try developing the model by starting from a different value of @ in order to appreciate 
the ensuing problems. 
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with the corresponding de model in (4.5.37), where the restriction that @ = a, is not 
used. Thus we will remove this restriction from the present model, and we will allow 
V‘ps to have the same appropriate value as in the de equations (see the discussion in 
Sec. 4.5.3). 

Similar comments apply to other quantities in (9.4.65) to (9.4.67) (Cy. 8.4 
etc.). Thus, the approach we have followed leads to expressions for these quantities 
which are familiar from Chap. 8, only with @, — 1 in place of a somewhat different 
quantity. [For example, we find g,,, = (@, - 1)g,,, which agrees with (8.2.20a), but 
which is not accurate for large Vp, as can be seen from the development of that 
equation.} Also, in the saturation region, the value of g,, resulting from the above de- 
velopment is zero, since we have not taken channel length modulation into account. 
All such limitations can be removed by adopting the following approach: Any quan- 
tity in (9.4.65) to (9.4.67), which has already been encountered in Chap. 8, will be 
assumed to have the value given in that chapter. In this way, at low frequencies, our 
present model will reduce to the one in Sec. 8.3, not only in topology (Fig. 8.17) but 
also in the values for its elements. This is a very desirable property. It makes possible 
the incorporation of all the refinements known for low-frequency small-signal para- 
meters into the present model. Thus, the model will be very well behaved at low fre- 
quencies (and will, of course, also provide useful results at frequencies where low- 
frequency models fail). 

Using (8.3.15) and (9.4.65) we obtain 


Yos 2, Yoda Ym og 1 (9.4.68) 
Yes Ved Ym aVsn 


These relations hold with good accuracy if Vp; or Vgs is small and/or Vsz is 
large, in which case the depletion region is approximately uniform along the channel. 
In other cases, the relations hold with limited accuracy. 

We now derive some very useful approximations for the relations in (9.4.65). 
Consider y,, as an example. If the frequency of operation satisfies wr, <« 1, we can 
write 1 + jer, = 1/(1 -jw7,). Using this in (9.4.65a) and neglecting high-order terms, 
we obtain —y,, = jwC,,/[1 + jeo(7, — 72)]; similarly for —y,,, Yea and —y,,. The valid- 
ity of these approximations will be considered shortly. Thus, we have 


j wl, 


-y = ——~__#§_, ty Kd 9.4.69 
Yes it jar = 7) WT, ( a) 
joc, 
-y,, = ——_*—_,,_ or, « 1 9.4.69b 
jaca 
-y, = ———"—__.,__ wr, « 1 A, 
Ved i+ jol7, _ 75) 3 (9.4.69c) 
JC ag ed (9.4.694) 


-y,, = . 
mt 1+ jo(7, _ 73) 
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Consider now Yen in (9.4.65e). We have 
Yep = JOC, + Ya (9.4.69e} 
where, neglecting high-order terms, y, is given by 


2 Cob.sat T4 


9.4.69 
L+ jwr, ( f) 


Yq = (jo) 


In saturation, and at frequencies where the other approximations we have been 
making are accurate, y, can be assumed zero with little penalty. In nonsaturation, and 
especially with very small Vp, this term can be the dominant one in y,,, but the mag- 
nitude of y,, is then very small anyway. The small currents that can be contributed by 
it are almost invariably masked by other larger currents (e.g., those contributed by the 
extrinsic gate-substrate capacitance). Thus, y, can be omitted for many applications 
(Prob. 9.17). 

For the rest of the parameters in (9.4.65) we simply drop the high-order terms 
in the denominators: 


§ sd 


Ved =, WT, = 1 (9.4.692) 
1+ jwr, 

Ym * —Sn__ » or «1 (9.4.69h) 
1+ jwr, 

Ynb * —Smb—, wr, KI (9.4.69) 
1+ jwr, 

Ymx = 0 (9.4.69/) 


The admittances in the right-hand side of (9.4.69) to (9.4.69d) are of the gen- 
eral form jwC/(1 + jar). Figure 9.19a shows a simple circuit that realizes such an ad- 
mittance. Figure 9.195 shows a circuit that realizes the admittance in the right-hand 


c T 

& 
y= ioc y= —t 
1 + far 1 + fer 


Als 
09 j- 


FIGURE 9.19 

Simple circuits used to represent 

the admitiances (a) in (9.4.69a) 
(a) (d) to (9.4.69d), (b) in (9.4.69¢). 
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FIGURE 9.20 
Smail-signal non-quasi-static equivalent circuit model corresponding to (9.4.69). 


side of (9.4.69g). These circuit representations in Fig. 9.19 can be verified through 
simple circuit analysis (Prob. 9.18). 

With the help of Fig. 9.19, it is easy to see that using (9.4.69) the equivalent cir- 
cuit of Fig. 9.17 takes the form shown in Fig. 9.20. The box shown in broken lines is 
y, in (9.4.69f). In many applications this box can be omitted, for reasons already 
mentioned above. As follows from Fig. 9.19a and (9.4.69a) to (9.4.69d), we have 
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(9.4.70a) 
(9.4.70b) 


from which the resistance values can be calculated.+ For the inductor we have, as fol- 
lows from Fig. 9.195 and (9.4.69g), 


Lea8sa = 71 (9.4.70c) 


Plots for the resistances and the inductance are shown in Fig. 9.21.4 

Despite the conditions of the form w7, << 1 in (9.4.69), the model just pre- 
sented is found satisfactory to about w = w,. A comparison of the various models will 
be made in Sec. 9.4.3. 

The various resistors and the inductor in Fig. 9.20 (in cooperation with the ele- 
ments in series with them) can be viewed as representing some of the effects of the 
inversion layer’s inertia when responding to rapid changes. In the following discus- 
sion, we assume that, in Fig. 9.18, only one small-signal voltage is nonzero at a time. 
If the source voltage is changing fast, the inversion layer will “hesitate” to respond, 
and the corresponding changes in the gate and substrate currents will lag behind the 
source voltage changes; this is modeled by R,,. C,, and R,,, C,,, respectively. The 
combinations R,4, C,q and R,4, Cyg model the corresponding effects if the drain volt- 
age is changing fast instead (in the nonsaturation region). The combination of L,, and 
£.q can be viewed as representing the inertia of the inversion layer in changing the 
source current when a fast-varying drain voltage demands such a change (in the non- 
saturation region); this will be discussed shortly. Finally, the denominators in the val- 
ues of the two current sources model the inertia of the inversion layer in changing the 
drain current when the gate or the substrate voltages are varying. 

The appearance of an inductor in Fig. 9.20 may appear strange. To remove the 
“mystery” surrounding this element, consider the experiment shown in Fig. 9.22a. A 
transistor is biased in strong inversion with Vp, = 0, and a small signal is applied at the 
drain end of the channel. We chose V,, = 0 to simplify things, since with such bias the 
channel can be thought of as a uniform resistor. The channel has a parasitic capact- 
tance to the gate and the substrate. Although this capacitance, along with the channel 
resistance, forms a distributed RC element, to first order we can represent them with 
the lumped approximation shown in Fig. 9.22b. The capacitance C is shown grounded, 


fNote that since the capacitances are proportional to C,, = Ci, WE (Sec. 8.3), whereas 7,, 7,, and 7, are in- 
versely proportional to w, [see (9.4.66) and (9.4.67)], the resistances will be proportional to (@,C,,)"' = (L/W) 
a [HC (Ves — Vo)". 

tit is seen that R,,, Rpg and £,, become infinite in saturation, just as do the impedances of the elements in se- 
fies with them (assuming no channel iength modulation). When the model is implemented as part of a CAD 
program, one should exercise care in order to avoid numerical difficulties. 
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Leg 


0 Vos 
(b) 


FIGURE 9.21 
Typical behavior of (a) the resistances R,., Rea: Ress and R,,; (b) the inductance L,,. 


since both the gate and the substrate capacitance in (a) are connected to fixed voltages 
(i.e., “small-signal ground”). The proper value to use for C in this model is less than 
the total capacitance, since the capacitance close to the ends of the channel is practi- 
cally shunted out (Prob. 9.26). Let us consider the small-signal current exiting from 
the source, shown in Fig. 9.22a. This current, and the driving voltage, are represented 
by complex phasors>’~°9 in Fig. 9.22b. Analysis of this circuit gives 


8 sd 
= —2d_y, 
ea (9.4.71) 


o 
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(a) 


~——<$_— 
V; 
I Cc 
() 
aa Lisa 
f, (Cs) 8sd : (@) 
V; 
(c) 
FIGURE 9,22 


(a) A transistor with zero drain-source bias, and with a smail voltage signal at the drain terminal. (b) A 
lumped model for modeling the current exiting from the source terminal. (c} Part of the mode] in Fig. 
9.20, relevant to modeling the same current. 


where 7 = C/(4g,,,). Let us now, instead of using the circuit in Fig. 9.22b, apply the 
small-signal equivalent circuit of Fig. 9.20 to the case of Fig. 9.224. The result is 
shown in Fig. 9.22c, where branches shunted by the voltage sources or by short cir- 
cuits are omitted, since they do not affect the outcome. The controlled sources are not 
shown, since at the bias point Vp, = 0 we have g,, = 8, = 0. It is easily seen that an 
analysis of this circuit gives exactly (9.4.71) again, with 7 = L,,g,, (see Prob. 9.26 for 
a quantitative comparison). Thus, the presence of the inductor in the circuit in Fig. 
9.22c is no mystery: this circuit is just an equivalent circuit that produces the same 
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results for [, as the circuit in Fig. 9.22b. Notice that the series RC circuits in Fig. 9.20 
cannot model the effect we are discussing in relation to Fig. 9.22a, since those cir- 
cuits are shunted by voltage sources and short circuits, and do not affect the value of 
L; it is the presence of the inductor that provides the proper modeling in this case. 
Notice from (9.4.71) that the higher the frequency, the smaller the magnitude of J,, 
and the larger its phase lag with respect to V,. This is what one would expect by con- 
sidering the “inertia” of the channel to respond to the variations of v,(¢). In fact, 
small-signal non-quasi-static effects and distributed effects are two ways of looking 
at the same thing. 

It is clear that, as frequency is increased further and further, the representation 
of distributed effects by the lumped approximation in Fig. 9.225 will eventually fail; 
thus, the model in Fig. 9.22c will fail, too, and so will the model of Fig. 9.20 in gen- 
eral. One can extend the frequency limit of validity with higher-order (but more com- 
plicated) madels,394,45.48-50.52.55 or by using several sections as in Fig. 7.12. 

If the frequency of the small-signal voltages applied to the terminals becomes 
low enough, the inertia mentioned becomes negligible. Indeed, with decreasing fre- 
quency the magnitude of the impedances of C,,, C;,, C,y and C,4 increases. Relative 
to them, the series resistances in Fig. 9.20 become unimportant and can be omitted. 
Also, with decreasing frequency the impedance of the inductor decreases, and this el- 
ement can be omitted in comparison to the resistance in series with it. Finally, the de- 
nominators in the current source values become approximately 1 at low frequencies. 
In this case, the model in Fig. 9.20 is thus seen to reduce to the model of Fig. 8.17. 

The model can also be related3**! to the complete quasi-static model of Sec. 
9.2. At low frequencies, the series RC combinations in Fig. 9.20 reduce to the corre- 
sponding capacitances in Fig. 9.5, for the reasons discussed above. In addition, as- 
suming wr, << 1, we can use the approximation 1/(1 + jw7,) = 1 — jar, and we can 
write (9.4.69) to (9.4.69i) as follows: 


“Yea * Bsq ~ JOT Ba = WT, K 1 (9.4.72a) 
Ym = 8m — JOT Em wr; « 1 (9.4.72b) 
Ynb ~ Emb — JOT 2p WT, & 1 (9.4.72c) 


A comparison with —y,4, y,,» and y,,, for the complete quasi-static model 
[(9.3.11f) to (9.3.11h)] shows that the form is the same (recall that C,, was a nega- 


+The presence of the inductor in the model, in association with the capacitances in it, might suggest the possi- 
bility of “overvoltages,” associated with series RLC circuits.578 This can, in fact, be observed to some extent. 
Consider a transistor with the drain not connected to anything (and thus with Jp; =.0 and Vps = 0), and driven by 
a bias and small-signal voltage between gate and source. In this case the channel is uniform, and for smal! sig- 
nals it behaves as a passive resistance, with associated distributed capacitance to the gate. Such a device can cx- 
hibit, under certain conditions, an ac drain voltage somewhat larger than the input signal for a range of frequen- 
cies. This effect can be predicted by the model of Fig. 9.20 (Prob. 9.27) and can be verified by measurements, 
The effect can even. be predicted by using a simple, passive lumped RC model of the distributed RC behavior of 
the channel, using a few resistors and capacitors (certain passive RC circuits can exhibit a voltage gain some- 
what larger than unity, although they cannot exhibit power gain). The interested reader is referred to Prob. 9.27. 
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tive quantity). Furthermore an examination of the expressions for the various parame- 
ters in these equations reveals that 7,g,, = -C,4 7)8m = C,,, and 718,» = C,,,; there- 
fore, (9.4.72a) to (9.4.72c) are in fact identical to (9.3.11f) to (9.3.11), not only in 
form but even in value (Prob. 9.19). Thus, the model of Fig. 9.20 reduces to the com- 
plete quasi-static model of Fig. 9.5, assuming C,,, is negligible. Note in particular 
that the series resistance-inductance combination of Fig. 9.20 reduces to a parallel 
combination of a resistance and a negative capacitance. With further reduction in fre- 
quency, the terms containing w in —y,,, y,,, and y,,, become negligible, and the model 
reduces to the simple model of Fig. 8.17. 

The coefficients of the controlled sources in Fig. 9.20 are complex. This might 
make it impossible to use this model directly in some computer analysis programs. 
The problem is circumvented by noting that we can write 


—Sm_y =, Vv, 
i+ jan SnV; (9.4.73a) 
—Smb_y, = g Vj (9.4.730) 
1+ jw, 
where 
y=-—-y, (9.4.74a) 
1+ jw, 8 
Vv, = — 9.4.74b 
a 1+ jor, 4 (9.4.74b) 


and that it is very easy to develop V, from V,, and V, from V,, by using two simple cir- 
cuits. This idea is exploited in Fig. 9.23, where it is easy to verify that (9.4.74) holds as 
long as R,C, = 7, and R,C, = 7,.t However, in order not to upset the model, we have 
to make sure that the new elements added draw a negiigible current (in comparison to 
the R,,-C,, and R,,-C,, combinations). This can be ensured, for example, by using 


C, = 0.001C,, (9.4.75a) 
T 
R=— (9.4.75b) 
1 C, 
C, = 0.001C,, (9.4.75¢) 
T 
R,=-+ 4.75 
25 (9.4.75d) 


Similarly, it is possible to replace y, (if it is decided to include this element in 
the model) by a combination of circuit elements with real values. 


+Unfortunately, we could not have used the voltages across C,, and C,, themselves, since R,.C,, = Ry.C,, = 
T, — 7, instead of being equal to the desired 7;. 


488 oPERATION AND MODELING OF THE MOS TRANSISTOR 


A 


‘ge 


FIGURE 9.23 
The model of Fig. 9.20 modified to avoid complex coefficients in the controlied-current sources. 


In the saturation region, the model of Fig. 9.20 assumes a simple form, easily 
derived from the relations given above, and shown in Fig. 9.24. In this region g,, 
models channel length modulation (Sec. 6.2). This effect has largely been studied at 
low frequencies, and was not included in the derivations of the present model. Thus, 
there is no reason to assume that L,,, as results from (9.4.70c), will be the correct 
value to use in the saturation region. In fact, in saturation models, L,, in Fig. 9.24 is 
often replaced by a short circuit. This is not likely to be a problem in practice, since 
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Ry, = l 


(a; _ 152 
2 ad 
Coe = (ay - 1) $C, Cyp= rio 
3 gr 304 178} 
-~--4 
FIGURE 9.24 


The model of Fig. 9.20 for the special case of operation in the saturation region. 


in a circuit capacitances invariably exist between drain and source (e.g., because of 
another transistor connected to the one under consideration, or parasitics). At high 
frequencies, where the impedance of L,, could become comparable to 1/g,,, the im- 
pedance of the above capacitances is low, and relatively large small-signal currents 
can flow in them. Compared to these, the minute small-signal current flowing 
through 1/g,, and L,, is likely to be negligible. 
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9.4.3 Other Approximations 
and Higher-Order Models 


The model we have presented is valid up to about w = w,, as already mentioned. In 
developing it, we used a certain type of approximation, e.g., (9.4.65a) was approxi- 
mated by (9.4.69a), One may wonder why not simply drop the high-order terms in 
(9.4.65a), and use —y,, = joC,,(1 + jwr,/U +jwr,) without any further manipulation. 
The answer is that such an approach would not be wise for two reasons: (1) The re- 
gion of validity for a model based on this type of approximation turns out to be about 
the same as for the one we presented, whereas the equivalent circuit becomes more 
complicated; and (2) the degradation of such a model with frequency would not be 
“sraceful.” This means that, as the frequency is increased above the limit of validity, 
the error in some parameters (especially in their phase) scon would become quite 
large. In contrast to this, the simple model we have presented degrades “gracefully,” 
with the errors increasing rather mildly as the frequency limit of validity is exceeded. 
The explanation for this somewhat unexpected behavior is as follows. Once the fre- 
quency is high enough for the missing high-order terms to become important, the 
new approximation we are considering is inadequate and large errors can result, since 
the numerator is of second order whereas the denominator is of first order. In 
(9.4.69a), the approximation made tums out to be in such a direction as to partially 
compensate for the effect of the missing terms; hence the more graceful degradation. 
Graceful degradation of models is important (although one is not supposed to use 
models outside the specified limits of validity). For example, a user might not be 
aware of such limits (which is usually the case in CAD) or might have to use a model 
outside the region of validity, just because there is no better model available. In such 
cases, it is desirable that the resulting error not be excessive. A good CAD program, 
though, should warm the user when limits of validity are exceeded. 

Models valid up to frequencies higher than w, can be developed by keep- 
ing an appropriate number of high-order terms in the y-parameter expres- 
sions. 39.40.43-45,48-50,52.55 This must be done with care, to ensure graceful degradation 
in the sense discussed above. One might wonder what need there could be for models 
valid at such high frequencies when the model of Fig. 9.20 is capable of predicting 
device performance all the way to w,, which is near the intrinsic transition frequency 
of the device (8.3.31). Consider, however, a circuit with devices operating well below 
their w,. In the same circuit there may be other devices with longer channels for 
which w, is much smaller [see (9.4.67)]. Such devices might be providing useful 
functions other than gain. Unless these devices are modeled correctly, the predicted 
performance for the whole circuit might be in error. | 

In such cases, an alternative to using very complicated high-order models may 
be considered for the devices with the longer channels. Let @pighese be the highest op- 
erating frequency of interest for a given circuit. Evaluate w, for all relevant devices in 
the circuit. Those with @, > Wpighest Can be modeled as discussed in this section. The 
others can be divided into “subtransistors” (Fig. 7.12), such that w, of each subtran- 
sistor is larger than @ighes- The subtransistors can then also be modeled as discussed 
in this section. Notice that, even though the internal subtransistors may have a small 
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channel length, these subdevices do not have real sources and drains; thus, the model 
used for them should be free of short-channel effects. 

The model we have derived in this section is valid in strong inversion only. It is 
possible to derive a non-quasi-static model valid in all regions of operation, starting 
from the general charge sheet model concepts discussed in Sec. 4.3.59 The topology 
of such a model is exactly the same as in Fig. 9.20, but, of course, the expressions for 
the model parameters are different. Unfortunately, these expressions are complicated. 


9.4.44 Model Comparison 

Figure 9.25 shows plots?’ of | y,,|/g,, and of the phase of y,, versus frequency (log 
scale) in strong inversion, for 7 = 0.5 (Vp; = Vig/2). The frequency w, is given by 
(8.3.6), repeated here for convenience: 


_ Ves — Vr) (9.4.76) 


In each plot, curve a is for the simple model of Fig. 8.17, curve 5 is for the complete 
quasi-static model of Fig. 9.5, and curve c is for the model of Fig. 9.20. Finally, curve 
d is for a model resulting by keeping many terms in the numerators and denominators 


Ly, ft | ; 
ef 1.0 G 
Sm 100, (log axis) 
Nd 
\ 
0.5 
0 w 
a 10, (log axis) 
Se 45° b, c 
—90° 
FIGURE 9.25 


Normalized magnitude and phase of y,, versus frequency for a transistor operating in nonsaturation with 
7 = 0.5.9 (a) Simple model of Fig. 8.17; (6) complete quasi-static modet of Fig. 9.5; (c) model of Fig. 


9.20; (2) numerical result (© 1985 by IEEE). 
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of (9.4.65). This model is valid even beyond 10a,.°9 It is seen in Fig. 9.25 that going 
from a to c produces a drastic improvement in the region of validity. The 
region of validity for b is limited by the fact that, at high frequencies the error in 
the magnitude becomes severe. This is because y,, contains a right-half-plane zero for 
this model (9.3.11g) in contrast to the left-half-plane pole in y,, for c (9.4.69h). The 
upward-going magnitude for b at high frequencies is clearly unrealistic, since it sug- 
gests an enhancement in the forward gate-to-drain action, contrary to one’s expecta- 
tion that, at high frequencies, control of the gate on the drain current is gradually lost 
due to the inversion layer’s inertia. In fact, as far as magnitude is concerned, a is better 
than b, although it corresponds to a simpler model! Going to c eliminates the problem 
of b, and now both magnitude and phase are predicted satisfactorily up to about w,. 

Similar plots can be constructed for other operating points and for other param- 
eters in an attempt to compare the various models and determine upper frequency 
limits of validity.29 It is found that the upper frequency limit of validity for a parame- 
ter of a given model depends on which parameter it is, what is the operating point, 
what accuracy is desired, whether magnitude or phase is of most interest, etc. Fur- 
thermore, one can always construct pathological cases where a model will fail in 
some way (Prob. 9.17). Thus, the frequency limits of validity we have been providing 
should be considered in the above light. They are only rough indications of the re- 
gions within which a given model will perform satisfactorily in most cases. To sum- 
marize, the frequency limits of validity we have suggested for strong inversion mod- 
els in this and the previous chapters are as follows: 


1. Quasi-static model without transcapacitors (Fig. 8.17): 72 
2. Quasi-static model with transcapacitors (Fig. 9.5): = 
3. First-order non-quasi-static model (Fig. 9.20): w, 


9.5 HIGH-FREQUENCY NOISE 


Non-quasi-static effects influence the power spectral density of the drain current 
noise at very high frequencies. It turns out, though, that this happens mainly at 
frequencies higher than w, which is the limit of validity of our first-order non-quasi- 
static model. Thus, the drain current power spectral density in the model of Fig. 8.39, 
can be calculated as in Sec. 8.5. There is, however, another effect that should be con- 
sidered at high frequencies, as explained below. 

Thermal noise in strong inversion was seen in Sec. 8.5 to be the result of ran- 
dom potential fluctuations in the channel. These fluctuations are coupled to the gate 
terminal through the oxide capacitance, and cause a gate noise current to flow even if 
all terminal voltages are fixed. 45 This current is called induced gate noise. At 
high frequencies, the impedance of the gate capacitance becomes smaller, and this ef-. 
fect becomes more pronounced. Thus, non-quasi-static models, being appropriate for 
high-frequency work, should include a model for this noise. 


HIGH-FREQUENCY SMALL-SIGNAL MODELS 493 


FIGURE 9,26 
(a) A transistor with substrate shorted to source, assumed to operate in the saturation region. (6) Equiva- 
lent small-signal circuit for (a), including noise sources. (c} Alternative representation of the circuit in (2). 


To obtain a feel for this effect, consider, as an example, a transistor in the strong- 
inversion saturation region, connected in a common-source configuration as shown in 
Fig. 9.26a, and ignore extrinsic elements. The corresponding intrinsic small-signal 
model can be taken from Fig. 9.24, and ts given in Fig. 9.266, with only the most im- 
portant elements shown. To model the drain noise current, a noise current source i,,, in 
the drain port is used as discussed in Sec. 8.5. Consider now the resistance R,,. The 
presence of this element in the model has been seen before to occur due to the resis- 
tance of the channel, which causes distributed RC effects in conjunction with the gate 
capacitance. If a complete non-quasi-static analysis is carried out for the influence of 
such effects on the induced gate noise,®°-6!.5+-67 a surprisingly simple, and by no 
means obvious, result is found: it turns out that the induced gate current can be esti- 
mated by assuming that R,, produces the same amount of thermal noise an actual re- 
sistor of value R,, would produce.®? This noise is modeled in Fig. 4.26b as a noise 
voltage source v,,. According to (8.5.3), the power spectral density of this noise will 


be Sing = 4kTR,,. Various accurate (and very complicated) calculations °!.6+-67 give 
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practically the same result, within a factor close to unity. According to the results in 
Ref. 67, this factor is 4/3; thus we have 


4 ; 
Sing = air( > Rs, saturation (9.5.1) 


Another common representation for the induced gate noise uses a “Norton equiv- 
alent” of the gate branch in Fig. 9.26b.% Such a circuit can be found by replacing the 
series voltage source by a parallel current source, as shown in Fig. 9.26c. From classi- 
cal Thevenin-to-Norton conversion’? it can be concluded that the power spectral 
density S;,, of this source will be S_,, times the square of the magnitude of the admit- 
tance of the C,, — R,, branch (the square comes from the fact that power spectral densi- 
ties are associated with mean square values; see Sec. 8.5). From the value given in Fig. 
9.24, it is easily seen that for frequencies below w, the admittance of this branch is 
dominated by C,,, and its magnitude is thus approximately given by wC,,; thus 


Sing = ae Res orcs, saturation, w < w, (9.5.2) 


Using for R,, and C,, the saturation values given in Fig. 9.24, with g,, = 
(W/L) uC, (Ves — Vr) (assuming a = 1) the above equation becomes (Prob. 9.28) 


w(C,WL) 16 


L uC, (Ves ~ V;) 135 


Sine = AT saturation, o< wo, (9.5.3) 


This result agrees exactly with those obtained using very complicated calcula- 
tions, in which infinitesimal elements of the channel are considered, their contribu- 
tion to the current noise is found, and their combined effect is calculated.74 In 
fact, this development can be carried out directly in the nonsaturation region, giving 
an equation of the same form:*!.6 


K,{Vps5)} a <a, (9.5.4) 


where the factor K>(Vps) is 1/12 = 0.083 at Vp, = 0, and gradually rises to 16/135 = 
0.12 in saturation;® however, in practice K,(Vps) will rise to values /arger than that 
(e.g., by a factor of 2 to 5), due to hot electron effects (Sec. 8.5.4). 

Similar calculations can be used to determine the degree of correlation between 
the gate and drain thermal-induced noise currents (a partial correlation is to be ex- 
pected, since both currents have the same physical origin). In circuit calculations, 
caution is needed to take this correlation properly into account. One way to do this is 
to characterize the correlation by what is called the “cross spectral density” (a quan- 
tity analogous to the power spectral density, but defined for two noise currents™®), 
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For readers familiar with circuit noise calculations, we mention that the cross spectral 
density of the gate and drain thermal-induced currents in saturation is given byt 


tf; 


lL, 
Si id = AKT jaCy, ao<w, (9.5.5) 


S:eia is found in some treatments®! to decrease toward 0 as Vpx is reduced to- 
ward Q; in other treatments, the value of this quantity is taken to be roughly the same 


as in saturation.®8 


9.6 CONSIDERATIONS IN MOSFET 
MODELING FOR RF APPLICATIONS 


MODEL TOPOLOGIES. The frequencies used for radio communications cover a wide 
range. Usually, radio-frequency (RF) modeling of MOSFETs refers to modeling at 
frequencies up to the transition (cutoff) frequency of the devices. For such applica- 
tions, small-signal non-quasi-static modeling becomes indispensable for the intrinsic 
part, and Secs. 9.3 and 9.4 are of direct relevance. However, the extrinsic part must 
be considered, too. Distributed effects in that part can be modeled using lumped ap- 
proximations. An example is shown in Fig. 9.27a (noise sources are not shown for 
simplicity). A non-quasi-static model is used for the intrinsic part; this makes sense, 
since both long- and short-channel devices have been found to exhibit non-quasi- 
static effects.>! The resistances are those of the extrinsic gate, substrate, and source- 
drain regions. As seen, each is divided into subresistances connected to a common 
node, so that the appropriate capacitances can be connected to that node. For exam- 
ple, the elements R,,,, R,.7, and C,,, model, to first order, what is actually a distrib- 
uted RC effect of the source resistance and its capacitance to the substrate. For noise 
modeling, each resistance can be modeled as in Fig. 8.32, and of course intrinsic noise 
sources for the intrinsic part should be used as discussed in the previous section. 
Although the level of modeling exhibited by Fig. 9.27a is very desirable, in 
practice it is difficult to use because the individual values of the subresistances are 
difficult to determine. This is particularly true for the gate and substrate subresis- 
tances. In such cases, one may have to resort to the model shown in Fig. 9.27b, At 
times, models even simpler than that are used.’°-8° An example is shown in Fig. 9.28. 
Figure 9.284 shows a transistor with the source and substrate shorted together (a very 
common connection). For operation in the saturation region, it is claimed in the liter- 
ature that the model in Fig. 9.285 is valid.¢ The intrinsic part of the model is taken 
from Fig. 9.24. Note, however, that this model cannot be derived from that in Fig. 
9.27 since, although the external source and substrate terminal] are shorted together, 


tEquivalently, one can give the (cross) correlation coefficient, defined™®*’ as p = S,, 4//5;,5,q . From the re- 
sults given here, the value of this quantity in saturation can be found to be 0.395. 

tSometimes inductances are added in series with the terminals to mode! the leads of discrete transistors, or even 
the connections to integrated transistors. 
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FIGURE 9.27 
Small-signal models for the complete transistor: (a) is more accurate, (8) is more practical. 
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Code 


(b) 


FIGURE 9.28 
(a) A transistor with substrate shorted to source. (6) Small-signal model sometimes used for the connection 


in (a) in the saturation region, 


R,, and R,, prevent the intrinsic source and substrate terminals (s’ and b’ in Fig. 
9,27b) from being short-circuited. At times, an even simpler model is used; for exam- 
ple, R,, and/or the frequency dependence of the gate transadmittance are omitted, or 
the intrinsic device is modeled using the complete quasi-static model. 

At this point, one may reasonably wonder, “How can such highly simplified 
models be of any use at RF?” There are several answers to this question. One is 
related to the extrinsic parasitics; these can dominate device behavior in some cases, 
and thus limit its application to frequencies lower than those at which the effect of 
R,, or-of 7, would be felt. Another answer is related to parameter extraction. The ele- 
ments are often assigned whatever values make the model give results close to mea- 
surements. The values one ends up with in this way are nonphysical, but are used to 
make up for the inadequacies of the model. This is a dangerous practice, as those 
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same nonphysical values may result in a very wrong prediction of a different perfor- 
mance parameter, not considered during parameter extraction, this problem will be 
discussed in more detail in Chap. 10. In general, the fact that a grossly simplified 
model happens to give satisfactory results for some cases is no reason for trusting 
such a model: there can be other cases where the same model will prove very inade- 
quate. Simplified models can totally fail to predict certain phenomena which more 
complete models such as the one in Fig. 9.27a would predict. For example, at high 
frequencies the impedances of C,,, and C,,, in that model become very small, and 
they tend to shunt the channel with the substrate resistances R,,, and R,,3. This can 
affect the value of the admittance y,, seen at the drain terminal. This effect cannot be 
predicted by the model of Fig. 9.28. In general, models developed for low-frequency 
work will have difficulty in modeling RF operation for all situations. If such models 
have to be used, one may at least extend their range of validity by using the approach 
suggested in Fig. 7.12. This has been attempted for RF applications.*! 

In the derivations for the various parameters in this chapter, short-channel ef- 
fects were not considered. The topologies for small-signal non-quasi-static equivalent 
circuits derived in this chapter are still useful in the presence of such effects, but the 
values of the parameters in them must be modified. The influence of some short- 
channel effects has been considered, to some extent, in the literature.49°°°2 Simpli- 
fied models like the one in Fig. 9.280 are still used in association with short-channel 
devices, with element values determined from measurements. 

It should be noted that, rather than try to stretch simplified models like the one 
in Fig. 9.28b to fit measurements, one can in principle use a general y-parameter rep- 
resentation, such as the ones shown in Figs. 9.15 to 9.17, since these were derived for 
an arbitrary four-terminal structure without any assumptions as to channel length, sub- 
strate uniformity, type of extrinsic effects, etc. In other words, those representations 
were completely general, and can in principle take care of all distributed effects, at any 
frequency, provided appropriate values for the admittances in them can be provided as 
a function of frequency. However, calculating such values is very involved even for 
long-channel devices.*> If values directly extracted from measurements are used, the 
models do not have any predictive power for situations other than those measured. In 
addition, y-parameter models are not supported in many simulation programs. 


GATE RESISTANCE. In many RF applications, devices with very large gate widths 
W are used. In such cases, gate resistance effects can be very significant. Consider the 
device shown in Fig. 9.29a. It is clear that the gate resistance forms a distributed RC 
circuit with the gate-channel capacitance. To study this effect,®?-*¢ one can split the 
device into m subdevices, obtaining the lumped approximation shown in Fig. 9.29b. 
Here R,, represents the total gate resistance, which in Fig. 9.29a is given by 
(W/L)RR, where Ro is the sheet resistance of the gate (see Sec. 1.3.2). It is clear that 
the gate resistance is of little consequence for the subdevices toward the left, but be- 
comes increasingly important for those toward the right; the gate signal those subde- 
vices see will be significantly phase-shifted, due to the resistances and gate capaci- 
tances on their Jeft. Writing basic equations, and letting m approach infinity, it can be 
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FIGURE 9.29 
(a) A simple transistor layout. (6) Lumped approximation of (a). 


shown?>*5 that the distributed effect of the gate resistance can be approximated by 
using a single transistor, with an effective gate resistance of 
ge,efT = 7 Ra (9.6.1) 

This value can be used in lieu of R,, in small-signal models like those in Figs. 
9.27b and 9.28b. 

The gate resistance, in addition to affecting the frequency response, will also 
contribute noise. It can be shown that, at low frequencies, this noise can again be 
modeled by using a single effective value for the gate resistance, which is again given 
by (9.6.1).85 Depending on geometrical dimensions and gate resistivity, this noise can 
in some cases be significantly higher than that produced by the intrinsic part of the 
device. At high frequencies, the gate resistance noise tends to be “filtered out” by the 
gate capacitance, and the total noise approaches that produced by the intrinsic part.5¢ 

If the gate is contacted on both sides, as in Fig. 9.30, the effect will be equiva- 
lent to having two devices, each with gate width W/2 and thus gate resistance of half 
the total value, in parallel; thus, in comparison to Fig. 9.28, the effective resistance 
will be 4 times smaller, and 


Rett = 5 ve Ro, contacts on both sides (9.6.2) 
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FIGURE 9.30 
A transistor with gate contacts on both sides. 


FIGURE 9.31 
Circuit for estimating the transition frequency wp 


TRANSITION FREQUENCY. In Sec. 8.3.2, we considered the intrinsic part of the 
transistor and we derived an expression for the “intrinsic transition frequency.” For 
the complete device, including extrinsic elements, we can similarly calculate a transi- 
tion frequency (or cutoff frequency), as that frequency at which the “short-circuit cur- 
rent gain” of the transistor (measured in saturation, with a dc source between drain 
and source, as in Fig. 8.20a) becomes unity. An estimate can be obtained by using a 
greatly simplified equivalent circuit, as shown in Fig. 9.31; the short between drain 
and source corresponds to the de source in the actual circuit. Voltage and current pha- 
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sors are indicated in the figure. A current source input is assumed for convenience. 
The total capacitance between the internal node g’ and ground is seen to be 


C, = Cy, + Cy + Cog (9.6.3) 


where the individual capacitances include both intrinsic and extrinsic components. 
Thus V,-, in the figure is /;/( jwC,). Elements 1/g,, and C,, have a zero voltage across 
them, and their current is zero; neglecting the small current through C,,, the output 
current is 1, = 2,,V 95 = 8mf;A jwC,), and thus the short-circuit current gain is [,/; = 
8m! joC,). The transition frequency w7 is defined as the frequency at which the mag- 
nitude of [,/J, becomes unity. Thus 


(9.6.4) 


Let us consider two special cases of interest. Assume first that no velocity sat- 
uration is present. Then, g,, can be calculated from (8.2.17a). Using values given for 
the various capacitances in Secs. 8.3 and 8.4, it can be seen that a simple estimate 
for C, is the total oxide capacitance, C,,WL. Using these expressions in (9.6.4) we 
obtain 


=w@,, no velocity saturation (9.6.5) 


where w, is the quantity defined in (9.4.67). If, instead, complete velocity saturation 
is assumed, g,, can be calculated from (8.2.18); from this, and using the same esti- 
mate as above for C,, we obtain 


W, = [Ya Imax velocity saturation (9.6.6) 


L 


where | zy|_,, is the magnitude of the saturated carrier velocity (Sec. 6.5). 


Example. For a transistor with a 0.25-zm gate length, assuming a saturation velo- 
city of 10’ cm/s, the above equation gives w; = 400 Grad/s, corresponding to 
f= 7/27) = 64 GHz. 


Several observations can now be made. Consider first the effect of reducing L 
on w;. As seen from the above equations, for long-channel devices, reducing the 
channel length increases w, drastically, due to the presence of L? in (9.6.5). When the 
channel becomes very short, though, velocity saturation can occur and thus the in- 
crease in wy will be less drastic, as seen from (9.6.6). The effect of the gate voltage is 
also noteworthy. In the absence of velocity saturation effects, w,; can be increased by 
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FIGURE 9,32 
Transition frequency versus gate-source voltage. 


increasing Vs, as seen in (9.6.5). The increase will not be linear, though, since in- 
creasing Vg; decreases the effective mobility. For large Vgs, the saturation voltage 

‘ys can be large enough for velocity saturation to set in, and thus the effect of Vg 
diminishes, as can be expected from (9.6.6). This is illustrated in Fig. 9.32. In fact, if 
the influence of Vg, on mobility and of all the various short-channel effects on g,, 
and C, in (9.6.4) are considered, it is often found that further increases in Vy can ac- 
tually cause a decrease in a7, as shown toward the right in Fig. 9.32. 

More accurate models give more complicated expressions for w7, but the corre- 
sponding values are usually not too different from what (9.6.4) gives. Thus, this 
equation is widely used. Notice that R,, does not enter into this expression, since R,, 
in Fig. 9.31 is in series with a current source, and thus the current entering node g’ is 
I,, independent of the value of R,,.t However, R,, is known to have a detrimental ef- 
fect in RF circuits, so its absence from the expression for w; simply points to the fact 
that w, is not an adequate figure of merit for general RF performance. An additional 
figure of merit, which makes the effect of R,, clear, is now discussed. 


MAXIMUM FREQUENCY OF OSCILLATION. A common figure of merit for RF work 
is the maximum frequency of oscillation @,.,,,, also called unity power gain frequency. 
Power gain in a circuit is the ratio of the load power to the input power. Transistors 
take power from the power supply, and convert it to output power delivered to a load 
and controlled by the input. A power gain larger than unity is what qualifies these de- 
vices as “active.” Power gain can be maximized by choosing the circuitry connected 


+More complete models (e.g., the one in Fig. 9.27a) would predict some dependence of w; on R,. 
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to the transistor in an optimum way: The transistor input is conjugate-matched to the 
input signal source, the load is conjugate-matched to the transistor output impedance, 
and an appropriate network is used to cancel the effect of feedback from the output to 
the input.8”? The power gain obtained in this way is called unilateral power gain. As 
the frequency of operation is raised, the unilateral power gain decreases and eventu- 
ally becomes less than unity; the device, then, behaves as a “passive” device. The fre- 
quency at which the unilateral power gain drops to unity, is defined as @,,,,, and is a 
quantity of fundamental importance. This quantity is called the maximum oscillation 
frequency, since this is the maximum frequency at which the device can be made to 
oscillate by feeding its output back to its input. Since R,, dissipates input power, the 
quantity w,,, captures the effect of this element. 

Using circuit theory, one can calculate w,,,, for a given model.8® For complete 
models, the resulting expressions can be very complicated, so usually simple esti- 
mates are obtained by using simple models. For example, assuming that the source 
extrinsic resistance R,, is very small, one can use the model in Fig. 9.31 (without the 
output short circuit, and embedded in appropriate circuitry). For this model it can be 
found that using optimum external circuitry®”** the unilateral power gain is approxi- 
mately w2AR, W864 + @7C,,4)]. The value of ,,,, can be found by setting this gain 
equal to 1, and solving for w = w,,,,; a consideration of distributed effects® shows 
that, to take such effects into account, R,, in the resulting expression should be re- 
placed by R,, -, a5 calculated above. Thus we find 


Cr (9.6.7) 


AR. ett (8.4 + t7Cya } 


This can be larger or smaller than w,. The value of the gate resistance is of ob- 
vious importance here; unless it is small, it can make w,,,, significantly less than w,, 
thus limiting the usefulness of the device for many applications. Consider the effect 
of increasing W in Fig. 9.29a@ on w, and w,,,,. In (9.6.4), both numerator and denomi- 
nator are proportional to W, so w, as calculated from that expression is independent 
of W. Thus, the numerator of the expression for w,,,, above is independent of W; 
however, in the denominator both factors are proportional to W [see (9.6.1) and Sec. 
8.3]. Thus w,,,., is, to first order, inversely proportional to W in this device. 


Example. Consider the device of the previous example, and assume that it has 
Reeett = 40 0, 8,4 = 2 mA/V, and C,, = 3 fF. Then (9.6.7) gives @,., = 559 Grad/s, or 
f max = @ max/(277) = 89 GHz. 


To keep Ryo eg small one needs silicided gates (Sec. 6.8), multiple contacts (Fig. 
9.30), or a device split into several subdevices connected in parallel; while devising 
appropriate layouts for this, though, care has to be taken not to increase the parasitic 
capacitance values significantly. 

Because of the decisive effect of R,, on w,,,,, the inclusion of only this extrinsic 
resistance in the above calculation is justified in many cases. However, if K,, is made 
smali using the techniques just mentioned, w,,,, increases to the point where the 
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effect of other elements (e.g., of the source series resistance R,,, or of R,,) is felt. In 
such cases, more complete models may have to be used to calculate w,,,,. We note 
that in the literature on RF devices, sometimes the values of w,,,, quoted are calcu- 
lated from a simplified version of (9.6.7), in which either C,, or g,q are assumed to be 
negligible. This can give artificially high w,,,, values in some cases. 

Calculating w; and w,,,, from more complete models than the ones used above 
leads to very complicated expressions. Thus, the simple expressions we have pre- 
sented are widely used. The quantities w, and w,,,, are often measured by extrapola- 
tion from the transistor behavior at low frequencies; thus, the expressions shown 
above, which were derived using low-frequency models, are consistent with this 
practice. 
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PROBLEMS 


9.1. 


For the case of Fig. P9.1 (where g = -q,) relate the various quantities by writing equa- 
tions analogous to (7.3.16) and (9.2.2). Show that in this case the signs used in the defin- 
ition (9.2.1) represent a “natural” choice. 


FIGURE P9,1 


9.2. 


9.3 


* 


9.4. 
9.5 


9.6. 


9.7. 
9.8. 


9.9. 


We define the “nonreciprocity” between two capacitance parameters C,, and Cy (I # k) 
as the quantity C,,- C,. Using (9.2.8), derive relations among the various nonreciproci- 
ties and comment on the result. 

Using Kirchhoff’s current law for all terminals, check the validity of the model in 
Fig. 9.48. 

Prove in detail that (9.2.19) and (9.2.20) are equivalent to (9.2.12). 

Consider the model of Fig. 9.5. For each of 16 ordered pairs of terminals (4, /) perform 
the following experiment. Apply a voltage v, between terminal / and ground, keeping all 
other terminals grounded, and determine the current i, entering terminal k. Show that the 
capacitive part of this current is given by C,, (dv,/df) if 1 = k, and by —C,(du,/dt) if i#k 
Note that six of the C,, appear directly in the model, whereas others do not, in which 
case (9.2.8) or (9.2.20) will have to be evoked. 

Show that results identical to those in Prob. 9.5 would be obtained if the model of Fig. 
8.17 were used instead for five of the terminal pair combinations (those that correspond 
to the subscripts of the capacitors in Fig. 8.17). Show that for other terminal pairs the re- 
sults will differ from those in Prob. 9.5; this points to the incompleteness of the simple 
model of Fig. 8.17. Explain why this incompleteness does not matter at low frequencies. 
Prove (9.2.21) to (9.2.27). 

An intuitive argument was given following (9.2.24) concerning the fact that C,, is nega- 
tive in nonsaturation. Using similar arguments, explain why C,, is also negative, 
whereas all other capacitances C;,, are positive. 

Using the simplified strong-inversion model, C,,, = 0 was found. Allow for a nonzero 
Cw. and show that the expressions for the capacitances would have to be modified so 
that (9.2.8) remains valid. 
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9.10. This problem continues the comparison between the simple model of Fig. 8.17 and the 
complete quasi-static model of Fig. 9.5, started in Prob. 9.6. Consider operation in the 
saturation region. Using the small-signal quantity values found for the simple model in 
Secs. 8.2 and 8.3, justify the upper frequency limit of validity given for the model of 
Fig. 8.17 following (8.3.6). 

9.11. Prove (9.3.7). 

9.12. Prove (9.3.9). 

9.13. Provide ali the details in the proofs of (9.4.36) to (9.4.48). 

9,14, Prove (9.4.51) and (9.4.53) in detail. 

9.15. (Note: This problem requires extremely lengthy derivations. It is not meant as a home- 
work problem.) Solve (9.4.51) and (9.4.52) using the following iterative procedure.?¢ 
Replace x in (9.4.51) with a dummy variable x. Develop an integral form of (9.4.51a) 
and (9.4.51b), by integrating from x to L. Use as an initial approximation JI,(x, #) = 
1(L, w) (which is actually exact for w = 0). Substitute this in the integral form of 
(9.4.5la) and solve for the corresponding approximation of U;(x, #). Use this in the in- 
tegral form of (9.4.51) to find a new approximation for J,(x, w). Use this in the integral 
form of (9.4.51a} and solve for the new approximation of U,(x, a), etc. Show that the 
procedure produces a solution from which one can obtain (9.4.58) to (9.4.60), with the 
values given in Appendix N. 

9.16. Prove (9.4.65) to (9.4.67), using results from Appendix N. (Note: Very lengthy deriva- 
tions are involved.) 

9.17. (a) Plot the magnitude and phase of ~y,, versus @ (for w up to w, on a log axis) in 

the saturation region and at V,, = 0, using (9.4.69e) with and without including 
y,- Use an oxide thickness of 50 A,@a=1.1,W=L=2 yum, « = 600 cm/(V's), and 
Vos — Vr = 2 V. Comment on the validity of approximating —y,, by jwC,, (which 
is equivalent to deleting the box shown in broken lines in Figs. 9.20, 9.23, and 9.24). 
Comment on currents that, in practice, are likely to mask the current due to y,,,. 

(b) Assume V,, = 0. Show instances where a terminal current being observed is only 
due to y,, {and to extrinsic elements). Explain why such instances are unlikely to be 
of significance in practice and that, even then, the magnitude of the observed current 
is very small and likely to be dominated by extrinsic effects. 

9.18. Verify the two circuit representations in Fig. 9.19. 

9.19. Using the approximation in (9.4.72), show that the model in Fig. 9.20 reduces at low 
frequencies to the model of Fig. 9.5, in both form and element values (y,,, is assumed 
zero), and that at even lower frequencies it further reduces to the model of Fig. 8.17. 

9,20. The intrinsic cutoff frequency of a transistor was defined in Sec. 8.3, and in the strong- 
inversion saturation region was found to be given by (8.3.31), by using the model of Fig. 
8.17. As mentioned following that equation, the model of Fig. 8.17 is not accurate at fre- 
quencies as high as w = w,, and therefore the result (8.3.31) should be checked by using 
a more accurate model. Show that, by using the model of Fig. 9.23, one obtains practi- 
cally the same value for w7. 

9.21. Prove all the values given in the model in Fig. 9.24. 

9,22. Provide plots versus w for normalized magnitude and phase of all parameters in Fig. 
9.17 in the saturation region, for the non-quasi-static model of Sec. 9.4. 


510 opGRaTION AND MODELING OF THE MOS TRANSISTOR 


9,23. Consider a transistor with N, = 10'7 cm, 1,, = 50 A, Vro = 0.5 V, by = 0.9 V, ¢ = 600 
cm?/(V:s), and W = L = 2 zm connected as shown in Fig. 9.1b with Vp = 0.5 V, Vs = 1 
V, Vg=3 V, and Vp = 1.5 V. Calculate all parameters for the model of Fig. 9.23. 

9.24. For the device of Prob. 9.23, find the magnitude and phase of all small-signal terminal 
currents (Fig. 9.15) if the small-signal voltages v,(¢), v,(t), v(t), and v(t) are of the 
form a cos (wt + d), with magnitudes a of 2, 1, 4, and 3 mV, respectively, and phases 
of 0, 0, 40, and 50°, respectively. The frequency @ is 277 x 5 GHz. 

9,25. The circuit in Fig. P9.25 has little to do with a transistor, but it will help in getting a 
feeling for the various levels of approximation involved in modeling. 

(a) Find the total admittance y,,, its real part y,,, and its imaginary part yap; 

(b) Find the conditions under which C can be neglected in each of the above three ex- 
pressions, and give a simplified model. 

(c) Find the conditions under which R, can be neglected in each of the three expressions 
in (a), and give a simplified model. 

(d) Show that neglecting R, is equivalent to assuming that the charge Q on the top plate 
depends quasi-statically on the voltage V defined in the figure. Show that at high fre- 
quencies this quasi-static dependence breaks down. 


9.26. Show that the circuits of Fig. 9.22b and c both predict the behavior in (9.4.71), and find 
the proper value to be used for C in order for this behavior to be identical even quantita- 
tively. Attempt to explain the value found for C. Equation (8.3.13b) may be helpful. 

9.27. Consider a MOS transistor with its body connected to source, driven by a bias plus 
small-signal voltage between gate and source, and with its drain not connected to any- 
thing (Fig. P9.27a). In this connection Ip = 0, Vps = 0, and the channel is uniform. De- 
rive an expression for the small-signal voltage gain of this device, V,,/V,,, where V,, 
and V,, are phasors corresponding to small-signal voltages, assuming that the substrate 
doping is very light, and thus the substrate parasitics can be neglected; also, assume that 
W and L are very large, so that intrinsic effects dominate and extrinsic parasitics can be 
neglected. Show that |V,,/V,,| behaves as in Fig, P9.27b; i.e., it can exceed unity in a 
range of frequencies. Show that this behavior is also predicted by the simple lumped 
model of Fig. P9.27c. Are the findings in this problem strange? Why, or why not? 
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9.28. Derive (9.5.3) from (9.5.2). 

9.29. Shown that Fig. P9.29 is the model of Fig. 9.24 in saturation with three important extri 
sic parasitics added, assuming that the substrate is short-circuited to the source and tl 
Cy» and L,, are negligible. Assume Ry, << l/g,, and w << 1MC,4,Ry)- Derive expr 
sions for the y-parameters Y,,, Yeas Yau and y,,. Show qualitative plots for their real a 
imaginary parts vs. w on log-log axes for (a) Zero Cyger Cider ANd Ree» and (5) nonze 
Cader Coder and R,,. Discuss the important effects caused by the extrinsic elements. 
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SIMULATION 


10.8 INTRODUCTION 


Computer simulation is today a standard part of integrated circuit design.!~!° During 
this process, the computer solves a large set of equations describing (1) the connec- 
tions between the various circuit elements and (2) the models of these elements. Cir- 
cuits to be simulated can contain very large numbers of elements. The model for each 
element can contain a large number of equations. The behavior of the entire circuit 
may be needed at many points, e.g., 1000 times points for a transient simulation, and 
all equations may have to be solved repeatedly for each point, as part of numerical it- 
erations for solving the implicit equations. Thus, some computer simulations are very 
time-consuming. Computing time statistics show that often most of the computation 
time is spent in evaluating the quantities that are described by the device model equa- 
tions. It follows, then, that the model equations must be as simple as possible, pro- 
vided accuracy is not compromised. Over the years, many MOS transistor models for 
use in computer simulation have been described.!!“4 In this chapter, we will discuss 
several considerations that are involved in creating such models for today’s needs. 

A rigorous way of describing the operation of a transistor is to write the funda- 
mental semiconductor equations in three dimensions. These will be coupled nonlin- 
ear partial differential equations, one for each of thousands of finite volume elements 
in the device. Programs are available for setting up such equations and solving them 
numerically.85-9! Although such programs are invaluable for device (as opposed 
to circuit) analysis and design, the solution can take a long time even for a single 
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transistor. Such an approach is out of the question for general circuit simulation. 
Much more efficient models are thus needed, which describe the electrical behavior 
analytically. These are called compact models, or CAD models, and are the subject of 
this chapter. In what follows, the word model will refer exclusively to such compact 
models, unless it is specifically mentioned otherwise. The word technology, or 
process, will refer to a given fabrication process. 


10.2 TYPES OF MODELS 
There are three main types of compact models for MOS transistors: 


1. Physical models. These are based on device physics. The parameters in these mod- 
els have a physica! significance (the flat-band voltage, the substrate doping con- 
centration, etc.). Most of the models we have seen in this book are physical 
(sub)models describing specific phenomena in a transistor. 

2. Empirical models. A purely empirical model relies on just curve fitting. It can use 
any equation that adequately fits data (e.g., a polynomial or a cubic spline func- 
tion). The parameters in an empirical model are just the coefficients, exponents, 
etc., used in the curve-fitting expressions, and have no physical significance. 

3. Table models.7!-®3 These are typically in the form of tables containing the values 
of the drain current (and, in some cases, of small-signal parameters) for a large 
number of combinations of bias voltages. The computer then “looks up” such val- 
ues, instead of calculating them, thus saving time. The values stored can come 
from measurements, or from a numerical device simulator. A very large number of 
values must be stored if accuracy is desired, and interpolation functions must be 
provided for computing the values for points in between those stored. Variations 
exist, where a smaller number of points are stored, along with the coefficients for 
extensive interpolation functions. 


Empirical and table models provide values independent of which phenomena 
are responsible for those values. They can thus be developed fast, can be used for a 
number of technologies, and can be quickly updated. On the other hand, a different 
set of empirical expression parameters, or a different table, is needed for each combi- 
nation of W and L values and each temperature value, since these models have no 
way to incorporate small dimension and temperature effects. These models are best 
used for dc J-V characteristics, and even for them it is not easy to reliably predict the 
current for biases outside the range in which the model was optimized, or for W, L, or 
temperature values different from those used in the fitting process. Finally, these 
models cannot be used to predict what would happen if the device parameters 
changed. In particular, they cannot be used for statistical modeling; in other words, it 
is not possible to provide the statistics describing the systematic and random varia- 
tions in the fabrication process parameters, such as substrate doping and oxide thick- 
ness, and use these models to predict the range of variations of the /-V characteristics. 
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Table models have found some special-purpose uses, particularly in cases 
where no good physical models have been developed. Fully empirical models are 
hardly used per se, but often empirical expressions can be found in table models (to 
do the interpolation) and in physical models, to help predict some effects whose 
physics resists a simple analytical description. Save for this last usage, we will not 
discuss these models here. The rest of this chapter focuses on physical models. 

Physical models take a long time to develop (in fact, they have been under de- 
velopment for 30 years, and we still do not have models that are satisfactory for all 
circuit design uses!). Extra development time may be needed each time a fabrication 
technology changes significantly; for example, many of the small-dimension phe- 
nomena discussed in Chap. 6 were revealed as technology matured, and this necessi- 
tated new research and development to make adequate models possible. In addition, 
if physical models are to be computationally efficient, they must be kept simple, and 
thus their accuracy must usually be compromised to some degree. Once a good phys- 
ical model is developed, though, its advantages, in comparison to empirical and table 
models, are very significant. To begin with, the parameters in a physical model have 
a physical significance. It is thus possible to relate the results provided by the model 
to the physical details of the transistor, which is very important in integrated circuit 
design. Notably, the effects of the geometry of the device (W and L values), and the 
effects of temperature changes, can be predicted for a given process a designer is 
working with. Within limits, it is even possible to predict what would happen if the 
process parameters were changed. This latter feature is of particular significance in 
statistical modeling. If the basic parameters of a model are the parameters of the 
process (e.g., substrate doping concentration, oxide thickness), one can use informa- 
tion about the systematic and random errors of these parameters, as well as such er- 
rors in the geometrical dimensions, to predict the statistics of the /-V characteristics 
or other device behavior (e.g., the transistor f;). Thus, physical models can be used 
for statistical analysis,?2~!©! in order to predict ranges of expected performance and 
yield for given specifications. Statistical modeling can then be used as a guide for re- 
design, in order to improve yield. Statistical modeling can also be used to study the 
mismatch between identically laid out devices; such studies are very important for 
analog circuit design. '0?-106 

It should be stressed that some of the advantages of physical models just men- 
tioned might not be valid if the model parameters have not been chosen correctly. 
This issue will be discussed later tn this chapter. 

Good models are usually complex since they have to take into account carefully 
several phenomena which the simpler models ignore. By the time all regions of oper- 
ation are included, one can easily end up with models with, say, 40 parameters. These 
can provide accuracy at the expense of complexity. Note however that satisfactory ac- 
curacy and a large number of parameters do not always mean that the physics of the 
device has been modeled correctly. There exist models which are based on faulty 
premises but which, just because they contain many parameters, can give adequate 
accuracy after extensive empirical adjustment of their values. Such models, though, 
do not normally have predictive power. 
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10.3 COMBINING SEVERAL EFFECTS 
INTO ONE PHYSICAL MODEL 


In previous chapters, we have discussed many different phenomena that take place 
in the MOS transistor, and have considered ways to model them. For the purposes 
of presentation, our approach was to focus on one phenomenon at a time. A com- 
plete device model, though, must incorporate all these phenomena simultaneously. 
Doing so properly would require considering the interaction between these effects, 
but then, unfortunately, the expressions obtained become very complicated. An em- 
pirical approach often taken, if each effect by itself is small, is to assume that the 
effects are noninteracting. For example, consider a device with a channel that is 
both short and narrow. Here three-dimensional analysis would be needed to obtain 
accurate results. However, for simple estimates such a device is sometimes mod- 
eled by using an effective-threshold formulation, with the effective threshold V, 
being given by V7 + AV, + AVpy, where V7 is the long-channel threshold, AV;, is 
the change assuming only short-channel effects are present, and AVpy is the change 
assuming only narrow-channel effects are present. For small AV, and AVry, this 
approach can be justified to some extent (Prob. 6.17). 

In developing certain models, one is faced not only with combining several 
effects that may be active in a given region of operation, but also with combining 
different expressions that have each been developed for particular regions only 
(e.g., combining nonsaturation and saturation expressions). In such cases, one 
must make sure that, as a boundary between two regions is crossed, continuity is 
maintained not only for Ips but also for its derivatives with respect to the terminal 
voltages. 

We now illustrate the above considerations with a simple example. 


Example 10.1. Let us attempt to develop drain current expressions which include the 
following effects: 


Effect of L on effective threshold 

Effect of Vp, on effective threshold 

Effect of W on effective threshold 

Velocity saturation effects 

Effective mobility dependence on normal field 
Channel length modulation in saturation 


ae Ye eS 


The approach used will be a variation of one used elsewhere.”' Effects 1, 2, and 3 
will be modeled by using the following effective threshold voltage: 


VeL, W, Vos. Vsp) = Wr(Vsg) + AVr (ZL, Vos, Vee) + AVrw(W, Vea) (10.3.1) 


where V-(Vs,) can be calculated from (4.5.32), and AV7, and AV, can be calculated as 
described in Sec. 6.3. 

Effect 4 will be modeled as in Example 6.2 (Sec. 6.5), and effect 5 will be in- 
cluded by using (4.10.20) [see discussion following (6.5.11)]. Thus, in the nonsaturation 
region we have 


Ips 


Ips = , 
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Ww - 
oC ox L [Mes - V,(L, W, Vos, Vs8)\Vos - 0.5aVis} 


Vis (10.3.2) 
f + 6[Vas - Ve(L, W, Vos, Vso) + se {1 + Vps/(LB,)| 


where V, is given by (10.3.1). 

The value of the saturation drain-source voltage V,, will be found as shown in 
Sec. 6.5 by setting di,>/dVn, equal to zero from (10.3.2) and neglecting the dependence 
of V;on Vp, for this calculation. This results in (6.5.12) again. A more exact calculation 
results in a much more complicated expression which gives practically the same value 
as (6.5.12).2! . 

We will now determine /,, in saturation. This requires some caution. If V; were 
independent of V,;5, as implicitly assumed in Sec. 6.2, we could use (6.2.5), where Jj. 
would be given from (10.3.2) after replacing Vj; by Vos. In the resulting expression for 
Ins » Vpg itself would not appear. This, of course, would be so because the channel end, 
being considered to be pinched off, would be assumed to be at potential V,. with re- 
spect to the source, no matter what the actual value of Vp. However, here we want to 
include the effect of Vp, on V;, as explicitly indicated in (10.3.1). As already pointed 
out, this effect is assurned unrelated to pinchoff and is present whether Vp, is smaller or 
larger than Vj., as explained in Sec. 6.3. Hence, even in saturation, V; will continue to 
be a function Vpz, not Vis. Accordingly, we have 


W * , , 
BC ox 7a {[¥es _ V,(L, W, Vos. Vs8)|Vis 7 0.5avj3} 
Vos > Vos 


{! + [Vos - Ve( La W, Voss Vse)] + 95V co} 1- z + Vigl(LB.) 


(10.3.3) 


with J, as in Sec. 6.2. Note that, with the exception of the argument of Vr. Vpg has been 
teplaced by Vj, in the above equation. 

We now need to make sure that the nonsaturation and saturation expressions give 
not only the same value of Ip, at Vins = Vs, but also the same slope dip./dVp.. This can 
be achieved by a slight modification of the value of Vjs>, as explained in Sec. 6.2, How- 
ever, there are still two problems. First, although the redefinition of V,, can guarantee 
continuity in dIps/dV ps, it does not guarantee continuity in dp /dV7p; = dgj/ldVps. 
This results in a nonphysical behavior of g,,. Second, the use of (10.3.2) or (10.3.3) de- 
pending on whether or not Vp. S Vp5, requires an “IF” statement in the computer code 
implementing the model. This is undesirable (Sec. 10.6). 

The above problems would not exist if a more detailed modeling had been done, 
using the charge sheet models of Sec. 4.3. These make possible a single expression for 
Ins, Which saturates smoothly, with g,, also varying smoothly, as Vp, is increased. If 
such a model cannot be used, an approach sometimes taken is the use of “smoothing 
functions.”“4 According to this approach, we can replace (10.3.2) and (10.3.3) by the 
following single-piece expression: 


, W ; 
Cx {[%s ~ Vp(L. W, Vos, Vse)|Vas ~ osavje| 


; (10.3.4) 
f + | Ves — V,(L, W, Vos, Vsa)| + 5V so} 1- 7 + vi(Le,)| 


Ins = 


§18 opPERATION AND MODELING OF THE MOS TRANSISTOR 


Vos 


FIGURE 10.1 . 
“Effective” drain-source voltage V py. as a function of actual drain-source voltage Vps. 


where Vps is a quantity that approaches Vps if Vps < Vps, and Vos if Vps > Vps, as 
shown in Fig. 10.1. Of course, the transition from Vis = Vpg to Vis = Vps should be ap- 
propriate for providing realistic values for the current and its slope. An empirical func- 
tion used for this purpose is*?4 


In ! + oP (-Vos/Vbs) 


In E + e”| (08) 


Vos = Vos i- 


where P can be chosen according to the sharpness desired for the transition region 
(e.g.,37 P= 10). 

We note that we have already seeen the use of such smoothing or interpolation 
functions for joining the weak and strong inversion regions.7®! 


The above is meant only as a simple example for illustrating some common ap- 
proaches in modeling. Note that the model is clearly incomplete, as is discussed in 
earlier chapters; notably, it completely ignores the moderate- and weak-inversion re- 
gions. It is also emphasized that empirical smoothing functions should only be used 
as a last resort. As MOSFET modeling advances, it is hoped that popular models will 
be increasingly based on general expressions such as those of the charge sheet model 
in Sec. 4.3; such expressions, by correctly incorporating the physics of the transistor, 
exhibit continuity for Jp; and its derivatives for any combination of terminal voltages. 
Also, more accuracy would be possible above if the interaction between the various 
effects were considered, but this would complicate the equations. Further complexity 
is needed in order to take into account more effects, or to model the above effects in 
more detail. Indeed, to describe and attempt to justify even one of the more complete 
compact models would take a large part of this book. This is why such models will 
not be presented in detail here. The interested reader is referred instead to the litera- 
ture; see, for example, Ref. 65. 
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10.4 PARAMETER EXTRACTION 


No matter how sound a physical model is, it cannot give accurate results unless ap- 
propriate values are used for its parameters. These values should be chosen so that 
the model predicts a behavior as close as possible to measurements, as illustrated for 
Ing in Fig. 10.2. Determining these values !07~206.38.47,50 is not a simple matter, for sev- 
eral reasons. First, the value of some of these parameters may not be known accu- 
rately; for example, the flat-band voltage may not have been measured independently. 
Second, some of the parameters in the model are, as we have seen, basically empiri- 
cal in nature, which means by definition that they should be chosen for best matching 
to measurement. Third, even if the value of a physical parameter is known accurately, 
this value may not be the best one to use in the model expressions. This is because 
analytical physical models are based on several assumptions and approximations; we 
have seen many instances of this fact in previous chapters. Thus, using these expres- 
sions with the “correct” values for their parameters results in a certain error. By 
slightly modifying the value of these parameters, the error can often be decreased; we 
have already discussed this fact in Sec. 4.15. In other words, a slight modification of 
the parameter values can in some instances partially make up for model deficiencies. 
Unfortunately, this is often abused, as we will discuss later on in this section. 

A common way to determine a parameter value (or, at least an initial guess for 
it) is to concentrate on a particular region of operation where this parameter has a 
dominant effect, and obtain enough data so that the parameter value can be deduced. 
Often, it is attempted to identify regions where a first-degree polynomial relation is 


0 Vos 


FIGURE 10.2 
fy versus Vrs, with V-, a parameter. Points: measurements; lines: model. 
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supposed to exist between an independent variable (e.g., an externally applied voit- 
age) and a dependent one (e.g., a measured current); the parameter values are chosen 
so that the model matches that relation with minimum error. This is done using an 
optimization technique known as linear regression,?*’ which is standard in several 
mathematics and data handling packages; for the purposes of visualization, we will 
show this process as fitting a straight line through data on /-V plots. 

As an example, a common method to determine several parameters is to use 
data in strong inversion, with Vg, of at least 0.5 V above V7, with very low Vp, (€.8. 
50 mV). Assume initially that the extrinsic resistances of the source and drain regions 
are zero, for simplicity. Since Vps is very small, the drain-body current can be ne- 
glected and thus [p = Ips. From (4.5.37a) we have 


WwW ., a 
fp = L ual Vos — Vr _ 2 Vos |¥os (10.4.14a) 
WH. 
= L uC. { Ves — Vr Vas: Vos << Vos _ Vr (10.415) 


Measured J, values corresponding to this situation are shown versus Vos in Fig. 
10.3, for a given Vcp. As seen, the behavior deviates from the one expected from 
(10.4.1); this is because at very low Vgs the device operates in moderate inversion, 
where (10.4.1) is not valid; and, at high Vg, the effective mobility decreases as Vgs 
is increased (Sec. 4.10). Nevertheless, one hopes that there will be a region of Vs 
where (10.4.1) will be approximately valid with a constant 2; this will be the region 
of highest slope in the figure. Extrapolating from that region as shown!®? down to 


Ip 


Vas 


\ ee 


FIGURE 10.3 
Ip versus Ves, for a fixed, very small Vps (e.g., 50 mV) and fixed V.,. Points: measurements. The broken 


line is used te extrapolate from the region of maximum slope. 
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zero I) gives an intercept of approximately V;, as expected from (10.4.1b); more pre- 
cisely, the intercept is V; + (a/2)Vps, as seen from (10.4.1a). Using then an estimate 
for a, V; can be found from the above intercept (the error due to the fact that @ is not 
known accurately will be small, since Vp, is chosen very small for this measurement). 

The above process can be repeated for several values of V.,, thus determining 
the behavior of V;(V;,). This can then be used to determine the parameter values for 
a given model of this behavior. For example, if it is assumed that the latter fol- 
lows the simple model of (4.5.32), we have V;, = Vig + fy + ¥ Von + Gy; thus, 


V, should be a straight line with respect to «/Vsp + %. The parameters $o, Vrz, and 
y can be chosen to fit this behavior (Prob. 10.2). Capacitance measurements are also 
used to determine Vz. 

The quantities W and Z used in (10.4.1) and in all equations for Jp, in this book 
are the “electrical” channel width and iength, which are different from the corre- 
sponding “mask” (or “drawn”) values, W,, and L,, respectively, specified during the 
layout process. The electrical and mask values are related by (1.6.1) and (1.6.2), re- 
peated here: 


W 


W,, -— AW (10.4.2) 


L=L.~ AL (10.4.3) 


in 


The values of W,, and L,, are known from layout information; however, AW and 
AL depend on several variables during fabrication and are not known accurately. To 
determine AW from measurements,** note that, assuming that Vp. is very small, the 
conductance G = Ip/V pg is, from (10.4.18) and (10.4.2), 


G= fo. eceltes (W,, — AW) (10.4.4) 


This quantity is thus expected to be a straight line versus W,,. If G is measured 
for several devices, each with the same L,, but with different W,, values, we obtain 
the situation shown in Fig. 10.4a. Using linear regression, a best-fit first-degree poly- 
nomial can be determined. Extrapolating to zero G gives an intercept equal to AW, 
according to (10.4.4). To avoid interference from short-channel effects in this proce- 
dure, the common value of L,, used for the measurements should be chosen large. 

A similar procedure*® can be followed to determine AL. Again assuming a very 
small Vp¢>, the resistance R = Vps/Ip is, from (10.4.1b) and (10.4.3): 


V, 1 
R= 8 = |—__—___-__|{L,, — AL 10.4.5 
Ip aie ~ aI ) ) 


tAnother common technique!?! estimates V; as the value of V,,, needed to produce a certain current (com- 
monly 0.14A x (W/L) in weak inversion. This is referred to as constant current threshold. Yet another tech- 
nique uses the V,, intercept of a plot of + I D versus Ves in saturation [see (4.5.375)]; however, DIBL and ve- 
locity saturation can make the results inaccurate. 
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G 


(a) (b) 


FIGURE 10.4 

(a) Strong-inversion channei conductance versus mask width (points), and extrapolation (broken line) for 
determining AW. (b) Channel resistance versus mask length (points), and extrapolation (broken line) for 
determining AL. The source and drain extrinsic resistance are assumed negligible. Voc, Vsg, and Vps are 
fixed; Vp, is very smali. 


and is thus expected to be a straight line when plotted versus L,,. If one determines R 
for several devices, all with the same large W,,, but with different L,,, one obtains the 
behavior shown in Fig. 10.45, Using linear regression again, and extrapolating to zero 
R, gives an intercept equal to AL. 

It is clear that the above procedures will give only rough estimates for the pa- 
rameter values, since several effects are neglected. For more accurate parameter de- 
termination, these techniques have to be refined. Consider, for example, the effect of 
source and drain extrinsic resistances, R,, and R,,. If these are included, the total re- 
sistance seen between source and drain will be given by, instead of (10.4.5), 


| 
=R, +R, +i—aT L, — AL (10.4.6) 
Ro “ ee ~ All ) 


To determine both AL and (R,, + R,.), one can consider again devices of differ- 
ent L,, values, and plot the measured R,,, versus L,, If this is done for at least two 
Ves values, a linear regression is done for each Vgs value, and the results are extrapo- 
lated as shown in Fig. 10.5, the resulting lines will cross at L,, = AL, and the value 
of the ordinate at this point will give R,, + Rj, as seen from (10.4.6).'®? Thus, this 
procedure gives both AL in the presence of a nonzero series resistance, and the value 
of that resistance itself. A similar refinement is possible for determining AW in the 
presence of nonzero series resistance (Prob. 10.4). 

Further refinements may still be needed. For example, in LDD devices the 
lightly doped part of the source and drain regions gives series resistances which are 
functions of bias. Thus the two Vg values used in Fig. 10.5 should be close to each 
other, !38.!40.154 and the value of R,, + R,, determined in this way would be acceptable 
for Ves = (Vos, + Ves2¥2. Different Vg, values would result in different R,, + R,,- In 
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Ves = Vosi 


FIGURE 10.5 
Strong-inversion channel resistance versus mask length (points) for two values of Voor, and extrapolations 
(broken lines) for determining AL and R,, + Ry. Ves, Vsg, and Vp, are fixed; Vp, is very small. 


fact, even AL turns out to be a function of V¢, for LDD devices. In this case, AL can 
be interpreted to be an “effective AL,” such that simple model equations (derived as- 
suming heavily doped source and drain regions) give results which are approximately 
valid for LDD devices. 

With W and L determined using the above procedures, one can return to 
(10.4.15) in order to determine the effective mobility. The low-field mobility “> 
{i.e., when V,, is not large enough to reduce the mobility value) is sometimes esti- 
mated as that corresponding to the maximum slope in Fig. 10.3. In other words, it 
is assumed that in the region of maximum slope 4 is equal to so, and thus the 
slope of the plot is g,,=@[p/9Vgs = (W/L) uoC., Vns [see (10.4.1)]. Thus, the mea- 
sured g,, is plotted versus Vx, its maximum @,, ,,, is found, and zy is estimated by 
8mmax/l(W/L)C 4, Vins], where W and L are found from (10.4.2) and (10.4.3), and C4, 
is assumed known from capacitance measurements. Clearly, this process can fail in 
cases where the mobility dependence on Ve, is strong, as then there may not be any 
region where 4 = /Z4, in the plot of Fig. 10.3. In that case, z = 4(V¢s) in (10.4.1), 
and thus one cannot assume yz is a constant when differentiating with respect to Vos, 
as was done above. It is better*’ to differentiate Ip in (10.4.1b) with respect to Vps, 
which gives g, = dI[p/OVn, = (W/L) u(Vgs)Co,(Vos5 — Vr). Thus: 


-f) 
(Vos) = (10.4.7) 
(WIL)C..(Ves - Vr) 

This can be used provided V_-, is restricted to strong inversion, where the rela- 
tions used above are valid. Using measurements of g, at several values of Vx, one 
can thus determine the behavior of 4 versus V¢,. From this, one can find the con- 
stants used in the effective mobility expression (Sec. 4.10 and Prob. 10.10). 
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FIGURE 10.6 
A system for data acquisition and parameter extraction. 


The techniques mentioned above are only meant to be illustrative examples; 
they are not the only techniques used. A variety of approaches are employed with 
various degrees of sophistication, depending on the model used, the accuracy desired, 
etc ,107-206,47,50 

The process of determining values for the parameters in a model is called pa- 
rameter extraction or characterization and is combined with measurement, as shown 
in Fig. 10.6. A large number of different bias voltages and signal excitations are ap- 
plied to the transistor under test, by programmable test sources under the control of a 
computer. The response of the device (e.g., the corresponding drain current values) is 
measured by programmable equipment, also under computer control, and stored in 
memory. An optimizer program!©7-!33 then determines the best parameter values to 
use for a given model, so that a certain criterion is met; for example, it is usually de- 
sirable to choose the parameter values so that the Ip, values predicted by the model 
match the measured values with as little overall error as possible, where “error” is de- 
fined in some appropriate way to be discussed below. This is illustrated in Fig. 10.2. 

In some cases, the data to be matched may come not from a measurement 
system, but from a device simulator. This would in fact be necessary if it is desired 
to produce an analytical model before actual fabricated devices are available for 
measurements. 


ERROR CRITERION. The error to be minimized during the optimization procedure is 
often defined as follows: 


kK (i, -1,) 
E, = 5 {ama | (10.4.8) 


jal In; 
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where Ip, j = 1,..., K, are measured [p values for K different combinations of 
bias voltages, Zp; are the corresponding calculated values, and w; are weighting coef- 
ficients, which are often chosen equal to 1; if desired, these coefficients can be cho- 
sen larger in certain regions of operation, in which case the error in those regions will 
count more in the overall error, and the parameter extraction routine will thus be 
forced to “pay more attention” to those regions. The squares are used so that both 
positive and negative errors count equally, and so that such errors do not cancel each 
other out; sometimes, absolute values are used instead of squares. Note that, for very 
small currents, the denominators in (10.4.8) become very small, whereas, in general, 
the errors represented by the numerators do not. This tends to assign more impor- 
tance to the error at small current values, and can be corrected by choosing the 
weighting coefficients accordingly. If no weighting coefficients are used, it may be 
desirable not to allow the denominator to decrease below a certain value, say [,,;,; it 
is thus common to replace the denominators in (10.4.8) by max (Zp,;, Jnin)- 

The root mean square (rms) error corresponding to (10.4.8) is the square root of 
its mean value: 


e= j—t (10.4.9) 


For analog applications, minimizing just (10.4.8) does not necessarily produce 
adequate results. Let us revisit a point we made in Chap. 8. Assume that a parameter 
extraction for a certain model has been done in order to minimize the above error, re- 
sulting in the satisfactory fit to data shown in Fig. 10.7a. When the same model is 
used to predict the small-signal output conductance g, (the derivative 7Ip/?Vp,), the 
result is as in Fig. 10.7b. The error involved in predicting this parameter can be de- 
fined in a similar way as above: 


K > 9 \ . 
£, = Eu[ | (10.4.10) 


j=l Boj 


where u; are weighting coefficients. As seen in Fig. 10.76, this error can be very 
large. This is because the slope in saturation is so small that, even if it is in error by, 
say, a factor of 2, the corresponding effect in the J, curve (Fig. 10.7a) will be very 
small and will not be “noticeable,” if minimizing E, is the objective. To rectify this 
situation, the optimizer should be asked instead to optimize a combination of E; and 
E, above;?°? a simple combination is the sum of the two errors: 


E = woE, + wE, (10.4.11) 


where wy and u, are weighting coefficients, although other ways to perform optimiza- 
tion with multiple objectives do exist. With some models, use of the above criterion 
can provide a drastic improvement in g, accuracy, with negligible loss in overall cur- 
rent accuracy.2°8.209.120.27 Qne must, of course, set up the appropriate facilities for 
measuring g,; this measurement can be difficult.? Errors involving g,, and g,,,, can 
also be used. However, these parameters can be predicted relatively accurately if the 
current is predicted accurately. 
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{a) 


Vos 


(b) 


FIGURE 10.7 
(a) Ip-Vps characteristic. Points: measurements, broken line: model. (b) Slope g, corresponding to (a). 
Solid line: measurement, broken line: model. 


The above errors involve only dc measurements. Ideally, one could envision pa- 
rameter extraction in which the error in other quantities (ac response, rise times, 
noise, etc.) could be taken into account. However, this involves difficult measure- 
ments and greatly complicates parameter extraction. Thus, in most cases the mini- 
mization involves only dc quantities, and often even the errors in g, are ignored, to 
the distress of analog circuit designers. 


EXTRACTION STRATEGY. It is in principle possible to give to an optimizer program 
a general model involving all parameters (say, 40 of them) and ask it to extract the 
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parameter values to minimize an appropriate error as above, without further guid- 
ance. This is, however, numerically very complicated. Also, even if the process con- 
verges and a small error results, the parameter values it ends up with may not make 
physical sense. The optimizer does not understand physics; it treats the entire process 
as a curve-fitting exercise. Any parameter value that helps the fitting is “good,” as far 
as the optimizer is concerned. One may well ask, “What is the problem with this ap- 
proach? [sn’t good fitting what we are after, anyway?” The answer to this question is 
that we are not only after fitting of the data fed to the optimizer. We hope that, once 
the optimizer finds parameter values with the help of the data provided, these values 
will be good for also making predictions of the current in a bias range not adequately 
represented in the measured data, or of other quantities altogether, for example the 
device capacitances. There is no guarantee that such hopes will actually be fulfilled 
with the above approach. 

Let us provide an absurd example, to show the dangers of “blind” optimization. 
Consider the quantity @, in the expression for the threshold voltage, (4.5.32). This 
quantity is often assumed to be given by dy = 26, = 2¢, In (N4/n,) [see (2.5.22) and 
(1.4.2)]. However, close examination reveals that the effective value of ¢, can differ 
from 2¢, by several ¢,. This is true for implanted devices [see (5.2.22)], and even for 
uniform substrates [see (2.5.23)]. If, during parameter extraction, we make the mis- 
take to view N, as a parameter to be “extracted” from the above formula, the opti- 
mizer will try different values for N, until 9 attains the value required to predict the 
body effect, and thus the variation of J), with Vsz, adequately. Because of the loga- 
rithmic form of the above relation, to make up for a small error involved in defining 
do, N, will have to be given a very artificial value (about 7 times higher, for a dp 
error of 100 mV). This artificial value may interfere with the proper prediction of 
other phenomena in which N, plays a role, and which may not have been adequately 
represented in the characterization procedure. — 

The above example makes obvious the fact that blind parameter extraction is a 
very dangerous process. Thus, the optimizer is usually guided to produce physically 
sensible results. A judicious choice is made as to which parameters are to be ex- 
tracted, as opposed to those which can be set from process knowledge (the latter can 
include, for example, the oxide thickness). Then, the set of parameters to be extracted 
is separated into several subsets, each of which can be extracted independently of the 
others, by concentrating on that part of the device characteristics which is most 
strongly determined by that group of parameters. For example, measured data in the 
nonsaturation region with low Vp¢ (e.g., 50 mV) is used to extract the values of pa- 
rameters strongly affecting this region (e.g., those related to the effective channel 
length and width, effective mobility, threshold voltage, and the body effect). With the 
values of these parameters set, data in the strong inversion saturation region is used to 
extract the values of parameters affecting channel length modulation, velocity satura- 
tion, etc. Then weak inversion data is used to extract relevant weak inversion parame- 
ters, etc. The measured data is chosen appropriately in each region corresponding to 
each parameter subset, to facilitate proper extraction in that region. A good initial 
guess is provided for the values of the various parameters to be extracted. The opti- 
mization performed is suitably constrained, with the allowable range of values for 
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each parameter specified, thus helping the optimizer converge to physically meaning- 
ful values. After all parameter values have been determined, sometimes the optimizer 
is allowed to do a fine tuning on all of them, considering the entire set of measured 
data. This may help, since some parameters affect more than one region, and this 
global optimization can take this into account. 

The particular way to extract each parameter depends on the parameter itself 
and on the way this parameter appears in the model. Many ways to measure and ex- 
tract various parameter values have been discussed in the literature. !97-206.47.50 Sey. 
eral test devices, of various gate lengths and widths, are included on a wafer for mea- 
surement and extraction purposes. 

A good model will have enough parameters so that all important phenomena 
can be modeled, but on the other hand it will not include redundant parameters, i.€., 
parameters to which the device characteristics are not sensitive, or parameters which 
can cancel each other’s effect. And, most importantly, if the model is good, the ex- 
tracted parameter values will be close to what is expected from physics. 


BINNING. Ideally, to obtain results from a model one should only have to provide the 
channel width and length, the temperature, and one and the same set of parameter 
values extracted as discussed above. In reality, most models are not that good; if their 
parameters are extracted by fitting to measurements on a device with, say, W = 1 wm 
and L = 0.35 sm, these parameters will not be adequate for modeling a device made 
in the same process with significantly different dimensions. This means that the 
model equations do not do an adequate job in taking the effect of device geometry 
into account. In such cases, to make up for the model deficiencies, a process known 
as “binning” is used.6> The expected range of W and L values is divided up into 
“bins” (e.g., a bin may be defined by 0.35 um <2 < 05 um and 0.7 ums W<15 
jem), and parameter values are extracted for a representative device in each bin. This 
necessitates the use of different sets of parameters during circuit design, depending 
on the desired L and W. The danger with this scheme is that, if a dimension happens 
to be at or near the edge of a bin, a slight change of this dimension by the designer 
might produce a large change in simulated circuit performance. In addition, during 
statistical simulations, in which the random variation of L and W is considered, cross- 
ing the boundary between bins can produce complications. 


10.5 ACCURACY 


It is often said that all that need be expected of a model (with its associated parameter 
extraction) is to predict the current throughout the bias ranges of interest with an ac- 
curacy of 5 to 10 percent, since the statistical variations in the process parameters 
imply an uncertainty much larger than 10 percent anyway. Whether this is a valid 
claim or not depends on the application. For most of digital circuit design, it may be 
true. In certain analog circuits, though, what counts is not only the values of the cur- 
rent, but also the form of its functional dependence on the bias voltages in certain 
ranges and the corresponding small-signal parameters. The model used in Fig. 10.7a 
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is accurate within 5 percent in terms of the current, yet it totally fails to predict g, de- 
cently, as seen in Fig. 10.7b; this can have serious consequences in circuit design, 
where amplifier gains are often inversely proportional to sums of g, quantities. In 
cases where g, is of prime importance, slope accuracy is more important than current 
accuracy! Also, some models produce artificial kinks in the /-V characteristics, which 
can seriously interfere with analog circuit design; yet such models can be accurate to 
5 to 10 percent. 

In conclusion, at least for simulation of analog and mixed analog/digital cir- 
cuits, a current accuracy within the expected statistical spread is not enough. We also 
need a small-signal parameter accuracy within the corresponding expected statistical 
spread, and a correct functional dependence and qualitative behavior. A good physi- 
cal model can be counted on to satisfy these requirements, if its parameters have been 
determined well. 


10.6 PROPERTIES OF GOOD MODELS 


Here is a summary of requirements which a CAD model must ideally meet to be suit- 
able for analog and mixed analog/digital circuit design:>* 


1. The model should, of course, meet common requirements for digital work, such 
as reasonable accuracy in /-V characteristics and extrinsic parasitics. 

2. It should give accurate values for all small-signal quantities such a8 845 8mi» 8s 
and capacitances. In particular, all these parameters should be continuous with 
respect to any terminal voltage. 

3. It should give good results even when the device operates non-quasi-statically, or 
at least it should degrade gracefully for such operation, as frequency is increased. 

4. It should give accurate predictions for both white and 1/f noise, including in the 
triode region. 

5. It should meet requirements | to 4 above over large bias ranges, including Vs, # 
0, and encompassing the weak-, moderate-, and strong-inversion regions. 

6. It should do all of the above over the temperature range of interest. 

7. It should do ali of the above for any combination of channel width and length 
values, from the minimum specified upward. 

8. The user should only have to specify the geometrical dimensions for each device, 
the temperature, and one set of model parameters valid for all devices of the 
same type independent of dimensions. 

9, The model should provide a flag every time it is attempted to use it outside its 
limits of validity. For example, if the model is quasi-static and one attempts to 
use it, say, above the unity-gain frequency of the device, a warning should be 
given to the user that the result may be inaccurate. 

10. The model should have as few parameters as possible (but just enough), and 
those parameters should be linked as strongly as possible to ones related to the 
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11 
12 


13. 


14, 


device structure and fabrication process (e.g., oxide thickness, substrate doping, 
ion implantation characteristics, junction depth). This would allow meaningful 
statistical and worst-case simulations and yield predictions, as well as studies of 
mismatches between devices (which are important in analog design). An empha- 
sis On process and geometrical parameters is also necessary in order to make the 
model predictive and to make it easily adaptable in the face of process and layout 
rule changes. Empirical parameters without physical meaning should be avoided 
as much as possible. 

The model should be computationally efficient and numerically robust. 

It should allow for the modeling of asymmetric devices; for example, it should 
allow the freedom of specifying junction capacitance parameters separately for 
the source and drain regions.’ This is needed not only because a variety of lay- 
outs are used by designers, but also because in some technologies (notably high- 
voltage ones) different fabrication steps are used for the source and drain regions. 
The model should be linked to an efficient parameter extraction method. The 
number of required test devices and tests for parameter extraction should be as 
small as possible. 

The model should ideally provide links to device simulators. 


if the performance of present models is judged against the above criteria, it be- 


comes obvious that MOSFET modeling still has a long way to go. 


10.7 CONSIDERATIONS AND CHOICES 


10.7.1 General Considerations 


In order to make the above wish list come true, several considerations and choices 
confront a model developer. Some of these are now discussed. 


1, 


To begin with, the only type of model that can meet the above set of require- 
ments is a physical model. The advantages of physical models have already been 
discussed above. 

A lot of thought must be given to the choice of primary parameters for the model. 
For example, V;q should not be such a parameter, since this would hide the de- 
pendence of threshold on oxide thickness, which may be important in statistical 
simulation,” if, instead dy, and (7, are chosen as primary parameters, the depen- 
dence on oxide thickness will be there, as seen from (2.2.6) and (4.5.32). Ideally, 
only process, temperature, and geometry information should have to be supplied 
to the model, and every effort should be extended to get as close to this goal as 
possible. The parameters should not be redundant; each should be responsible for 
one or more effects, which could not have been predicted without it. The parame- 
ter set should be chosen with parameter extraction in mind. In fact, parameter ex- 
traction should be kept in mind from the very beginning of model development. 
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3. The ideal physical model should be based on general expressions, derived from 
physics (not interpolation), which are valid in all regions of operation and are ex- 
plicit functions of the terminal voltages. Such a model remains an elusive goal 
at the time of this writing. Charge sheet models (Sec. 4.3) do make general ex- 
pressions possible, which however are in terms of surface potentials (not terminal 
voltages). Very accurate evaluation of surface potential is needed, and this in- 
volves an implicit equation in principle (Sec. 4.3). Special attention must be paid 
to developing appropriate numerical techniques for such calculations. By using 
good approximations as initial “guesses,” surface potentials can be evaluated in 
only a few iterations. Several examples of CAD models based on the charge 
sheet approach can be found in the references.43--859.64.69 An alternative is to base 
the model on separate expressions for each region of inversion. This is some- 
times preferred because expressions for individual regions of inversion can be 
simple (at least for weak and strong inversion), and give the current explicitly in 
terms of the terminal voltages; the evaluation of surface potentials is not required 
in this case. However, this approach has been responsible for numerous disconti- 
nuities in the derivatives of the current with respect to the bias voltages, which 
create problems with numerical convergence and cause serious errors in the pre- 
diction of small-signal parameters. To avoid such problems, all expressions 
should be combined into one single expression with the heip of appropriate 
smoothing functions. This single expression can be used in all regions of inver- 
sion, but the smoothing functions are such that they “reveal” particular expres- 
sions in particular regions, while ensuring continuity at the boundaries between 
regions. Examples can be found in Ref. 44. A related approach has been used in 
the EKV model®! discussed in Sec. 4.8. 

4. Whatever the approach used, it is imperative to ensure continuity of the current 
with respect to each terminal voltage, as well as continuity of the derivatives of 
the current with respect to each voltage. This is important for numerical conver- 
gence. A smooth variation of small-signal conductances will require continuity in 
the second-order derivatives of the current. However, even higher-order deriva- 
tives must be continuous, for numerical efficiency of the model and its parameter 
extraction, and for predicting accurately the nuances of the /-V characteristics; 
the latter is important, for example, in the evaluation of harmonic distor- 
tion.210-214 4 graphical illustration*+ of how an otherwise accurate model can fail 
in predicting distortion is shown in Fig. 10.8. One should plan to ensure that the 
derivatives of any order are continuous, resulting in the so-called C., models. 

5. It should be considered, right at the outset, whether the model will be source- 
referenced or body-referenced. The pros and cons of each approach have been 
discussed in Sec. 4.9. In principle, the two approaches should be equivalent, 
since a body-referenced model can be converted to a source-referenced model by 


tCurrent-contro! alternatives have also been proposed.5!-6.67 
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FIGURE 10.8 


The Ip-Vps curve as (a) measured and (5) modeled.*4 For a sinusoidal voltage variation, the shape of the 


corresponding current waveform in (b) is severely in error, although the ¢ 
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most source-referenced models are responsible for a number of problems at Vp, 
= 0.70 Among these are asymmetries of the source and drain capacitances at that 
point, and a discontinuous slope in g,, versus Vp, plots (see Sec. 10.8). Given 
this history, if a source-referenced approach 1s to be chosen, the model developer 
must make sure that such problems do not occur. Body-referenced models do not 
exhibit such problems. On the other hand, the implementation of certain effects, 
such as velocity saturation, is easier in source-referenced models. 

6. Many effects must be included in the model. This includes the various effects 
discussed in previous chapters of this book. It pays to spend as much time as pos- 
sible to understand the physics of each such effect and to model it properly using 
physically meaningful parameters. 

7. The modeling of charges must receive as much attention as the modeling of de 
current. Most circuits do not operate at dc. During transients, or during steady- 
state ac operation, charging currents can be comparable to transport currents, and 
thus deserve equal attention. This makes necessary the modeling of charges not 
just in inversion, but also in depletion and accumulation. All charge expressions 
should be smooth functions of the terminal voltages. 

8. The model should ideally be non-quasi-static. 

9, If a non-quasi-static model is too compiex to develop, then for large-signal tran- 
sients a complete quasi-static model should be used (Chap. 7), which includes the 
effect of each terminal voltage on the charge passing through each of the termi- 
nals. This is one of the requirements for ensuring charge conservation.?!5-2!9 

10. The modeling of extrinsic effects (source, drain, gate, and substrate resistance, 
overlap and junction capacitances, junction leakage) must be done with an accu- 
racy consistent with the accuracy expected of the intrinsic device model. 

11. Remember: The modeling job is not finished until an efficient parameter extrac- 
tion procedure has been developed to accompany it. 


10.7.2 Considerations Related 
to Computer Implementation 


The above considerations, together with the general requirements discussed in Sec. 
10.6, dictate a number of requirements specific to the computer implementation of 
the model. Some of these are 


1. There should be no IF statements in the code, in order to avoid the risk of discon- 
tinuities. Since it is very difficult to check continuity of every variable with re- 
spect to every variable, one cannot be sure that an IF statement will not cause a 
discontinuity or numerical problems. At times, the “no IF’s” rule may have to be 
bent in order to allow IF statements that turn off parts of the model not used for 
some particular parameter value combinations.’° In no case, though, should an IF 
statement be encountered during a simulation run as a function of an electrical 
variable or of time. If necessary, smoothing functions can be used*+”° (see Exam- 
ple 10.1). 
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2. Although the model expressions are only intended to be accurate within certain 
ranges of voltages and currents, they must be well behaved even far outside those 
ranges.’° In the course of numerical iterations, a simulator may try values well 
outside the intended ranges; if an exponential or a polynomial blows up, or a de- 
nominator becomes zero during such excursions, attempts to achieve numerical 
convergence can terminate unsuccessfully. 

3. Charges should be used as the state variables for time-domain analysis. This, to- 
gether with the use of complete charge models (see above) and the use of appro- 
priate numerical techniques, will guarantee charge conservation,?!5-2!? which is 
very important for simulating certain kinds of circuits. 


In addition to these issues, others will have to be considered in particular cases. 
In general, at every step taken during mode] development, it pays to consider what 
that step implies in terms of computer implementation. 


10.8 BENCHMARK TESTSt+ 


We now give several benchmark tests to evaluate MOSFET models. These tests have 
been found very useful over the years, as a necessary (but not sufficient) set of tests a 
model should pass before we can begin to trust it for analog work. Ideally, the tests 
should be quantitative comparisons to measured data; however, even if such data is 
not available, one can get very useful indications by running just the simulations indi- 
cated, since they will at least show whether the model being tested gives a correct 
qualitative behavior. Some examples of how well popular models fare when put to 
these tests will be given along the way, but we will avoid giving numerical compar- 
isons, as we do not want to limit our comments to specific models with specific para- 
meter values. All tests are to be done using nonminimum geometries (long and wide 
channels) at room temperature. 


Test 1: Weak and moderate inversion current. For a Vpg value in the satura- 
tion region, plot J) versus Vgs, with [, on a logarithmic scale and including V¢¢x val- 
ues well below threshold. The shape should be as illustrated by the solid line in Fig. 
10.9a, Many popular models fail this test at least in the moderate inversion region, as 
shown in Fig. 10.9b. 


Test 2: Transconductance-to-current ratio. 

(a) Continuity. Plot the transconductance-to-current ratio, g,,/[p (an important 
quantity for analog design) versus Vs or versus log /p (same range as for benchmark 
test 1, or at least a range including Vg, values around kinks such as the one in Fig. 


+Unless indicated otherwise, these tests are from Y. Tsividis and K. Suyama, “MOSFET modeling for analog 
circuit CAD: Problems and prospects,” JEEE Journal of Solid-State Circuits, vol. 29, pp. 210-216, March 1994 
(© 1994 by IEEE). 
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FIGURE 10.9 
log Ip versus Vog, for fixed Vp and Vsq.™ (a) A qualitatively correct curve. (6) Curve obtained using the 


fevel 2 Spice model (© 1994 by IEEE). 


10.9b). Make sure that the V., (or J) spacing is fine enough, so that such kinks are 
not missed. Measurements give a shape as shown by the solid line in Fig. 10,10a.f 
Several models give resuits as shown in Fig. 10.106. A large error occurs in the mod- 
erate inversion region. 

(b) Asymptotic behavior.22° Plot 2,,/[p versus Vos, for several values of Vcp. 
The behavior should be as in Fig. 10.11. The top part of each curve corresponds to 
weak inversion. Using the accurate weak inversion model of (4.6.6)-(4.6.7), or the 
charge sheet model of Sec. 4.3.1, it can be found that this part tends asymptotically to 
1/, as Vs, is increased, as shown in the figure. Some models predict a constant g,,/Ip 


in weak inversion, thus failing this test, which is referred to as the “Gummel tree-top 
test.220-222 


Test 3: Output conductance. Plot g, = dip/dVpg versus Vps, for a fixed Vg, 
value (or, better yet, obtain a family of such curves). The expected shape is as in Fig. 
10.12a, but some models give a result as in Fig. 10.125, depending on model parame- 
ter values. The reason is an unnatural transition from triode to saturation, shown in 
Fig. 10.12c (caused by an IF statement!). Other models do not produce such an 


{The quantity g,,/l, peaks in weak inversion, but does not become exactly constant in it. This is due to minute 
deviations from exponential behavior for the current (too minute to be noticeable in plots like the one of Fig. 
9a), which are predicted by detailed charge-sheet models and by the detailed weak inversion model of (4.6,6)- 
(4.6.7). 
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8mélp versus log J,.* (a) A qualitatively correct curve. (6) A curve using the level 2 Spice model 
(© 1994 by IEEE). 
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FIGURE 10.11 
&mily Versus Vg, for a fixed Vps and for various Vcg values (Gummel tree-top test?” ??). 
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8, Versus Vpg for fixed V5 and Vsp.%* (a) A qualitatively correct curve; (b) a plot using a popular Spice 
model; (c) Jp versus Vp, for fixed Vo, and Vs, using the same model (© 1994 by IEEE). 
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FIGURE 10.13 

(a) Circuit for obtaining ac response; (6) drain ac current magnitude versus frequency for a 100-zm-long 
MOSFET and an equivalent combination of two 50-zm-long devices, using the level 2 Spice model* 
(© 1994 by IEEE). 


abrupt change but stil! predict g, inaccurately in the transition from nonsaturation to 
saturation. Some models may also show discontinuity in plots of log g, versus Vgs, 
with V,, ranging from weak, through moderate, to strong inversion (and for several 
Vs, values). Discontinuities of g, can also exist at Vos = 0 (see test 7 below). 


Test 4: High-frequency transadmittance. Take the simplest possible model 
(remove all parameters having to do with parasitics, such as junction and overlap ca- 
pacitances, series resistances, etc.). In the device statement, make sure that the 
source and drain areas and perimeters are set to zero. We suggest the above simplifi- 
cations to make clear what the following problem is caused by. Bias a 100-zzm-long 
MOSFET in strong-inversion saturation, where the intrinsic gate-drain capacitance is 
zero. Use an ac source in series with the gate bias as shown in Fig. 10.13a, and ob- 
tain a frequency response for the ac drain current magnitude up to 10 GHz. Now 
break the device into two 50-4m-long devices, with their channels in series and with 
common gate and common substrate, and bias the combination as before. The com- 
bination should be equivalent to the single 100-4m device (remember, no junction 
area is supposed to exist at the intermediate point). Obtain the frequency response 
again. It should be the same as before. However, several common models give the 
behavior shown in Fig. 10.13b. The behavior is totally different at high frequencies. 
This is a result of the fact that the models used do not take into account non-quasi- 
static effects (Chap. 9); the behavior predicted for the 100-~m single device is, of 
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FIGURE 10.14 
Circuit for simulating thermal noise in the triode region.** For 
this circuit, Vos = 0. 


course, totally unreasonable,t and contradicts both non-quasi-static models and 
measurements. The two-device combination does a better job at approximating real- 
ity, since it is a two-element lumped approximation of what is actually a distributed 
channel effect. (In fact, such combinations, with two or more elements, can be used 
in lack of non-quasi-static models, for high-frequency small-signal work; one should 
be careful, though, not to activate artificial short-channel effects in the subtransis- 
tors, and not to include extrinsic elements at intermediate channel points.) We note 
that non-quasi-static behavior has been experimentally demonstrated even in short- 
channel devices.*?3 


Test 5: Thermal noise. Bias a device with a fixed V,, in strong inversion, and 
at Vp, = O (a zero-value de current source can be between drain and source, as 
shown in Fig. 10.14, if the simulator does not allow floating nodes). Run a noise sim- 
ulation, for a frequency low enough so that the result is not affected by capacitances. 
Biased as indicated, the channel is equivalent to a resistor of value K = 1/g,,, and 
should show a thermal noise voltage with power spectral density of 4k7R (e.g., 
1.66 x 10-!6 V2/Hz for a g,, of 10-* A/V). Many models give, depending on imple- 
mentation, a value that either is a couple of orders of magnitude too low or is even 
identically zero. The consequences are obvious for the design of analog circuits using 
MOSFETs as resistors. 


Test 6: Flicker noise. Bias a device in strong-inversion saturation, and run a 
noise simulation at frequencies where 1/f noise should be dominant. The noise cur- 
rent can be converted to a voltage across a 1-{2 resistor, placed in series with the 
drain (or, even better, a “noiseless resistor” implemented using a self-dependent 
voltage-controlled current source). Now, increase the channel area 10 times: Does the 
power spectral density of the equivalent input noise voltage (in V?/Hz) decrease 10 
times, as approximately observed in practice? 


+In fact, the use of transcapacitors in some models can produce even worse errors, predicting that the ac current 
magnitude goes up with frequency (Fig. 9.25) (this effect will be seen only if it is not masked by extrinsic ca- 
pacitance effects). 
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FIGURE 10.15 
Circuit for tests 7 and 8.220222. 


Test 7: Behavior of I, at Vps = 0.220222 Bias a device in strong inversion, 
and apply a voltage 2Vy symmetrically between drain and source, as shown in Fig. 
10.15. Plot J, di/dV,, and d2i/dV?, versus Vy. A correct model should exhibit the 
smooth behavior shown in Fig. 10.16a. Many models exhibit instead the behavior 
shown in Fig. 10.16. This behavior can usually be traced to practices common in the 
implementation of source-referenced modeis. 


Test 8: Charges and capacitances at Vp, = 0.720-222.69 Using again the circuit 
of Fig. 10.15, plot dQ/dV, for the various charges in the device (Qg, Gp. Gp, and Qs 
in Chap. 7). These plots should be continuous at Vy = 0 (Vps = 0). Instead, several 
models show a discontinuity at that point. In addition, a correct model should predict 
Cys = Cg and Cy, = Coq at Vos = 0, as shown in Fig. 10.17a; several models fail this 
test, as shown in Fig. 10.17. Finally, discontinuities are found for the capacitances at 
the boundaries between different regions of operation, for example at Vgs = Veg, at 
Vos = Vp and at Vs corresponding to the onset of moderate or strong inversion. A 
test for such discontinuities is described elsewhere.” 


Extra tests should be performed to make sure there are no discontinuities or 
kinks in any of the plots of Jp, log Jp, and the small-signal parameters as a function 
of any of the terminal voltages, for a variety of device dimensions. And, of course, 
the model would have to be tested quantitatively, in comparison to measurements. 
Standardized ways to perform all these tests are described elsewhere.220-?? 

Many existing models wil! fail some or most of the above tests. And, of course, 
even if they pass some of them qualitatively, they still would have to pass them quan- 
titatively, in comparison to measurements. 

The above benchmark tests cover only some of the major problems which, at 
present, seem to be present in most popular CAD models. Other problem areas in- 
clude the accuracy of capacitances and noise in the moderate inversion region, tran- 
sient response under non-quasi-static conditions, the influence of the body effect 
along the channel on thermal noise, noise at frequencies where non-quasi-static ef- 
fects are observed, noise of short-channel devices, effective mobility dependence on 
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FIGURE 10.16 
I, difdV,, and d*i/dV? versus Vy, for the circuit of Fig. 10,15.77222.6? (gq) Qualitatively correct behavior; 
(b) common behavior of some popular models. 


Vop, etc. Most of these problems have been discussed in previous chapters. The prob- 
lems mentioned as a rule get worse for devices with short and/or narrow channels. 
Also, particular models (and particular implementations of models in specific simula- 
tors) may have additional problems. Many circuit designers have formed a list of 
problems particular to the models/simulators they use. 

Even if a model could in principle do a decent job over certain bias ranges, it 
often is not given the opportunity to do so because of poor parameter extraction. As 
an example,™‘ the parameter sets provided by a well-known foundry service for two 
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FIGURE 10.17 
C,, and C,4 versus Vps, for fixed Vas and Vsq.© (a) Qualitatively correct behavior; (6) common behavior 
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8n/ty why 


30 Pa Model 2 


20 


Ip (A) 
Temas 10% 10-6 10“ 


FIGURE 10.18 
Sil versus log Ip using two different models, with parameters as provided by a foundry service for the 
same fabrication process*4 (© 1994 by IEEE). 


different models, for the same fabrication process (obtained from measurements on 
the same devices), were examined. I,)-Vps curves in strong inversion (where the para- 
meters were apparently extracted) gave relatively good agreement of one model with 
the other. However, a plot of g,,/Ip using the two models gave the results in Fig. 
10.18. The figure speaks for itself (note that no comparison of accuracy of the two 
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models in weak inversion is implied here, since the foundry simply did not attempt to 
match the models to data in that region). Using the parameters from the same foundry 
also gave a 6-order-of-magnitude difference in 1/f noise predictions between the two 
models, a factor of 3 discrepancy in the saturation small-signal output conductance, 
etc. Such problems are due to extraction having only the digital designer in mind. 


10.9 NONTECHNICAL CONSIDERATIONS 


Anybody who is interested in developing a successful MOSFET model, which will 
improve upon existing ones and will be widely adopted, is considering a major un- 
dertaking. This is obvious from the many complicated effects that must be modeled 
correctly, and from the many considerations already listed above. But the job is not 
really finished when the equations have been written, or even when they have been 
implemented in a computer and tested. The job is not even finished when all results 
have been reported in conferences and journal publications. If the model developers 
desire to see their model widely adopted, there are a large number of other tasks to be 
completed. The model has to be implemented in a major circuit simulator such as 
Spice, and ideally in several popular versions of it. The interface between a model 
and a simulator has not been standardized yet, and this can be a source of delays and 
frustration. Detailed documentation must be written. Then the various CAD tool 
companies must be convinced to include the model in their products, which means 
that the source code must be provided to them. The various foundnes must be con- 
vinced to support the model, and to extract parameters for it. It is a major commit- 
ment for a company to adopt a new model, and a lot of inertia is usually encountered. 
In fact, models with clear advantages have not been adopted for years because a com- 
mitment to other models, with all their problems, had already been made earlier on, a 
large amount of data had been accumulated using those models, and the models be- 
came entrenched. Finally, if the model gets adapted, its developers should commit 
themselves to answer questions, fix bugs, update the model, and in general support it. 

Thus, while this author would like to encourage the development of new and 
better models, the readers who decide to take the challenge shouid be fully aware of 
the adventure they are getting into, especially if they want to see their model widely 
adopted. 
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PROBLEMS 


10.1. In Sec. 10.4, we discussed a method for obtaining the value of V; using measured data 


in the nonsaturation region. Show that, under certain conditions, V; can also be deter- 
mined using data in the saturation region, by plotting JJp vs. Vgs. [Hint: See 
(4.5.37)}. What problems do you see with this technique, for practical devices? 
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10.2. 


10.3. 


10.4. 


10.5. 


Show that a possible procedure for extracting graphically the values of y, %p, and 
Veg in (4.5.32) from measured data is the following. (a) Plot V; vs. J Von + Gy, using 
an initial guess for the value of @o. (b) If the plot turns out to be not a straight line, 
modify the value of ¢, and try again, until approximately a straight line is obtained. 
Explain how, from the final plot, you can obtain the values of the above parameters. 
Propose a method for obtaining the value of @ in the model of (4.5.37), from measured 
data. 

Devise a procedure for extracting the value of AW in (10.4.2) from measurements, for 
a transistor with nonnegligible source and drain resistance. 

Shown in Fig. P10.1 are measured characteristics for an n-channel transistor, giving 
Ip versus Vps with Ves a parameter; each set of curves is for a different value of Vsp. 
Choose a single value for each of the quantities 4, Vro, y, a, and po, so that the 
approximate model equations are reasonably matched to the measurements. Assume 
W=1 wm, L = 14 wm, Cy, =3 x 107 F/cm?, a constant mobility, and no short- 
channel effects. 
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10.6. Propose a method for extracting from measurements the value of ©. in (10.3.2), as- 


10.7. 


10.8. 


10.9. 


10.10. 


10.i1. 


suming for simplicity that V; is independent of Vp. 

Implement the complete charge sheet model of Sec. 4.3.1 on the computer. You will 

need a numerical routine for calculating the surface potentials #,, and w#,,, as explained 

in the above section. [In lack of actual measurements, “data” produced using this 
model will be assumed to be “measurements” for some of the problems that follow.] 

Assume Vr, =—0.9 V, N, = 10!7 cm}, ¢,, = 100 A, and W=L=2 um. 

Determine 4, Vip, ¥, Go, and @ in the model of (4.5.37), so that this model matches 

“measurements” produced as in Prob. 10.7, for Vg, between 1.2 V and 3 V, Vag be- 

tween Q and 3.3 V, and Vc, between 0 and 2 V. Assume that C;, has been determined 

from measurements to be 3.45 x 10°? F/cm?. 

Using the “measurements” produced as in Prob. 10.7, extract the value of V; (a) as ex- 

plained in Sec. 10.4, (6) as discussed in Prob. 10.1, (c) assuming V; is the value of Vg, 

at which [, = (W/L) x 0.1 yA, and (d) using (4.5.32) with dy = 2¢,. The above four 
quantities are often assumed to be one and the same. Do you agree? If not, assume that 

dy = 26, + Ad, as in (2.5.23); what value should be used for Ad, in order for (4.5.32) 

to predict the value in (a)? 

(a) Devise a technique for extracting the values of 49 and @ in (4.10.20). Assume @, is 
negligible. 

(b) Use your technique to determine 4, and @ if it is given that, for a transistor with 
V, = 0.6 V, Ve, values of 1.5, 2.0, 2.5, and 3.0 V produce measured yu values of 
563, 532, 501, and 475 cm?/(V‘s), respectively. 

Run the benchmark tests of Sec. 10.8 on one or more popular CAD models used at 

your institution and comment. 


APPENDIX 


A 


ENERGY 
BANDS 
AND 
RELATED 
CONCEPTS 


A.l ENERGY BANDS 


The energy band model is a rather involved one in solid-state physics. Here we only 
summarize some of its basic features for interested readers. More details can be 
found in the references provided in Chap. 1. The following material can be under- 
stood in the context of Sec. 1.2. 

For semiconductors, the energy band model can be illustrated as shown in Fig. 
A.1. The horizontal axis corresponds to distance in the semiconductor, whereas the 
vertical axis corresponds to electron energy. In an intrinsic semiconductor, electrons 
bound to their parent atom have energy no larger than £,; they are said to “be in the 
valence band.” An electron with a total energy of at least E. becomes liberated from 
the parent atom and is said to “be in the conduction band.” Such an electron leaves 
“behind” a hole in the valence band. The energy of holes is measured in a direction 
opposite from that of electrons because of their opposite charge (i.e., hole energy in- 
creases downward in Fig. A.1). If an electron acquires a total energy E > E, (e.g., be- 
cause of thermal vibration of the lattice), the difference E — E, corresponds to net ki- 
netic energy as the electron moves in the crystal lattice. E. itself represents the 
potential energy of the free electron. Energy levels between £,, and E, are not occu- 
pied in the intrinsic semiconductor under discussion. Such energies belong to the so- 
called “forbidden band gap,” which for silicon has a width E, = EF. - E,, of 1.12 eV at 
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ewe ee ee ee ee E, Indicating energy levels corresponding to impurity atoms 
Ff __ in (a) n-type extrinsic semiconductors (Ed), (b) p-type ex- 
(b) . trinsic semiconductors (Ea). 


300 K, slightly decreasing with temperature. At room temperature, few electrons ac- 
quire that much energy in an intrinsic semiconductor and, therefore, few are liber- 
ated. Thus the intrinsic carrier concentration n; is small. 

In an extrinsic n-type semiconductor, the “extra’”’ electron of a donor atom (Sec. 
1.2) corresponds to an energy level E, only slightly below E, (Fig. A.2a). Then at 
room temperature practically all such electrons (one per donor atom) have enough 
thermally acquired energy to enter the conduction band (..e., to be set free). Simi- 
larly, in a p-type semiconductor, the vacancy in an acceptor atom corresponds to an 
energy level E, only slightly above E,, (Fig. A.2.b), and thus it is easy for an electron 
from the valence band to fill the vacancy and leave “behind” a hole. 

Although electrons and holes are governed by Fermi-Dirac statistics, these sta- 
tistics practically reduce to Maxwell-Boltzmann statistics in nondegenerate semicon- 
ductors. According to these statistics, the electron and hole concentrations at equilib- 
rium can be expressed as follows: 


n= ner EET) (A.1) 


p = nett?) (A.2) 
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-——o OCC E; FIGURE A.3 

ee Relative position of intrinsic energy level (E,) and Fermi 
£, energy (E,) for (a) intrinsic, (b) n-type, and (c) p-type 
(c) semiconductors. 


where n, is the intrinsic carrier concentration, k is Boltzmann’s constant, T is the ab- 
solute temperature, E; is the “intrinsic energy level” (located very close to the middle 
of the forbidden energy gap), and E; is the Fermi energy. For intrinsic semiconduc- 
tors E; = E; (Fig. A.3a). For n-type extrinsic semiconductors E, > E, (Fig. A.3b), and 
for p-type extrinsic semiconductors E, < E, (Fig. A.3c). If 2 or p for a nondegenerate 
semiconductor is known, £, — E, can be calculated from (A.1) or (A.2). For the semi- 
conductor material to be nondegenerate, the resulting E; must not be too close to ei- 
ther end of the forbidden energy gap. The relation E,, + 3kT < E, < E, — 3kT should 
be satisfied for such a material. 

In equilibrium, Z, is constant throughout a semiconductor. To accommodate 
this, the levels E,, E;, and E,, may have to “bend” accordingly. This is iliustrated in 
Fig. A.4b, showing the energy band diagram for a pn junction (Fig. A.4a) in equilib- 
rium (no external bias) (Sec. 1.5). Similarly, for a junction of p-type silicon to intrin- 
sic silicon (Fig. A.5a) in equilibrium (again, no external bias) the energy band dia- 
gram is as in Fig. A.5d. In both cases, the difference between any two among E,, E,, 
and E,, is kept constant with distance. For any point along the horizontal axis in Figs. 
A.4 and A.5, the distance between E; and E,, and their relative position, must be such 
as to give the correct values of n and p when (A.1) and (A.2) are used. The actual val- 
ues of n and p can be found with the help of Poisson’s equation (Appendix B). 
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FIGURE AA 
A pn junction with related energy band diagram and potential in equilibrium. 
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FIGURE A.5 

A junction between p-type and in- 

trinsic silicon with related energy 
(c) band diagram and potential in equi- 

librium. 


Let now AE, = AE; be the electron potential energy difference between two 
points 1 and 2 in a semiconductor at equilibrium. Then the electrostatic potential dif- 
ference Ay between them (potential energy difference per unit charge) will be 


AE. 
Ay = — (A.3) 
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Thus, electrostatic potential varies in a direction opposite from E,, £,, or E,,, as 
illustrated in Figs. A.4c and A.5c. 

Using (A.1), the electron concentrations at the two points considered above will 
be n, =n, exp [(Ep — E,)/kT] and n, = n; exp [((Ep — £;.)/kT]. Dividing these and 
using (A.3) gives 


Mn = ez! dr (A.4) 
"Ny 


with %, = kT/q; (A.4) is the same as (1.2.7). Similarly, one is led to (1.2.11) starting 
from (A.2). 
In energy band treatments, the Fermi potential ¢, is defined for the cases of 
Fig. A.3 as followst: 
E, — E, 
by = a (A.5) 


Our use of the Fermi potential in Sec. 1.4 (Fig. 1.11) is consistent with the 
above. This can be easily checked by relating Fig. A.5 to Fig. 1.11 and using (A.3) 
appropriately. Also, it is easy to check directly on the energy band diagram of the pn 
junction in Fig. A.4b that the contact potential of the n side to the p side (built-in po- 
tential, d,,) is given by (1.5.1). 

If the doping concentration becomes too high, E; becomes too close to the con- 
duction or valence band (say, within 3k7) and then the semiconductor is said to be 
degenerate. Then (A.1) and (A.2) do not hold. Thus, ¢, cannot be found from (1.4.2) 
or (1.4.3) in such cases. For a degenerate semiconductor with E, ~ E. (n type) or 
E, = E, (p type), we have |E, — E;| = E,/2, where E, is the band gap energy. For sili- 
con at room temperature, this means that ¢, from (A.5) is approximately —0.56 V for 
n type and +0.56 V for p type. 


A.2 > CONTACT POTENTIALS 
AND WORK FUNCTIONS 


In energy band treatments, contact potentials (Sec. 1.4) are handled using the so- 
called work functions. Consider as an example n-type and p-type materials, ini- 
tially separated as in Fig. A.6. Here E, represents the so-called vacuum energy level, 
corresponding to the energy of an electron when it is removed from the material so 
that it is not influenced by it. The difference between Ep, and a Fermi energy E, is 
called work function and is denoted by W. It is a measure of “how difficult” it is for 


Tin some treatments, no minus sign is used in the denominator of the fraction in (A.5). 
£The treatment provided here is not rigorous. A careful treatment should be based on a foundation of 
thermodynamics. 
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FIGURE A.6 


Energy band diagrams for n and p materials separated from each other, and corresponding work func- 
tions. 


an electron to leave its host material. In Fig. A.6, we have W, < W,, and thus elec- 
trons find it easier to leave the n-type material. This causes the following effect. 
When the two materials are brought together to form a junction as in Fig. A.4, ini- 
tially electrons diffuse from the n side to the p side (and holes diffuse in the opposite 
direction), as discussed in Sec. 1.5. With negative charges thus increasing on the p 
side, eventually the potential of that region with respect to the 2 side becomes so 
negative as to inhibit a further net tendency for diffusion. This happens when the 
average energy of the electrons on the p side (relative to that on the 7 side) has 
increased over its value before the materials were brought together, by the amount 
W, — W,. This “causes the two Fermi levels to line up,” as shown in Fig. A.4, and 
the other energy levels to increase from left to right by the amount W, — W,, corre- 
sponding to a drop in electrostatic potential of (W, — W)/q; this is the contact poten- 
tial of the n side to the p side. The same idea is used to handle contact potentials be- 
tween dissimilar materials, e.g., a metal and a semiconductor. In general, then, the 
contact potential g, ,, of a material J, to a material J, is given by 


W,, — W,, 
q 


d;, dy (A.6) 


where W, and W,, are the corresponding work functions. As noted in Sec. 1.4, work 
functions are not easy to measure and, in fact, have to be modified for use in MOS 
device modeling. 


A.3 QUASI-FERMI LEVELS AND CURRENTS 


The discussion so far in this appendix has been limited to equilibrium conditions 
(Sec. 1.2). In the absence of equilibrium (A.1) and (A.2) cannot be used, and n and p 
must be found from other considerations (Refs. 1-12 in Chap. 1). The system cannot 
be characterized by a Fermi level which is constant throughout as in equilibrium. In 
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some treatments it is found convenient to introduce two quantities E,, and Ez,, called 
quasi-Fermi energy levels (or imrefs) for electrons and holes, respectively. These are 
often defined as the quantities which satisfy the relations (see, e.g., the references in 


Chap. 1)t 


n= ne Fen BET) (A.7) 
p= nevi ~ Epp MRT) (A.8) 


where m and p are the correct electron and hole concentration values. As is obvious 
by comparing the above equations to (A.1) and (A.2), in equilibrium we can set Ep, = 
E,, = Ep, and thus np = n?. Otherwise, E,, # Ep, and then np # n?. This situation is 
encountered, for example, in the depletion region of a pn junction with external bias 
applied. 

The quantities E,,, and E,, can be related to electron current and hole current, 
respectively, in a simple manner. Thus, consider one-dimensional current flow in the 
x direction, uniformly distributed throughout a cross-sectional area A.} Let (x) and 
n(x) be the electrostatic potential and the electron concentration at x. We can express 
the total current due to electrons /,(x), caused by both drift and diffusion, by using 
(1.3.11a; in footnote) and (1.3.17). If the current is defined in the positive x direction 
(opposite from that in Fig. 1.5 or 1.8), we will have 


L(x) = oA ~ayn(x) a + D, 4 (A.9) 


where, yz, and D,, are the electron mobility and the diffusion constant, respectively. 
As follows from (A.3), if w(x) varies with x so will E(x). Dividing both sides of that 
equation by Ax and letting Ax approach zero, we obtain: 


ay _ _\ GE 


ak q dk (A.10) 
From (A.7) we obtain 
a = so nx - +.) (A.11) 
dx = kT dx dx 
Using now (A.10), (A.11), and (1.3.18) in (A.9), we obtain 
L(x) = Ay, n(x) aE r (A.12) 


dx 


+E,, and E,, can be introduced better in the context of thermodynamics. 
ff desired, one can let A shrink to zero around a point and define a current density at that point as di/dA. 
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Thus the spatial variation of the electron quasi-Fermi level depends on the total 
electron current (drift plus diffusion components). Zero total electron current implies 
a constant electron quasi-Fermi level, and vice versa. 

In a similar manner, the total hole current can be expressed in terms of drift and 


diffusion components by 
_ diy dp 
1,(x) = aAl -, (8) mk 4 (A.13) 


with 4, being the hole mobility and D, the hole diffusion constant given by D, = u¢, 
in analogy with (1.3.18). The algebraic signs in the above equation are easily dis- 
cernible from the discussion in Secs. 1.3.2 and 1.3.3, remembering that the current 
direction considered there was opposite from the one here. Using (A.8) and proceed- 
ing as above, we obtain 


dE, 
dx 


(A.14) 


I,(x) = Au,p(s) 


which gives the relation between the total hole current (drift plus diffusion compo- 
nents) and the hole quasi-Fermi potential. Zero hole current implies a constant E;,, 
and vice versa. 

Since in thermal equilibrium E,, = E;, = E, and E, is constant (see Fig. A.4b), 
it is clear from (A.12) and (A.14) that thermal equilibrium implies zero total electron 
current and zero total hole current. 

Quasi-Fermi level differences in semiconductor devices are often related to ex- 
ternally applied voltages. As an example, consider a pn junction with reverse bias Vp 
applied (Sec. 1.5). In the regions away from the depletion region, the majority carrier 
concentrations remain practically at their equilibrium values. However, the electrosta- 
tic potential across the depletion region must increase by Vp, corresponding to an in- 
crease in the energy band bending by qV,, compared to Fig. A.4. Thus the energy 
band diagram with reverse bias becomes as shown in Fig. A.7. Separate quasi-Fermi 
levels are used so that, despite the extra band bending, (A.7) and (A.8) can give ma- 
jority carrier concentrations at the n and p side, respectively, which have practically 
the same values as for Fig. A.4. The two quasi-Fermi levels are in this case said to 
“split” by the amount gV p. As shown in Fig. A.7, the quasi-Fermi levels Er, and Er, 
are almost constant with position since /,, and /, in (A.12) and (A.14) are very small 
under reverse bias, whereas n and p, correspondingly, are very large. At other places 
the shape of the quasi-Fermi levels can be deduced based on a number of assump- 
tions concerning the carrier concentrations and the detailed mechanisms associated 
with the reverse-bias current. For the purposes of this book such considerations are 
not essential. It is only remarked here that assumptions commonly made lead to the 
conclusion that the quasi-Fermi levels continue practically horizontal over the deple- 
tion region (see, for example, Refs. 4 and 5 in Chap. 1). 
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FIGURE A.7 
A pn junction with related energy band diagram and potential under reverse bias Vp. 
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BASIC 

LAWS OF 
ELECTROSTATICS 
IN ONE 
DIMENSION 


B.1 RELATIONS BETWEEN CHARGE 
DENSITY, ELECTRIC FIELD, AND POTENTIAL 


The equations below are useful for one-dimensional analysis. (That is, it is assumed 
that all quantities involved vary only with the horizontal dimension x; they are con- 
stant over a plane perpendicular to the x dimension for any given x.) The following 
symbols will be used: 


p(x) = charge density per unit volume at point x. 

€(x) = electric field intensity at point x (in V/cm), with the field defined in the 
positive x direction. 

ys(x) = electric potential at point x with respect to an arbitrary reference. 

€ = permittivity of material; it is equal to key, where k is the dielectric constant 
of the material and €o the permittivity of free space (8.854 x 10~'* F/cm). The material 
is assumed to be characterized by a single value of e everywhere, unless noted 
otherwise. 


The above quantities are related as follows! (Fig. B.1): 
566 
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ae Ax) (B.1) 
ax € 
7 = -€(x) (B.2) 
or, in integral form: 
S(x,) - Ax) = =f p(x) dx (B.1a) 
Wx) - (x) = J. B(x) dx (B.2a) 


p(x) 


&(x) 


v(x) 


x 


FIGURE B.1 
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Combining (B.1) with (B.2) we obtain Poisson’s equation: 


2 
iv als) 33 


ie 
ax € 


B.2) RELATION BETWEEN ELECTRIC FIELD 
AND CHARGE PER UNIT AREA 


Consider a parallelepiped as shown in Fig. B.2. The charge in a vanishingly thin, ver- 
tical slice of length Ax around point x will be o(x)A Ax. [As stated in the beginning 
of this appendix, p(x) is assumed constant over any plane perpendicular to the x 
axis.] The total charge Q in the parallelepiped will be the integral of p(x)A dx from x, 
to x,. Dividing this by A gives the charge per unit area QO’ as seen from the side. Thus 
(B.1a) can be written 


# 
xn) - An) = 4) 
€ 
where Q7, is the charge per unit area contained between two vertical planes at x, and 
X>, as Shown in Fig. B.1. The above equation is referred to as Gauss’ law. 
If points x, and x, above belong to two different materials joined at a plane per- 
pendicular to the x dimension at a point x» somewhere between x, and x, and if €; 
and e, are the corresponding permittivities, we have, in lieu of (B.4), 


€) G(X») - €; 6x) = Oi (B.5) 
B.3 DISCONTINUITIES IN ELECTRIC FIELD 


As can be deduced from (B.5) by letting x, and x, approach the same value xp, the 
electric field can be discontinuous at x = x9 because of (1) change of permittivity at 


FIGURE B.2 
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an interface and/or (2) a charge sheet of zero thickness located at point x), with a 


nonzero charge per unit area. 
From the equations given above, one can derive the following two useful results 


that can be applied in several cases considered in this book. 


B.4 RESULT 1 


Consider a region characterized by a uniform charge density p, and permittivity € en- 
closed between two planes F and G perpendicular to the x dimension, as shown in 
Fig. B.3, separated by a distance d. Assume € = €, at the left plane. Then the poten- 
tial drop #,-g between the two planes is given by 


(B.6) 


p(x) 
{ 


v(x) 


ee ee ee 
a ete ee i 


x FIGURE B.3 
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The above result is a straightforward application of (B.1) and (B.2). The plots 
in Fig. B.3 are shown only for points between planes F and G. 


B.5 RESULT 2 


Consider the situation pictured in Fig. B.4. A region with permittivity € and no 
charge in it (region II) is adjacent to a region with some charge in it (region I). The 
two regions are assumed separated by a plane perpendicular to the x dimension at 
point L as shown. Assume € = 0 to the left of reg ul potential drop 


v(x) 


FIGURE B.4 
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from the boundary between the two regions to a point at a distance d inside region II 
will be 


tim = £ (B.7) 


where (Q” is the charge per unit area in region I as seen from the side and C’ is the ca- 
pacitance per unit area between the planes at L and M, given by 


c= (B.8) 


d 


The above result is again an application of (B.1) and (B.2). Note that the result 
in (B.7) is independent of the details of the shape of p(x) in region I. 

For an example of an application of the equations in this appendix, the reader is 
referred to Appendix C. 
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DENSITY, 
ELECTRIC 
FIELD, AND 
POTENTIAL 
IN THE 

pn JUNCTION 


The equations in Appendix B can be employed in the analysis of a pn junction (Sec. 
1.5), as shown in Fig. C.1. The external bias is assumed to be zero. The depletion ap- 
proximation is used (Sec. 1.5). = 0 is assumed to the left of the depletion region. 
The corresponding energy band diagram is shown in Fig. A.4b. Note in Fig. C.1 that 
the contact potential of the n side to the p side is positive, as expected from the discus- 
sion in Sec. 1.5. From the relations shown on the plots one easily finds (Prob. 1.13) 


= 7 (C.1) 


[2e N, +N 
Lah =- (2s [4* 224. 
+h 7 N,N> bj (C.2) 


The case handled here is that of a “two-sided” abrupt junction, in which Np and 
N, have comparable values. For the “one-sided” case, in which Np > N,, we have 
i, « L,, and practically all of the potential drop ¢,, occurs across the p side. If the ex- 
ternal bias is Vp, the same analysis is valid if ,, is replaced by &,; + Vp. 
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ENERGY 

BAND 

DIAGRAMS 

FOR THE 
TWO-TERMINAL 
MOS STRUCTURE 


The energy band model is often used in the description of MOS structures (see, for 
example, Refs. 1 to 4 in Chap. 2). The main features of such a description are sum- 
marized below. This material can best be understood by referring to Chap. 2, Secs. 
2.2 to 2.5, and Appendix A. 

Consider a two-terminal MOS structure on a p-type substrate, as shown in Fig. 
D.la. Assume for the present that the effective interface charge per unit area, O7, is 
zero. Let Wy, and W, be the work functions of the gate and substrate materials, re- 
spectively (Appendix A). As an example, assume W,, > Ws. If the MOS structure is 
short-circuited (Vcp = 0), electrons in the substrate, where the work function is lower, 
will find it attractive to leave and, traveling through the external wire, enter the gate. 
This will leave behind positive charges in the substrate, as has been shown in Fig. 
2.2b, and will cause in it a potential drop. The other energy levels will thus bend until 
the Fermi levels in the gate and substrate can line up (as in the case of the pn junction 
in Fig. A.4). If it is desired to prevent this from happening and, instead, keep the 
bands “flat” in the substrate region next to the oxide, no potential drop and no net 
charges should exist there. This can be achieved by inserting in the external circuit a 
battery of value Voz = (Wy — Ws)/g. When the connection is first established, the 
electrons in the substrate looking toward the external circuit face no longer the gate 
with its electrons of lower energy directly, but rather the negative terminal of the bat- 
tery. The battery has increased the electron energy at that point by Wy — W,. Now the 
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FIGURE D.i 
(a) A two-terminal MOS structure with a p-type substrate; (b) energy band diagram for the flat-band con- 
dition, assuming Q” = 0; (c) energy band diagram for the flat-band condition, assuming Q; # 0. 


environment the electrons would face if they attempted to leave the substrate is no 
more attractive than their present environment (the substrate itself). Thus there is no 
reason for electrons to leave and for charges to pile up. The external voltage source 
keeps the Fermi levels of the gate (£,,,) and of the substrate (£,) separated by E; - 
Ey = Wy — Ws, and achieves the so-cailed flat-band condition shown in Fig. D.18, 
which corresponds to Fig. 2.2c. A conduction band can be defined for the oxide and 
is shown to be horizontal since there is no field in the oxide under our assumption of 
Q*,= 0. If now Q’ = 0, then to keep the semiconductor bands flat, one has to adjust 
the external voltage to the value V., = Vz, as given by (2.2.6). Now the conduction 
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FIGURE D.2 
Energy band diagrams for a two-terminal MOS structure with a p-type substrate, assuming ars = 0 and 
Q! = 0, for various values of Vg, (symbols are defined in Secs. 2.2 to 2.5). (a) Flat-band condition; 


ao 


(b) accumulation; (c) onset of weak inversion; (d) onset of moderate inversion; (e) onset of strong inver- 
sion. 


band in the oxide will not be horizontal since there will be a nonzero oxide field (see 
Fig. 2.2e). The corresponding band diagram is shown in Fig. D.1e. 

For simplicity in the rest of the discussion, we will assume both dy; = 0 and 
Q’ = 0. Then the flat-band condition corresponds to the band diagram shown in Fig. 
D.2a. Since now V;, = 0, accumulation will be caused by Vg, < 0, and depletion or 
inversion by Vgaz > 0. The band diagrams for various critical values of Vg, (defined in 
Secs. 2.4 and 2.5) are shown in Fig. D.2b to e. As expected from Appendix A, the 
surface potential ¢, can be related to the bending of any level among E,, Ej, Ey, as 
shown. The diagrams are self-explanatory. 
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‘~ 


FIGURE D3 

Energy band diagram for a two-terminal 
£, MOS structure with an n-type substrate at 
the onset of moderate inversion. 


The construction of band diagrams for MOS structures with n-type substrates 
follows along the same lines. As an example, at the onset of moderate inversion we 
will have the case illustrated in Fig. D.3. 
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CHARGE 
DENSITY, 
ELECTRIC 


TWO-TERMINAL 
MOS STRUCTURE 


Figure E.1 shows the results of applying the basic laws of electrostatics given in Ap- 
pendix B to the two-terminal MOS structure discussed in Chap. 2. The figure is 
based on three simplifying assumptions: 


1. 


The depletion region has a uniform charge density and is assumed to contain only 
ionized acceptor atoms, and the region’s bottom edge is sharply defined, with the 
semiconductor being neutral below it (depletion approximation). 


. The charges on the gate and at the interface are contained in extremely thin layers. 


The integral under the corresponding portions of the charge density plot (.e., the 
corresponding charge per unit area) is Qz and Q4, respectively, as shown. 


. The inversion layer is much thinner than the depletion region. For simplicity, we 


assume that the charge density p(y) is constant in the inversion layer. The latter as- 
sumption is not valid in practice. However, it can be seen from the material in Ap- 
pendix B that, as the thickness of the inversion layer is allowed to approach zero 
(charge sheet model), the details of the shape of o(y) in it become irrelevant any- 
way. All that counts, then, is the corresponding integral of the inversion layer 
charge density, which in Fig. E.1 has been denoted by Q;. 
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FIGURE E.1 
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GENERAL 
ANALYSIS 

OF THE 
TWO-TERMINAL 
MOS STRUCTURE 


In our discussion of the two-terminal MOS structure in Sec. 2.5, we have focused on 
inversion and have adopted the charge sheet and depletion approximations. As is men- 
tioned in Sec. 2.4, though, it is possible to analyze the structure without making such 
assumptions, allowing for the presence of both electrons and holes throughout the 
semiconductor, with distributions dictated from semiconductor physics. Such analysis 
will be valid in all operating regimes (accumulation, depletion, and inversion). In in- 
version, it accounts for the fact that the hole concentration decreases continuously as 
one goes from the bulk toward the surface, and allows for the spreading of the inver- 
sion layer below the surface. Here we provide the main steps and results of this gen- 
eral analysis. In using relations from Appendix B, x will be replaced by y since quanti- 
ties vary in the vertical direction, assuming the orientation we have adopted in 
drawing the MOS two-terminal structure in Chap. 2. A p-type substrate is assumed. 

Let us refer to Fig. 2.4a. The charge density at depth y in the semiconductor, in- 
cluding holes, electrons, and ionized acceptor atoms, is given by (2.4.15) repeated 
here for convenience: 


p(y) = afply) — ny) — Nal (F.1) 

From (2.4.13) and (2.4.14) we have 
n(y) = ner (F.2) 
p(y) = pero (3) 
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where ¥(y) is the potential with respect to the bulk at y. Deep in the bulk the charge 
density is zero, so (F.1) gives p, — n, = Ny. Using N, from this and also (F.2) and 
(F.3) in (F.1), and the result in Poisson’s equation (Appendix B), we have 


Assuming N, >> n,;, we can use (1.2.4) and (1.2.5) in the above equation. Elimi- 
nating n, in the result by using (1.4.2), we obtain 


dy? é, 


Multiply both sides of this equation by 2(d¢/dy); the resulting left-hand side 
can be recognized as (d/dy)(dy/dy)*. Replace y by a dummy variable 9 and integrate 
from a point deep in the bulk (theoretically at infinity, where % = 0 and d¥/dy = 0) to 
a point y. Solve for d¥/dy at point y, and recall that €(y) = —dw/dy (Appendix B). The 
following is then obtained: 


2 
d“y¢ -_ qN. [envone -~l- aaa (uae _ | F5) 


{2qe,N 
€(y) = -* = pV NeW 4-6, + ert (pelle — y — ¢,) 
(F6) 


where & = #(y) and the + sign in front of the right-hand side is to be used with ¢ > 0, 
and the ~ sign with % < 0. This choice of signs corresponds to the fact that the signs 
of € and ¢& agree, as follows from the discussion in Sec. 2.4. To find the total semi- 
conductor charge per unit area Q;, we can apply (B.4) of Appendix B, taking point 1 
at the surface and point 2 deep in the bulk, where @ = 0. This gives —€,, 56 = Qc/e,. 
Evaluating @. face from (F.6) with % = ¥, (the surface potential), we obtain: 


Qo = Fj 2g€,N 4 de s't +b, — @ + br! t gs obs! tt -%,-%) (FY) 


This function behaves as shown in Fig. F.1. 
Using the above equation in (2.6.7) gives 


1- ets! + aaa! (26a _ 1) 


Cc’ _ + 2 N Se 
¢ EV odes Va ; =, by lbp dy os! dy 
ge + W - %, te (de ~ v, ~ ¢,) 


Equations (F.7) and (F.8) are valid in all regions (accumulation, depletion, and 
inversion). It is easy to see that in each region certain terms can be neglected. When 
using (F.8) with very small |%,|, one should watch out for numerical inaccuracies be- 
cause both its numerator and denominator go to zero as &, goes to zero. 


(F.8) 
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vs 


FIGURE F.} 


The relation between ¢ and y can be obtained from (F.6) by separating variables 
and integrating from a point at y to a point at the surface. This gives 


“dy 
Joon qa) (F9) 


where # is a dummy variable of integration, and S[#] is given by (F.6). From this one 
can determine # for a given y (and a given #,) numerically. With w(y) obtained in 
this way, one can then determine p(y), n(y), p(y), and €(y) from (F.1) to (F3) and 
(F.6). 

The rest of the analysis proceeds as explained in Sec. 2.4.4. 


INVERSION 


In inversion it is easy to see that (F.7) reduces practically to (2.5.1), and (F.8) reduces 
to (2.6.9). The charges and capacitances (per unit area) corresponding to the inver- 
sion region and the depletion region can be determined as follows. In (2.5.4) we use 
n(y) from (F.2) and in the result we use (1.4.1). We take y, deep in the bulk (theoreti- 
cally at infinity, where y = 0). We perform a change of variables from y to ws. The re- 
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sulting factor (d¥/dy)~' in the integrand can be obtained from (F.6). This procedure 
gives: 


_ vs eM! 
Of = -qN,e2#F!# f aa dis (F.10) 


A similar procedure gives the bulk charge per unit area Q,, consisting of ion- 
ized acceptor atoms and holes: 


, %1- ete 
QO; = -4N, f° “Sa dy (F.11) 


The above integrals can be evaluated numerically. However, determining the 
corresponding capacitances is easy. Using the above expressions in (2.6.12) and 
(2.6.13) and performing the differentiation results in explicit expressions for C; and 
C,. After dropping the terms that are negligible in the inversion region, we easily ob- 
tain (2.6.14) and (2.6.15). 

Sometimes an intermediate level of approximation is used: the charge sheet as- 
sumption (i.e., infinitesimal thickness) for the inversion layer is taken to hold, but 
holes are still allowed to exist in the depletion region. Then n(y) is taken as O in (F.1) 
at any point below the inversion layer. Thus the second term in the brackets in (F.4) 
will be zero as will the fourth term in the sum in (F.6). The budk charge per unit area 
Q;, can then be found by applying (B.4) as above, taking point 2 again in the bulk but 
point 1 immediately below the inversion layer. This gives 


On = —V2ge,Na VY, — (F.12) 


Finally, if the depletion approximation is used and thus not even holes are al- 
lowed in the depletion region, the only term that will be present in the right-hand side 
of (F.1) (for any y below the inversion layer) is N,. Using this directly in Poisson’s 
equation and integrating gives (2.5.6), which ts the approximation widely used in this 
book. 
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CAREFUL 
DEFINITIONS 
FOR THE 
LIMITS OF 
MODERATE 
INVERSION 


TWO-TERMINAL STRUCTURE. Throughout this appendix, uniform substrates are 
assumed. In Sec. 2.5, the lower limit of the moderate-inversion region was taken to 
coincide with the upper limit of weak inversion. The latter is traditionally defined at 
ys, = 2dp. At this point, the surface electron concentration becomes equal to the bulk 
doping concentration N,, as seen from (2.4.11b). Also, at this point C; = C;, as seen 
from (2.6.14) and (2.6.15). These two facts hold independently of the value of C,,. 
However, neither of these facts says anything about the validity of common “weak- 
inversion approximations” [such as Q;(Vgg) being an exponential] at this point. This 
is because the validity of such approximations cannot be discussed carefully without 
evoking the value of C’,. For detailed work, then, it makes practical sense to take C*. 
into account, and redefine the onset of moderate inversion at some point beyond 
which common weak inversion approximations become unacceptable. In weak inver- 
sion, and at points where C/ is negligible (Fig. 2.16), Cj, varies little; thus, dy,/dVgp 
in (2.6.18) will be approximately constant. That is necessary for an exponential de- 
pendence of Q; on Veg, as can be seen from the development leading from (2.5.36) 
to (2.5.42). Significant departure from such behavior will be observed if C; starts be- 
coming significant in comparison to Cj, + C; in (2.6.18). Thus, let us redefine the 
onset of moderate inversion as follows:! 
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duo and Vo are the values of ¢, and Vga, respectively, at which 


CG 

Ci. + G 0.! (G.1) 

Keeping in mind that C;, varies slowly, and using (2.6.18), it is easy to see that 

at this point the slope d,/dVg, in Fig. 2.9 drops to about 91 percent of its value deep 

in weak inversion. The same is true for the slope of In | Q;| vs. Vag (Fig. 2.12), this 
slope being a measure of the “exponentiality” of Q;(V¢a,). 

Accurate evaluation of dy requires using (2.6.14) and (2.6.15) in (G.1), and 
solving iteratively for y,; the corresponding Vip can then be found from (2.5.15). The 
result depends on oxide thickness and substrate doping. It can be shown that, for 
practical values of these parameters, the value of dy as defined above will not differ 
by more than about 1¢, from 2¢,. The corresponding value of Vuo Will differ from 
that given in (2.5.18) by at most a few tens of millivolts. For most practical cases, we 
can continue using the value of 2¢, and (2.5.18) for simplicity. 

We now turn to the upper limit of moderate inversion. For detailed work, it 
makes practical sense to define this at a point below which common strong-inversion 
approximations, such as (2.5.26), become unacceptable. Let us look at the slope of 
the Q;(Vc,) plot, given by (2.6.20). Deep in strong inversion, C; is very large and 
(2.6.20) reduces to d| O;V/dVc, = Cé,; this agrees of course with (2.5.26). If C; is not 
much larger than C*, + C;, d| @7|/dVg, will be less than Cy, and (2.5.26) will not 
hold. Thus, let us define the upper limit of moderate inversion as follows:! 

Py and Vy are the values of #, and V¢p, respectively, at which 


Gr 
C+ 10 (G.2) 

From (2.6.20) it is easy to see that at this point the slope in the plot of | Q;| ver- 
sus Voz (Fig. 2.10) is reduced to about 91 percent of its theoretical maximum value 
of C%, and, from (2.6.18) it can be seen that the slope of the #,(V,) plot (Fig. 2.9) 
drops to about 9 percent of its maximum value. 

To find $9 one must use (2.6.14) and (2.6.15) in (G.2) and solve for ¥, itera- 
tively. One finds that dy is several ¢, above dy (about 6¢,), the exact value being 
dependent on oxide thickness and substrate doping. If dy is accurately known, it can 
be used in (2.5.15) to find Vs). (Note that a small error in Jj) will result in a large 
error in V4, because of the exponential term in that equation; that term is now large.) 

Using the above calculations, the width of the moderate-inversion region can be 
found to vary significantly with process parameters. However, not all combinations 
of oxide thickness and substrate doping are practical. For example, in MOS transistor 
fabrication large doping concentrations are usually combined with thin oxides. For 
practical cases, then, the width of the moderate inversion does not differ much; an av- 
erage value is about 0.6 V at room temperature. 
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THREE-TERMINAL STRUCTURE. For the three-terminal MOS structure discussed in 
Chap. 3, the same rationale can be used. Thus, the surface potential by at the bound- 
ary between weak and moderate inversion for a given V-, can be found from (G.1), 
using in it (3.2.12) and (3.2.13) and solving iteratively for #, = dy. The solution turns 
out to be within about 1d, of 2¢,, depending on process parameters. The surface po- 
tential ¢,, at the boundary between moderate and strong inversion can be found from 
(G.2) in a similar manner, and turns out to be 5¢, to 6¢, higher. The corresponding 
Vog Values can be found by using the above surface potential values in (3.2.7b). Cal- 
culated this way, the onset of moderate inversion tums out to be very close to the 
value of Vip given in Table 3.1 (within a few tens of millivolts). The onset of strong 
inversion is above this by several tenths of 1 V. The width of moderate inversion in 
terms of Vgz tends to decrease somewhat with Vc» (e.g., by about 0.1 V or less, for 
V-» increasing from 0 to 3 V, for practical devices). 

Rather than finding ¢, and ¢, for a given V;,, as suggested above, one can 
find these limits for a given Vcp. One can use (3.2.12) and (3.2.13) in the definitions 
(G.1) and (G.2), and then utilize (3.2.76) to eliminate the exponential terms. The re- 
sulting equations can be solved explicitly for dy and dy. These values can then be 
substituted back in (3.2.75) to find explicitly the corresponding Vc, values, Vy and 
Vg respectively, for the given Veg (Prob. 3.10). 


REFERENCE 


1. Y. Tsividis, “Moderate inversion in MOS devices,” Solid-State Electronics, vol. 25, pp. 1099-1104, 
1982; see also Erratum, ibid., vol. 26, p. 823, 1983. 


APPENDIX 


H 


ENERGY 

BAND 

DIAGRAMS 

FOR THE 
THREE-TERMINAL 
MOS STRUCTURE 


Consider the three-terminal MOS stricture on a p-type substrate, discussed in Chap. 3 
(Fig. H.1@). Assume first that V-, = 0. As mentioned in Sec. 3.2, this leads to the same 
conditions as in a two-terminal MOS structure. For a certain surface potential %, of 
value %, the energy band diagram in the semiconductor is as shown in Fig. H.1b (Ap- 
pendix D). If now Vg, is kept unchanged and V;-, is made positive, the electron energy 
in the n* region will be lowered by gV-, and the electrons will find this region more 
attractive. Their concentration in the inversion layer will be reduced. If it is desired to 
restore the surface to its former level of inversion, the energy at the surface must be 
lowered by qV-, also. Thus the band bending at the surface must increase (in compar- 
ison to Fig. H.1b) by qV cp (by increasing V,;,), resulting in the band diagram of Fig. 
H.1c. Now the electron concentration n at the surface has the original value. Since we 
now have nonequilibrium, one must use (A.7) to predict n. For this to give the same 
value as (A.1) gives for Fig. H.1b, the electron quasi-Fermi level E,,, at the surface 
must maintain the same position relative to £; as E, does in Fig. H.15. This is shown 
in Fig. H.ic. Deep in the bulk the hole quasi-Fermi level £,,, is maintained at the same 
position relative to E, as E, is in Fig. H.1d, so that (A.8) will produce the same value 
for p as (A.2) did in equilibrium. From the above discussion it is seen that the £,,, at 
the surface and E,,, in the bulk split by qV cg. 

If no charge sheet approximation is made and the electron concentration n( y) is 
allowed to be nonzero at point y below the surface (as in the general analysis outlined 
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Energy bands shown 


ee ee ee ee 


across this line 


{a) 


(b) 


(c) 


FIGURE H.1 


in Sec. 2.4), one can extend the above arguments for point y. Thus, E,, is taken prac- 
tically constant with y below the surface also.’ This, as follows from the material on 
quasi-Fermi levels in Appendix A, is equivalent to assuming that there is negligible 
electron current in the direction perpendicular to the surface. Indeed, as mentioned in 
Sec. 3.2, in our analysis we neglect the very small electron and hole currents respon- 
sible for the minute “reverse-bias” current flowing through the external source V¢,. 
To express n(y) we can use (A.7) with E,,, — E,(y) determined as shown in Fig. H.2; 
this gives 

ny) = nel y)- bp Vegdy (H. 1 ) 
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FIGURE H.2 


with d, = kT/q. Using (1.4.14) and (1.4.15), this can be written as follows: — 


n(y) = ne? Veale (H.2a) 
= pe) - 2b, - VogVo; (H.2b) 

and, from (1.2.4), 
n(y) = nv, - 26. ~ Vogler (H.3) 


At the surface, where #(y) = ¥,, this equation reduces to (3.2.1). 

To claim that the electron concentration deep in the bulk in Fig. H.1c is as that 
shown in Fig. H.1b, one would have to allow E;,,, to rise eventually as one moves to- 
ward the bulk, and assume deep in the bulk the same position relative to E; as for Fig. 
H.16 (from Appendix A this would imply some flow of electron current). However, 
at such points away from the surface, the electron concentration is extremely small, 
and its exact value does not make any significant difference in the analysis. For sim- 
plicity, then, the above equations for m(y) are left unmodified. 

The quasi-Fermi level for holes, E,,, is commonly assumed to remain constant 
throughout the semiconductor, because the holes do not communicate with the exter- 
nal source Vc, in the sense discussed above for electrons. A constant E,,, is consis- 
tent with our assumption of zero hole current. Using (A.8) for Fig. H.2, we obtain 


p(y) = neler - Wye, (H.4) 


which, from (1.4.15), becomes 


ply) = p evo (H.5) 
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Note that, even if E,,, is not exactly constant so that p(y) is not given exactly by 


the above equations, in inversion holes play a negligible role anyway; hence it is not 
worth complicating the above equations. 
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GENERAL 
ANALYSIS 

OF THE 
THREE-TERMINAL 
MOS STRUCTURE 


For the two-terminal MOS structure on a p-type substrate the electron concentration 
at y was given by (2.4.13). According to the discussion in Sec. 3.2, this equation can 
be converted to one valid for the p-substrate three-terminal MOS structure of Fig. 
3.1e by replacing ¢(y) by #(y) -— Veg: 


n(y) = ne’ — Vogl; (1. 1) 


Assuming that the holes do not communicate directly with the external source 
in the sense discussed in Sec. 3.2 for electrons,!?+ their concentration will depend 
only on &(y), as was the case in (2.4.14) for the two-terminal structure: 


ply) = p,e wows (1.2) 


The above two equations have also been derived and discussed by using energy 
band concepts in Appendix H. Proceeding now as in Appendix F, we obtain Pois- 
son’s equation as follows: 


d’*y _ 4g ~o( yd [¥(y)-Veal’¢, 
oe - 2 p.le '-1)- n,le 7 | (1.3) 


{This assumption is not exactly valid because both holes and electrons are responsible for the minute reverse- 
bias current mentioned in Sec. 3.2. 
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Following the procedure outlined in Appendix F, the solution of the above 
equation leads to the following results: 


de® +u-¢+ etter! tg elt Vent -~y- devon! | 


(1.4) 


Per! O(a lbs Neal -u- be-"'t) 
t s i 


(I. 5) 


-,! 
de *+,-G, +e 


l—- eg bs! br + ote! (elds Vea) _ 1 


4 he ¥8'% ty - d, + e 2! t1(g, lbs Vea) -y - b,e-Veo'er| 
i £ 


(1.6) 
ap 
Fay = Y — Ysurface 17 
Jy qu * a7) 
where €[/] is given by the right-hand side of (1.4). 
INVERSION 
For the inversion region, proceeding as in Appendix F we obtain: 
a bs oll tt 
1 aN el 2PF Vor)i dy 
Q; GN ye [ Au (L8) 
v1l—e W% 
a = ~GN —_——_—d 
Qs = -4 al av] ip (1.9) 


Deleting negligible terms in (1.5) and using (2.5.2) and (3.2.5a) leads to (3.2.6). 
Similarly, deleting negligible terms in (1.6) leads to (3.2.11). Finally, using (1.8) in 
(2.6.13) and (1.9) in (2.6.12) results in explicit expressions for C; and C;. From these 
expressions, after deleting terms that are negligible in inversion, we obtain (3.2.12) 
and (3.2.13). 
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DRAIN 
CURRENT 
FORMULATION 
USING 
QUASI-FERMI 
POTENTIALS 


In Sec. 4.3 we evaluated the drain current caused by both drift and diffusion. The cur- 
rent components caused by each of these two phenomena were kept separate. In this 
appendix we present an alternative approach, resulting in a compact formulation 
which combines the two effects.! We consider the flow of electrons as laminar flow. 
That is, we assume that the total current Ip, is the sum of elemental currents AJ, each 
flowing horizontally in an inversion layer slice parallel to the surface, having width 
W and depth Ay, centered at point y, as shown in Fig. J.1. In the general case, we will 
have for the current in each slice, allowing Ay to become a differential, 


dps = dT sig l®: y) + AL sig (%, y) (J.1) 


where it should be kept in mind that our direction for the current is from right to left, 
as shown in Fig. J.1. The drift component is, from (1.3.11), 


Asin (% y) = (W dy)qun(x, yy Ae») (J.2) 


The diffusion component is, from (1.3.17) and (1.3.18), 


an( x, 
dl ge(x, y) = -(W dy)qud, as) G.3) 
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FIGURE J.1 


At the source end of the channel, 7 will be given by (1.1), with Veg = Voz, and 
at the drain end of the channel, » will be given by that relation with Veg = Vig. For a 
position x in the channel, a similar relation can be written with V-, replaced by a 
quantity V(x): 

n(x, y) = nel? Vos (J.4) 
where V(0) = Veg and V(L) = Vpg. At points in the channel between source and drain 
V(x) takes the value required for (J.4) to provide the correct value of n(x, y). In fact, 
V(x) can be interpreted as the potential corresponding to the difference between the 
electron quasi-Fermi level in the inversion layer and the hole quasi-Fermi level in the 
bulk (Appendix H). This quantity is assumed independent of y in the inversion layer, 
as discussed in Appendix H. 

Differentiating (J.4) with respect to x we obtain 


an{x, y) _ n(x _y)| Wx) aV(x) 
safety 


Ox Ox dx 


Using this in (J.3) gives 


AT sice(x, y) = -(W dy)qun(x, y (J.6) 


dx 


Using this and (J.2) in (J.1) we see that the #/ex terms cancel out, resulting in 


ae 


dI ng = (W dy)qun(x, y)—— (J.7) 
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The total drain current can be obtained by integrating over depth from y = 
Yeurface tO 4 point y = y,, below which the electron concentration is negligible. Since V 
is assumed independent of y as mentioned above, this gives 


dVix C 
Ins = Wee —— ) q i n(x, y) dy (J.8) 


where we have assumed that yz is independent of y. The integral times g can be recog- 
nized from (2.5.4) as — Q} at position x; thus 


», dV(x 
Ins = wW(-Q;) as (J.9) 
Integrating over the length of the channel and recognizing 6 Ins dx as Ingh, we 
have 


W fv , 
Ins = The u{-Q;) dv (J.10) 


Note that the above two relations are of the same form as (4.5.6) and (4.5.7), 
which were developed by starting from strong-inversion assumptions. However, it is 
clear from the above development that (J.9) and (J.10) are actually very general. They 
are valid in all regions of operation, since they include both drift and diffusion ef- 
fects. The development in Sec. 4.5.1 following (4.5.7) cannot be used here, since Q; 
in (4.5.10) is only valid in strong inversion. A more general expression for Q; must 
be used. Depending on the expression used for Q; in conjunction with (J.10), differ- 
ent formulations are possible. These are shown below. 


CHARGE SHEET MODEL 


In the charge sheet model (Sec. 4.3), Q; is known as a function of the surface poten- 
tial w, [see (4.3.15)]. Thus a change of variables from V to #, is made in (J.10): 


Hsp 
#50 


Ww » aV 
Ips = L w-Oi) 7 Ws (3.11) 


where V is related to ¢, by an equation analogous to (4.3.18): 


U = Von — Veg — Vt, + Ges He (3.12) 


The quantity dV/dy, can be found from this and substituted in (J.11) to deter- 
mine the current. This results in a rather lengthy development. Several derivations of 
the charge sheet model have been proposed.2-> The technique we have presented in 
Sec. 4.3 is the most straightforward. 
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PAO-SAH MODEL 


In this model! no simplifying assumptions are made, in the sense that both electrons 
and holes are allowed to exist in the depletion region. This results, as expected from 


(1.8), in 


(24¢-v id, ['% dk 


, = —gN,e —— d 

Q; = —qN4 te Gd) o (J.13) 
where, consistent with our present convention, we consider the electrons between the 
surface and a depth beyond which the electron concentration becomes negligible. The 
potential at that point with respect to the substrate is denoted by %.. A convenient 
depth is that at which 2 = n;. From (J.4) and (1.4.1a) we easily see that the corre- 
sponding potential is %, = ¢, + V. The quantity @{y] in (J.13) is given in (1.4), with 
Vr Teplaced by V. Using (J.13) in (J.10) we obtain 


W Vop bs elt 2br Vi 
[pn = Tr aN, | ra | 


Ysa c Eye | 


This double integral can be evaluated numerically. The required computation 
time is long, so this formulation is mainly of theoretical interest. The charge sheet 
model gives nearly the same results and is much simpler. A technique to reduce 
(J.14) to a single-integral formula (which must still be evaluated numerically) has 
been proposed.® 


di dV (J.14) 
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K 


RESULTS OF A 
DETAILED 
FORMULATION 
FOR THE 
DRAIN 
CURRENT 

AND DRAIN 
SMALL-SIGNAL 
CONDUCTANCE 
IN THE 
SATURATION 
REGION 


The results of a detailed analysis of the saturation region are given in this appendix. 
These results are provided here as examples in order to demonstrate the complexity 
involved in such analysis. The reader should consult Ref. 1 for the detailed deriva- 
tions, discussions of the ranges of validity, etc. . 

The formulation takes into account the drain junction depth and its influence on 
the inversion layer shape in the vicinity of that junction. The following relation be- 
tween I), and Vp, in saturation is derived: 
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2 , 2 d. 
Vos = Vos = ONAL |, tos) 11 4 —___*fos__ log - 1 
2e, Ins qN,W\| va. 4) d, 


where [vylmax is the maximum (saturated) velocity magnitude of carriers in the 
pinchoff region, @, the approximate value of field intensity at which velocity satura- 
tion is reached (roughly) |v,|nax/#4; See Fig. 6.22 and the associated discussion); d; is 
the drain junction depth, and d, is the average thickness of the inversion layer (as- 
sumed much smaller than d; and taken to be typically 100 A). Differentiation of this 
equation gives the following value for g,, (Sec. 8.2): 


2 , , , d. 
Sa = QNgL |, _ fos 2 -DS + t+ fos |__| jog “4 1 
2€, Ins Ips Ins} QNaWU ax 4; d; 


-l 
' 
+ LE, | (K.2) 


BIBLIOGRAPHY 


G. Merckel, J. Borel, and N. Z. Cupcea, “An accurate large-signal MOS transistor model for use in 
computer-aided design,” /EEE Transactions on Electron Devices, vol. Ed-19, pp. 681-690, May 1972. 


APPENDIX 


L 


EVALUATION 
OF THE 
INTRINSIC 
TRANSIENT 
SOURCE 
AND DRAIN 
CURRENTS 


We present here a proof! of certain statements made in Sec. 7.3 for the intrinsic part 
of a MOS transistor. The continuity equation is, from (7.7.5), 
ails. t) _ y ail) 
Ox at (L.1) 
Integrating with respect to distance from the source to a point x in the channel, 
we obtain 


i(x, 1) - (0, 1) = W [, duit a (L.2) 


where % is a dummy variable of integration. Recognizing i(0, 7) as —i(t) (see the di- 
rection of i in Fig. 7.13), and using (7.7.6b) for i(x, f) we obtain, from (L.2), 


(x, t) x dg,(3,t) 
+ wf area (L.3) 


. , ov 
is(t) = wWa;(x, )\— 
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Multiplying both sides by dx, integrating from x = 0 to x = L, and dividing both 
sides by L gives 


i,(t) = wi uai(it ) eal x, t) +wy i eae t t) dx L4) 


Interchanging the order of integration and differentiation in the second term of 
the right-hand side, we obtain 


7). Wee, Jvc, (x, t) ad [W eeer . 
is(t) = > J mail, ) MB de + S| [aaa] (LS) 
The double integral is of the form i G(x) dx, where G(x) = Jj q7(%, t) d& Apply- 


ing integration by parts to 6 G(x) dx, with G and x the two variables involved, we can 
write (L.5) as follows: 


.() = w ft ait x, 1) 22eol8) reals Xt) ae 4 ow I ( - =) q(x, t) ax| (L.6) 


Comparing the first term to the right-hand side of (4.5.7), we see that, in quasi- 
static operation, this term will produce the same current expressions as in Sec. 4.5, 
only with a minus sign and with the terminal voltages as functions of time. We can 
then write (L.6) as 


. d. 
is(t) = ~ip(t) + 8 (L.7) 
f 
where i;(t) will be of the form of (7.3.12), and 
= W —-—|q, dx L.8 
qs = [ t * | q7 (L.8) 


To find i,(t) = i(L, #) in quasi-static operation, we use x = L in (L.2) and substi- 
tute in it (L.7) and (L.8), which gives 


. ; dq 
in(t) = i-(t) + s (L.9) 
. Lx, 
with qp = wi * gj de (L.10) 


Since quasi-static operation is assumed, (L.8) and (L.10) can be evaluated by 
using the dc charge per unit area Q; instead of g}. The resulting quantities have been 
denoted by Q, and Qp, respectively, in (7.3.96) and (7.3.9a). The detailed evaluation 
of QO, and Q, is considered in Sec. 7.4. 
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If desired, p(t) can be defined as J'_,, [ip(z) — ip(7)) dr = SL. ipg(z) dz, where 7 is a 
dummy variable of integration and q,(t) as I, [is(7) + ip(A)] dz = SL. is4(D) 7 (ing 
and i,, are the “charging” currents discussed in Sec. 7.3). These definitions imply 
(7.3.6), and, by integrating (7.3.5), we see that they satisfy (7.3.8) (assuming that the 
channel was “empty” at ¢ = —c°). With these definitions, qp(t) can be interpreted as 
the part contributed to q,(t) by the deviation of ip from i, from the “beginning of 
time” to the instant ¢ Similarly, g,(f) can be interpreted as the part contributed to 
q,(t) by the corresponding deviation of i, from —i;(2). Although the above definitions 
may be elegant, they can confuse the issue: gp and gq, cannot be found stored in any 
particular place, and neither can they be associated with specific charges that have 
been flowing by themselves through any terminal. This is because ip,(t) and i,,(f) are 
mere artifacts, each being the difference between real terminal currents and the value 
such terminal currents would have if one attempted to predict them by dc theory [see 
(7.3.4)]. Also, the above definitions for gp and gg tend to assign specific significance 
to the values of these fictitious charges, when all that matters is their derivatives [see 
(7.3.6)]. Assume gp and q, defined as above are given by two functions fp and fs, re- 
spectively [where f, and f, are the same functions as in (7.3.10)], giving the correct 
values for ip, and is, from (7.3.6). The quantities gp and qx satisfy (7.3.8), as already 
noted. Now let us redefine gp and qx as fp + K and f, + L, respectively, where K and L 
are arbitrary constants. Then (7.3.6) will still predict the correct values of ip, and ig,. 
Equation (7.3.8) will, in general, not hold now, but this is of no consequence and 
does not mean that charge conservation is violated. This is because, since ip, and is, 
are still predicted correctly, they still satisfy (7.3.5) and (7.3.3). Integrating (7.3.3), 
one sees that the total charge that entered the device through source and drain up to 
time t is equal to q,(f), and thus the charge is conserved. 
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M 


CHARGES 

FOR THE 

ACCURATE 
STRONG-INVERSION 
MODEL 


Using the charges per unit area as they correspond to the complete strong-inversion 
model of Sec. 4.5.1 [(4.5.9) and (4.5.10)], and proceeding as in Sec. 7.4.2, we obtain 
for the nonsaturation region! 


oom (M.1) 
8(Ug, Up, Us) 
Q, = -WLC’, UG (Uo = Us) ~ $7U (UD? — Us") 
8(Ug. Up, Us) 
, We =P2\Uo - Us) — 400" = Us")— HU = U5) ag 
aU, Un, U,) 


$U,(U3 - U3) - 4o{U5? - Us?) - $ (U5 - ay ~ Q 


= WLC,,| Ug - 
Og | G a(Ug, Up, Us) 
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with 
8(Uo1 Up. Us) = Ug(Up ~ Us) - 3{UB? - UZ?) -— 4(U5 - US) M4) 
where 
Ug = Ven — Ves (M.5) 
Up = Vog + $0 (M.6) 
Us = Vsp +o (M.7) 


In saturation, of course, Vp, should be replaced by V> as given by (4.5.11). 

The above expressions have the problem that the numerator and denominator 
become zero as Up — Us goes to zero. This problem can be bypassed if one factors 
out the quantity U? ~ Ut? from numerator and denominator. ! 

Sometimes simpler, empirical expressions are used in conjunction with this 
model. In choosing such expressions, one should seek to preserve the symmetry in- 
herent in the model. Also, the expressions should be such that charge saturation is at- 
tained at the same voltage combinations as drain current saturation. For example, an 
empirical expression for Q, in nonsaturation that satisfies these requirements is* 


2 VV. 

Q, = -c.,W1 2[v +V,- 12 M.8 
i 31" 2 V+V, (M.8) 

where 
V, = Ves — VrVsa) (M.9) 
V, = Vep — Vr(Vpp) (M.10) 

and 

Vr(Vsa) = Vea + by + ¥Vh + Vee (M.11) 
V(Von) = Vex + BH + ¥VG0 + Vow (M.12) 


By using two different thresholds as corresponding to the source and drain bi- 
ases, total symmetry is ensured for Q, with respect to V, and Vp. In saturation at the 
drain, Q, can be obtained by using Vgp = Vy(Vpg), 1.€., Vz = 0; it is easy to see that 
this results in (7.4.27). 

The Q, and Qy expressions resulting from exact calculations for the complete 
strong-inversion model of Sec. 4.5.1 are extremely complicated. Thus for these two 
charges empirical expressions are used. Two such expressions are! 


Qp 


2 On aa +H (Qr ~ Qrsat) (M.13) 


Os = 3 Qreu + (Qr - Qrsa) (M.14) 
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where Q, can be modeled empirically as discussed above. It is easy to see that, in sat- 
uration, (M.13) and (M.14) reduce to (7.4.28) and (7.4.29), respectively. Note that the 
above empirical expressions for Q, and Q, can be used in conjunction with the ap- 
proximate model as well in lieu of (7.4.19) and (7.4.20). 

Attempting to calculate capacitances (Sec. 8.3) from the charges corresponding 
to the accurate strong-inversion model results in very complicated expressions.? One 
thus resorts to empirical approximations. For C,, and C,, the following approxima- 
tions have been proposed: 


2 
2 V 
Cos = 5 Con 1-(4, 4) (M.15) 
2 v y 
Cc, ==c.}j1-|;—e M.16 
gd 3 ‘On ead ( ) 


with V, and V, defined in (M.9) to (M.12). The above expressions exhibit the sym- 


metry characteristic of the complete strong-inversion model. In saturation at the 


drain, we have V, = 0; this gives C,, = 4C,, and C,4= 9, in agreement with (8.3.24) 


and (8.3.26). 
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N 


QUANTITIES 

USED IN THE 
DERIVATION 

OF THE 
NON-QUASI-STATIC 
Y-PARAMETER 
MODEL 


Expressions for y parameters, including non-quasi-static effects, have been given in 
(9.4.58) to (9.4.60). In these expressions, the numerators N,,(w) (where k, /=d, g, B) 
are of the form 


N,(@) = nyo + Ge)myn + GoyPme + -- 
and the denominator D(w) is of the form 
D(w) = dy + (ju)d, + (jw)’d, + >>: 


The coefficients in the above relations can be found as discussed in Sec. 9.4.2; 
the results are given below. Some of these results apply to the three-terminal transis- 
tor with @, = 1;! all the results apply to the four-terminal transistor with a, = 12 


W yw 
Rago = = HOox (Ves - V,)n = 8s 


Ww _, Ver—V; 
Raeg = Mos - r (1 ~ 7) = 8m 
1 


Nag = (@ — 1) Mago = 8b 
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Nid = Nee = Modo = Mgbo = "ogo = Nopo = O 


n= 2 {2 + 77) 
ddt 3 I““ox (1 + y 
2 2+) 
Raggi _ Madi = 3 ‘OX i ny 


Nap = (a, — 1) Mg, 


2 
Peet = cul It dnt % J 


3a, (1+n) Q, 


C,, 2 n{5 + 89 + 2n°) 
45" (147) 


aw, 45 (1 + ny" 


Napr = (@ — 1) Maggy 


; - S| 2 betas, at Les 


w, | 45 a, (i+ ny 15 a, (1 + n) 
no en, au ke 2 mal at Int 4 
gh he w, 45 a, (1+ 7) 


Nya2 = (a - Inge 


nigg = C/A Sab ls dot , 2 (aq =I) 24 Uy + 29? 
a, |15 a@ (i+nlh 45 @ (1+ 7) 
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where 


0, Vos 2 Vos 
and, according to the simplifying assumptions stated in the beginning of Sec. 9.4.2, 
Y 


=1+ 
a 2Nby + Vez 


As explained in Sec. 9.4, the accuracy of the expressions containing a, can be 
improved if @, is replaced by an empirical parameter which, in general, would not be 
the same for all expressions; a related discussion can be found in Sec. 8.3. 
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Abrupt (step) junctions, 26-27 
Acceptors, 5~7 
Accumulation 
gate-substrate voltage and, 59, 60 
intrinsic capacitances and, 402, 403 
quasi-static operation and, 336 
Admittance matrix representation, 462 
Atalla, M. M., 34 
Avalanche effect, 191, 286 


B 


Back gate, 41 
Barrier lowering, 257-259, 264-265, 267 
Benchmark tests, 534-543 
Body (substrate), 34, 35 
Body (substrate) effect 
in four-terminal MOS transistors, 61 
introduced, 40-41 
in three-terminal MOS structures, 
101-103 
Body (substrate) terminal, 51, 52 
Body effect coefficient, 68, 69, 102, 
105, 192 
Body-referenced versus source-referenced 
modeling, 179-181 
Boltzmann limit, 379 
Boltzmann’s constant, 412 
Bonds between atoms, 2 
Breakdown, 191-192 
Built-in potentials, 27 
Bulk mobility, 12~14, 236, 237 
Bulk ponchihrough, 2778-279 
Buried channel devices, 226, 228, 241 
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Buried-channel enhancement-mode 
pMOS, 241 
Buried-channel mode, 236n 


C 


Capacitances 
in the complete quasi-static model 
description of effects, 440-445 
evaluation of, 451-458, 459-460 
extrinsic, 405-409, 410 
gate, 406-408 
intrinsic 
in accumulation, 402, 403 
in depletion, 400 
general charge sheet model, 400, 
401, 402 
intrinsic transition (cutoff) 
frequency, 397-398 
introduced, 385-390 
in moderate inversion, 398-399 
in nonsaturation, 393-395 
in saturation, 395—397 
small-dimension effects, 402-405 
in strong inversion, 390-393 
in weak inversion, 399-400 
junction, 408-409 
reverse-biased pn junctions, 31-33 
source-drain proximity, 409 
two-terminal MOS structures, 79-86 
Capacitors, MOS; see Two-terminal MOS 
structures 
Carrier velocity saturation, 280-286 
Carriers 
AMAFNSIC Carrier concentration, 3 
majority and minority, 4, 5 
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Channel; see also Small-dimension effects 
defined, 35 
effective channel width, 273-275 
gradual channel approximation, 127-128 
narrow-channel devices, 270-277 
short-channel devices, 257-269 
Channel breakdown, 191 
Channel-length modulation (CLM), 
249-257 
Charge balance, 56-58, 67 
Charge density, 7-8, 566-571 
Charge pumping, 346 
Charge sharing, 259 
Charge sheet approximation, 65 
Charge sheet models 
complete charge sheet model, 131-140 
intrinsic capacitances and, 400, 401, 402 
models based on quasi-Fermi 
potentials, 146, 594-597 
quasi-static operation and, 333-335 
simplified charge sheet models, 140-146 
summarized, 169-170 
Circuit simulation, models for 
accuracy, 528-529 
benchmark tests, 534-543 
combining several effects into one 
physical model, 516-518 
considerations and choices 
considerations related to computer 
implementation, 533-534 
general considerations, 530-533 
nontechnical considerations, 543 
introduced, 513-514 
parameter extraction, 519-528 
properties of good models, 529-530 
types of models, 514-515 
CLM (channel-length modulation), 
249-257 
CMOS (Complementary MOS) 
technology, 36-38 
Compact models, 514-515 
Compensated buried-channel devices, 241 


Complementary MOS (CMOS) 
technology, 36-38 
Computer simulation; see Circuit 
simulation, models for 
Conductance; see also Transconductance 
defined, 13 
output, 376-378, 535, 537-538, 
598-599 
source-drain, 363, 370-375 
Conduction 
diffusion, 15-18 
drift, 9-15 
transit time, 8-9, 13, 17-18 
Conductivity, 13 
Constant current threshold voltage, 196 
Constant-field scaling, 291-294 
Constant-voltage scaling, 294 
Contact potentials, 18-25, 561-562 
Contact windows, 36 
Continuity equation, 347-348 
Corner frequency, 413 
Coulomb scattering, 181, 182 
Crystal lattice, 2 
Cutoff (transition) frequency, 500-502 


D 


Degenerate semiconductors, 4 
Depletion 
gate-substrate voltage and, 59-62 
intrinsic capacitances and, 400 
quasi-static operation and, 335~—336 
Depletion approximation, 27, 65 
Depletion-mode transistors 
nMOS 
approximate strong-inversion model 
for n-implant-p-substrate 
devices, 238 
charges and threshold voltage, 
227-234 
introduced, 194-195 


need for n-type implants, 225-227 
transistor operation, 234—240 
pMOS, 194-195 

Depletion region, 27, 40-41 

DIBL (drain-induced barrier lowering), 
264-265, 267 

Dielectric constant, 8 

Diffusion, 15—18, 35 

Diffusion constant, 16 

Direct tunneling, 289 

Donors, 4-7 

Doping, 3-7, 298-301 

Drain, 35, 36 

Drain conductance, 376-378, 535, 
§37-538, 598—599 

Drain current, 594-597, 598-599 

Drain-induced barrier lowering (DIBL), 
264-265, 267 

Drain series resistance, 296-298 

Drift, 9-15 

Drift velocity, 10 

Dynamic operation of MOS transistors; 
see Large-signal dynamic 
operation of MOS transistors 


E 


Ebers-Moll equations, 172 
Effective channel width, 273-275 
Effective interface charge, 54 
Effective mobility, 181-189 
Effective threshold voltage 
introduced, 257 
in narrow-channel devices, 270-277 
in short-channel devices, 257-269 
summarized, 277 
Einstein relationship, 16 
EKYV model, 176-178 
Electric fields, 566-571 
Electrons 
free, 2—7 
valence, 2 
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Electrostatics in one dimension, 566-571 
Empirical models, 514-515 
Energy bands 
in semiconductors, 557-561 
in three-terminal MOS structures, 
587-590 
in two-terminal MOS structures, 
574-577 
Enhancement-mode transistors 
nMOS 
charges and threshold voltages, 
212-219 
drain-to-source current model for 
strong inversion, 219-222 
introduced, 194-195 
preliminaries, 208-212 
simplified model for strong 
inversion, 222—224 
weak inversion, 225 
pMOS 
buried-channel enhancement-mode 
pMOS, 241 
introduced, 194-195 
surface-channel enhancement-mode 
pMOS, 240-241 
Epitaxy, 38 
Equivalent input noise resistance, 420 
Equivalent noise voltage, 420 
Extrapolated threshold voltage, 72-73, 
108, 159, 160-161, 169n, 196-197 
Extrinsic capacitances, 405-409, 410 
Extrinsic resistances, 409-410 
Extrinsic semiconductors, 3-7, 558 


F 


Fast surface-state (interface trap) charge, 54 
Fermi-Dirac statistics, 558 

Fermi potentials, 19-21, 561 

Field oxide, 270 

Flat-band condition, 575 

Flat-band voltage, 51-56, 59, 214n 
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Flicker noise, 413, 422-424, 539 
Forward bias, 26, 29 

Forward saturation, 154-155 
Free electrons, 2—7 

Fringing fields, 270, 272 


G 


Gate 
back, 41 
introduced, 35, 36 
polysilicon gate depletion, 299-300 
Gate capacitances, 406-408 
Gate oxide effective thickness, 299 
Gate resistance, 498-500 
Gate-source extrapolated threshold 
voltage, 159, 160-161 
Gate-substrate voitage 
effect on surface condition 
accumulation, 59, 60 
depletion and inversion, 59-62 
flat-band condition, 59 
general analysis, 62-64, 67 
introduced, 58 
extrapolated threshold voltage, 108 
Gate terminal, 51, 52 
Gate transconductance, 361, 367-368 
Generalized scaling, 294 
Gradual channel approximation, 127-128 


H 


Heil, O., 34 

High-frequency modeling; see Small- 
signal modeling for high 
frequencies 

High-frequency noise, 492-495 

High-frequency transadmittance, 538-539 

Holes, 2-7 

Hot carrier effects, 286-290, 424 


I 


IGFETs (insulated-gate field-effect 
transistors); see MOS (metal oxide 
semiconductor) transistors 

Impact ionization, 191, 286 

Impurities, 3—7 

Induced gate noise, 492-495 

Insulated-gate field-effect transistors 
(IGFETs); see MOS (metal oxide 
semiconductor) transistors 

Interface trap (fast surface-state) charge, 54 

Interpolation models, for four-terminal 
MOS structures, 176-178 

Intrinsic capacitances 

in accumulation, 402, 403 

in depletion, 400 

general charge sheet model, 400, 401, 
402 

intrinsic transition (cutoff) frequency, 
397-398 

introduced, 385-390 

in moderate inversion, 398-399 

in nonsaturation, 393-395 

in saturation, 395-397 

small-dimension effects, 402-405 

in strong inversion, 390-393 

in weak inversion, 399-400 

Intrinsic carrier concentration, 3 

Intrinsic cutoff (transition) frequency, 
397-398 

Intrinsic semiconductors, 2—3, 557-558 

Intrinsic transition (cutoff) frequency, 
397-398 

Inversion; see also Moderate inversion; 
Strong inversion; Weak inversion 

defined, 39-40 
in four-terminal MOS structures 
moderate inversion, 175-176 
regions in terms of terminal voltages, 
147-150 
regions of operation, 128-130 


strong inversion; see Strong 
inversion, in four-terminal MOS 
structures 
weak inversion, 170-175 
gate-substrate voltage and, 59-62 
in three-terminal MOS structures 
approximate limits of regions, 
103-106 
moderate inversion, 113, 122, 586 
strong inversion, 106-109, 121 
weak inversion, 109-113, 121 
in two-terminal MOS structures 
general relations and regions, 64-71, 
582-583 
moderate inversion, 78-79, 87, 
584-585 
strong inversion, 71~74, 87 
summary of properties, 37 
weak inversion, 74-78, 87 
Inversion layer, 40 
Ion implantation 
in depletion nMOS transistors 
charges and threshold voltage, 
227-234 
need for 2-type implants, 225-227 
transistor operation, 234-240 
in enhancement 7MOS transistors 
charges and threshold voltages, 
212-219 
drain-to-source current model for 
strong inversion, 219-222 
preliminaries, 208-212 
simplified model for strong 
inversion, 222-224 
weak inversion, 225 
in enhancement pMOS transistors 
buried-channel enhancement-mode 
pMOS, 241 
surface-channel enhancement-mode 
pMOS, 240-241 
introduced, 207-208 
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Johnson (Nyquist, thermal) noise, 412, 
414, 539 

Junction breakdown, 191 

Junction capacitances, 408—409 


K 


Kahng, D., 34 


L 


Large-signal dynamic operation of MOS 
transistors 
introduced, 312-313 
non-quasi-static modeling 
analysis, 348—354 
continuity equation, 347-348 
introduced, 347 
quasi-static operation 
accumulation, 336 
depletion, 335-336 
general charge sheet model, 333-335 
introduced, 313-317, 325 
limitations, 340-346 
moderate inversion, 331-332 
plots of charges versus Vg, 336-337 
strong inversion, 325-331, 603-605 
terminal currents in, 317-324, 
600-602 
transit time under dc conditions, 
339-340, 341 
use of charges in evaluating terminal 
currents, 337-339 
weak inversion, 332—333 
Laterai diffusion, 35 
Lightly doped drain (LDD) structure, 
289-290 
Lilienfeld, J. E., 34 
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Linear regression, 520 

Local oxidation of silicon (LOCOS) CMOS 
process, 36-38, 270-275, 276 

Low-frequency modeling; see Smail- 
signal modeling for low and 
medium frequencies 


M 


Majority carriers, 4, 5 
Mathiessen rule for mobility, 184n 
Maximum frequency of oscillation (unity 
power gain frequency), 502-504 
Maxwell-Boltzmann statistics, 558-559 
Medium-frequency modeling; see Small- 
signal modeling for low and 
medium frequencies 
Metal oxide semiconductor transistors; 
see MOS (metal oxide 
semiconductor) transistors 
Minority carriers, 4, 5 
Mobile ionic charge, 54 
Mobility 
bulk, 12-14, 236, 237 
effective, 181-189 
Mathiessen rule for, 184n 
surface, 132, 181-182, 237 
Moderate inversion 
in four-terminal MOS transistors, 
44-45, 46, 175-176 
intrinsic capacitances and, 398-399 
in low-frequency model for the intrinsic 
part, 380-381 
quasi-static operation and, 331-332 
in three-terminal MOS structures, 113, 
122, 586 
in two-terminal MOS structures, 78—79, 
87, 584-585 
MOS (metal oxide semiconductor) 
transistors; see also Small- 
dimension effects 
breakdown, 191-192 


charge sheet models 
complete charge sheet model, 
131-140 
drain current formulation and, 596 
models based on quasi-Fermi 
potentials, 146, 594-597 
simplified charge sheet models, 
140-146 
summarized, 169-170 
depletion-mode; see Depletion-mode 
transistors 
effective mobility, 181-189 
enhancement-mode; see Enhancement- 
mode transistors 
interpolation models, 176-178 
introduced, 125-128 
inversion 
moderate inversion, 175-176 
regions in terms of terminal voltages, 
147--150 
regions of operation, 128-130 
strong inversion; see Strong inversion, 
in four-terminal MOS structures 
weak inversion, 170-175 
model parameter values, accuracy, and 
comparisons, 195-197 
nMOS; see n-channel MOS (nMOS) 
transistors 
pMOS; see p-channe! MOS (pMOS) 
transistors 
regions of operation, 128-130 
source-referenced versus body- 
referenced modeling, 179-181 
surface mobility, 132, 181-182 
temperature effects, 189-191 
MOS capacitors; see Two-terminal MOS 
structures 
MOS field-effect transistors (MOSFETs); 
see MOS (metal oxide 
semiconductor) transistors 


N 


n-channel MOS (nMOS} transistors 
depletion-mode 
approximate strong-inversion model 
for n-implant-p-substrate devices, 
238 
charges and threshold voltage, 
227-234 
introduced, 194-195 
need for n-type implants, 225-227 
transistor operation, 234-240 
enhancement-mode 
charges and threshold voltages, 
212-219 
drain-to-source current model for 
strong inversion, 219-222 
introduced, 194-195 
preliminaries, 208-212 
simplified model for strong 
inversion, 222-224 
weak inversion, 225 
introduced, 35-36, 39-41, 126-127 
a-implant-p-substrate devices, approximate 
strong-inversion model for, 238 
n type semiconductors, 4 
n-well processes, 36 
Narrow-channel devices, 270-277 
nMOS transistors; see n-channel MOS 
(nMOS) transistors 
Noise 
equivalent-circuit model, 425-426 
equivalent input noise resistance, 420 
equivalent noise voltage, 420 
flicker noise, 413, 422-424, 539 
high-frequency, 492-495 
induced gate noise, 492-495 
introduced, 410-414 
random telegraph noise, 424-425 
shot noise, 421 
small-dimension effects, 424-425 
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thermal (Johnson, Nyquist} noise, 412, 
414, 539 
white noise, 412, 413, 414-422 
Non-quasi-static models 
analysis, 348-354 
continuity equation, 347-348 
introduced, 347, 467-468 
model comparisons, 491-492 
other approximations and higher-order 
models, 490-491 
strong-inversion model; see Non-quasi- 
static strong-inversion mode] 
Non-quasi-static strong-inversion model 
compiex exponential excitation, 
475-489, 606-608 
de (bias) excitation, 469-471 
introduced, 469 
small-signal excitation, 472-475 
time-varying excitation, 471-472 
Nonsaturation region, 40, 41, 44-46, 
129n, 129 
Nyquist (Johnson, thermal) noise, 412, 
414, 539 


O 


Output conductance, 376-378, 535, 
§37-538 

Oxide, 34, 35 

Oxide breakdown, 192 

Oxide effects, 298-301 

Oxide fixed charge, 54 

Oxide trapped charge, 54 


P 


p-channel MOS (pMOS) transistors 
depletion-mode, 194-195 


616 = InDEx 


enhancement-mode 
buried-channel enhancement-mode 
pMOS, 241 
introduced, 194-195 
surface-channel enhancement-mode 
pMOS, 240-241 
introduced, 192-194 
p type semiconductors, 5 
Pao-Sah model, 597 
passivation layers, 36 
Pentode region, 155n 
Permittivity, 8 
Phonon scattering, 181 
Phonons, 181 
Physical models, 514-515 
Pinchoff voltage, 117-122, 
154-155, 228n 
pMOS transistors; see p-channel MOS 
(pMOS) transistors 
pn junctions 
charge density, electric field, and 
potential in, 572-573 
energy band diagram and potential 
under reverse bias, 564—565 
introduced, 26—33 
Poisson’s equation, 7-8 
Polysilicon (poly), 35 
Polysilicon gate depletion, 299-300 
Potential balance, 56-58, 67 
Potentials 
built-in, 27 
contact, 18-25, 561-562 
and electric fields, 566-571 
Fermi, 19-21, 561 
quasi-Fermi, 146, 334n, 594-597 
surface, 56~58 
Power spectral density, 411 
Punchthrough, 192n, 210, 277-279 


Q 


Quantum mechanical effects, 300 
Quasi-constant-voltage scaling, 294 


Quasi-Fermi levels, 116n, 135n, 152n, 
562-565 
Quasi-Fermi potentials, 146, 334n, 
594-597 
Quasi-static model, complete; see also 
Quasi-static operation 
description capacitance effects, 
440-445 
equivalent circuit topologies, 445-451 
evaluation of capacitances, 451-458, 
459-460 
frequency region of validity, 458, 460 
Quasi-static operation; see also 
Quasi-static model, complete 
accumulation, 336 
depletion, 335-336 
general charge sheet model, 333-335 
introduced, 313-317, 325 
limitations, 340-346 
moderate inversion, 331-332 
plots of charges versus Vg, 336-337 
strong inversion, 325-331, 603-605 
terminal currents in, 317-324, 600-602 
transit time under de conditions, 
339-340, 341 
use of charges in evaluating terminal 
currents, 337-339 
weak inversion, 332-333 


R 


Radio-frequency modeling; see RF 
modeling 

Random telegraph noise, 424-425 
Recombination, 2, 4 
Resistances — 

drain series, 296-298 

extrinsic, 409-410 

gate, 498-500 

sheet, 14 

source series, 296-298 
Resistivity, 13 


Reverse bias, 26, 29-31 
Reverse-breakdown voltage, 30 
Reverse saturation, 146, 155-156 
Reverse short-channel effect (RSCE), 269 
RF modeling 
cutoff (transition) frequency, 500-502 
gate resistance, 498-500 
maximum frequency of oscillation 
(unity power gain frequency), 
§02-504 
model topologies, 495-498 
Root mean square (rms) value, 411 
RSCE (reverse short-channel effect), 269 


S 


Salicide (self-aligned silicide) process, 
298 
Saturation 
forward, 154-155 
reverse, 146, 155-156 
Saturation current, 30 
Saturation region, 40, 41, 44-46, 129, 
129n, 146, 154-156, 427-428 
Scaling, 290-296 
Scattering 
Coulomb, 181, 182 
introduced, 9~10 
phonon, 181 
Self-aligned silicide (salicide) process, 
298 
Semiconductors 
degenerate, 4 
energy bands in, 557-561 
extrinsic, 3-7, 558 
intrinsic, 2-3, 557-558 
introduced, 1-8 
n type, 4 
p type, 5 
Shallow-trench isolation (STI) CMOS 
process, 37, 38, 270, 271, 272, 
275-277 


INDEX 617 


Sheet resistance, 14 
Short-channel devices, 257-269 
Shot noise, 421 
Silicon on insulator (SOD CMOS process, 
37, 38 
Simulation; see Circuit simulation, 
models for 
Small-dimension effects 
barrier lowering, two-dimensional 
charge sharing, and threshold 
voltage 
introduced, 257 
narrow-channel devices, 270-277 
short-channel devices, 257-269 
summary and comments, 277 
carrier velocity saturation, 280-286 
channel-length modulation (CLM), 
249-257 
effect of source and drain series 
resistances, 296-298 
effects due to thin oxides and high 
doping, 298-301 
hot carrier effects, 286-290 
intrinsic capacitances and, 402-405 
introduced, 248-249 
noise and, 424425 
punchthrough, 277-279 
scaling, 290-296 
Small-signal capacitances; see 
Capacitances 
Small-signal modeling for high 
frequencies 
high-frequency noise, 492-495 
introduced, 440 
non-quasi-static models 
introduced, 467-468 
model comparisons, 491-492 
other approximations and higher- 
order models, 490-491 
strong-inversion model; see Non- 
quasi-static strong-inversion model 
quasi-static model, complete 
description of capacitance effects, 
440-445 
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equivalent circuit topologies, 
445-431 
evaluation of capacitances, 451-458, 
459-460 
frequency region of validity, 458, 460 
RF modeling 
cutoff (transition) frequency, 
§00-502 
gate resistance, 498-500 
maximum frequency of oscillation 
(unity power gain frequency), 
502-504 
model topologies, 495-498 
y-parameter models, 460-467, 
477-489, 606-608 
Small-signal modeling for low and 
medium frequencies 
extrinsic part, 405-410 
general models, 427-428 
introduced, 359-360 
low-frequency, intrinsic part 
channel path, 361-365 
drain-to-substrate path, 365—367 
general models, 381-384, 385 
moderate inversion, 380-381 
strong inversion, 367-368 
two-path view, 360-361 
weak inversion, 378-380 
medium-frequency, intrinsic part 
intrinsic capacitances; see Intrinsic 
capacitances 
introduced, 384-385 
noise 
equivalent-circuit model, 425-426 
equivalent input noise resistance, 420 
equivalent noise voltage, 420 
flicker noise, 413, 422-424, 539 
introduced, 410-414 
random telegraph noise, 424-425 
shot noise, 421 
small-dimension effects, 424-425 
thermal (Johnson, Nyquist) noise, 
412, 414, 539 
white noise, 412, 413, 414-422 


SOI (silicon on insulator) CMOS process, 
37, 38 
Source, 35, 36 
Source-drain conductance, 363, 370-375 
Source-drain proximity capacitance, 409 
Source-referenced versus body-referenced 
modeling, 179-181 
Source series resistance, 296-298 
Step (abrupt) junctions, 26-27 
STI (shallow-trench isolation) CMOS 
process, 37, 38, 270, 271, 272, 
275-277 
Strong inversion 
in depletion nMOS transistors, 
approximate strong-inversion 
model for n-implant-p-substrate 
devices, 238 
in enhancement nMOS transistors 
implanted 
drain-to-source current model, 
219-222 
simplified model, 222-224 
in four-terminal MOS transistors, 
principles 
charges for, 603-605 
complete symmetric strong-inversion 
model, 150-156 
introduced, 40, 45, 46, 150 
model origin summary, 169-170 
simplified, source-referenced, strong- 
inversion model, 158-169 
simplified symmetric strong- 
inversion model, 156-158 
intrinsic capacitances and, 390-393 
in low-frequency model for the intrinsic 
part, 367-368 
in nMOS transistors, 40, 45, 46 
quasi-static operation and, 325-331, 
603-605 
in three-terminal MOS structures, 
106-109, 121 
in two-terminal MOS structures, 
71-74, 87 


Strong-inversion model, non-quasi-static; 
see Non-quasi-static strong- 
inversion model 

Substrate (body), 34, 35 

Substrate (body) effect; see Body 
(substrate) effect 

Substrate (body) terminal, 51, 52 

Substrate transconductance, 363, 368-370 

Surface, 34 

Surface-channel devices, 226 

Surface-channel enhancement-mode 
pMOS, 240-241 

Surface mobility, 132, 181-182, 237 

Surface potentials, 56-58 

Surface punchthrough, 278-279 


T 


Table models, 514-515 
Temperature effects, 189-191 
Thermal (Johnson, Nyquist) noise, 412, 
414, 539 
Thermal voltage, 6-7 
Three-terminal MOS structures 
body (substrate) effect, 101-103 
energy bands in, 587-590 
general analysis, 591-593 
introduced, 91 
inversion 
approximate limits of regions, 
103-106 
moderate inversion, 113, 122, 586 
strong inversion, 106-109, 121 
weak inversion, 109-113, 121 
Vep control point of view 
fundamentals, 113-117, 118 
pinchoff voltage, 117-122 
Threshold voltage, 72-73, 108, 159, 
160-161, 169n, 196-197; see also 
Effective threshold voltage 
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Transadmittance, high-frequency, 
§38-539 
Transconductance; see also Conductance 
apparent transconductance overshoot, 
378 
gate, 361, 367-368 
substrate, 363, 368-370 
transconductance-to-curtent ratio, 
§34—-535, 536 
Transconductance-to-current ratio, 
534-535, 536 
Transit time, 8-9, 13, 17-18 
quasi-static operation and, 339-340, 341 
Transition (cutoff) frequency, 500-502 
Transport current, 313-314 
Triode region, 155n 
Tunneling, 289, 300-301 
Two-terminal MOS structures 
charge density, electric field, and 
potential in, 578-579 
effect of gate-substrate voltage on 
surface condition 
accumulation, 59, 60 
depletion and inversion, 59-62 
flat-band condition, 59 
general analysis, 62-64, 67 
introduced, 58 
energy bands in, 574-577 
flat-band voltage, 51-56, 59 
general analysis, 580-583 
introduced, 50-51 
inversion 
general relations and regions, 64—71, 
582-583 
moderate inversion, 78-79, 87, 
584-585 
strong inversion, 71-74, 87 
summary of properties, 87 
weak inversion, 74-78, 87 
potential balance and charge balance, 
56-58, 67 
small-signal capacitance, 79-86 
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U 


Unilateral power gain, 502-503 
Unity gain power frequency (maximum 
frequency of oscillation), 502-504 


Vv 


Vacuum energy level, 561, 562 
Valence electrons, 2 

Velocity overshoot, 280n 

Velocity saturation effects, 280-286 


Ww 


Weak avalanche, 286 
Weak inversion 
in enhancement nMOS transistors, 225 


in four-terminal MOS structures, 
170-175 
intrinsic capacitances and, 399-400 
in low-frequency model for the intrinsic 
part, 378-380 
quasi-static operation and, 332-333 
in three-terminal MOS structures, 
109-113, 121 
in two-terminal MOS structures, 
74-78, 87 
White noise, 412, 413, 414-422 
Work functions, 22n, 53n, 561-562 


Y 


y-parameter models, 460-467, 477-489, 
606-608 


